Preface 


This book is based on our training course with the general title “Theoretical 
Practicum in Atomic and Nuclear Physics,” which is used in Moscow State Uni- 
versity (MSU) as well as in other universities of our country as one of the com- 
ponents in the education program for students specializing in theoretical atomic, 
nuclear, and particle physics. The concept of the theoretical practicum and the 
main aspects of its content are also well known in a number of universities in other 
countries as a result of special lessons given there either by ourselves or by those 
who had learned the theoretical practicum during their studies at MSU. Among 
them are the universities of Rome and Athens, Freiburg and Bielefeld (Germany), 
Adelaide (Australia), Missouri-Rolla (United States), Cairo, and Ulan Bator. 

The course was organized in the academic year 1962-63 at the Faculty of 
Physics of the Moscow State University [1], Since that time its content has been 
regularly modernized taking into account current progress in research in this area 
[2^4]. The principal goal of the course is to serve as a guide for students who are 
being trained to perform theoretical calculations, including those which need a 
long time of intensive individual work, based on the most important methods used 
in practice. On the other hand, we know that the books in this series are widely 
used by researchers, theoreticians and experimentalists, in their everyday work as 
a collection of useful formulas and tables. 

The complete program of the theoretical practicum contains such subjects 
as modern methods in quantum theory of collisions, group theory, solid-state 
physics, atomic spectroscopy, physics of nuclear reactions, computer simulation 
of particle propagation through matter, and others. The concepts of density matrix 
and statistical tensors as well as their application in polarization and correlation 
studies has always been central to the program. To this end, we started from the 
famous review by Devons and Goldfarb [5], accepted its style of presentation of 
the subject, and intensified its pedagogical aspect. 

In contrast to all our earlier publications, this book is devoted exclusively to 
atomic physics. It is known that polarization and correlation studies play a grow- 
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ing role in this branch of modern physics. The main tendencies in atomic physics 
along this line are the subject of excellent review papers and monographs such as 
those by Fano and Macek [6], Kessler [7], Blum [8], Andersen et al. [9-12], Danos 
and Fano [13], and many others. Several recent conferences and workshops have 
been devoted to polarization and correlation phenomena in atomic collisions, and 
many particular contributions are briefly described, for example, in Refs. 14-19. 

These studies show that the density matrix and tensor operator method is 
one of the most important and effective instruments in theoretical investigations 
in the field. This method has been widely used and partly developed in our own 
work on excitation of atomic autoionizing states in electron-atom collisions, the 
coincidence (e,2e) method in autoionization studies, polarization and angular 
anisotropy of Auger and photoelectrons, inelastic and superelastic scattering in 
electron-atom collisions, the coincidence (e,e'y) method, photon- and electron- 
impact excitation of atomic autoionizing and Auger states from laser-excited tar- 
gets, the theory of cascade processes, polarization effects in antiproton-atom in- 
teractions, and other studies. The reader will notice the obvious influence of our 
research work on the general approach to the problem as well as on the examples 
chosen to illustrate the basic theoretical methods. 

We address this book to a reader with a background in elementary quantum 
mechanics and general atomic physics at the undergraduate level. All necessary 
information about the physical meaning of special polarization and correlation 
phenomena considered in the book is given in the text. It is not our aim to present 
a wide variety of approaches to describing the dynamics of the processes con- 
sidered. We see our duty as demonstrating the universality of the density matrix 
and tensor operator methods. For this reason, throughout the book, we do not 
link any of them to any special choice among the models and approximations of 
the dynamic aspects of the processes under consideration as well as the choice of 
the atomic wave functions. To make the book a real practician, we supplied it 
with a set of tables that summarize the most important information on the alge- 
bra of angular momentum. They overlap considerably with those collected in the 
well-known book by Varshalovich, Moskalev, and Khersonskii [20]. 

This book is the first in the theoretical practicum series which is published 
in English. We are very glad to meet our new readers. Let this book be our 
small contribution to the international exchange of ideas and experience in the 
education field. 
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Density Matrix and Statistical 

Tensors 


1.1. Description of Mixed States by Density Matrix 

1.1.1. Pure and Mixed States 

The states of physical systems in quantum mechanics can be classified in 
two categories: pure states and mixed states. A pure state is characterized by a 
certain wave function or a state vector | y / ) in an abstract Hilbert space. No vector 
1 1 jf) can be related to the mixed state. The necessity of introducing mixed states 
arises for quantum systems that are not closed. For example, a subsystem that is 
part of a larger closed system, cannot be characterized by its own wave function, 
which depends on coordinates of the subsystem, and therefore it is in a mixed 
state. The system cannot be considered closed even when it is isolated at present 
if it was not isolated in the past due to interaction with another system. This is 
a typical situation in the analysis of different characteristics of reaction products, 
when only part of the products (or part of the characteristics of the product) are 
observed. Mixed states are described by a statistical or density operator p, which 
operates in the Hilbert space and in general has the form: 

P = E W " IV'nXV'nl (l- 1 ) 

n 

where 1 1 //„ ) is a complete set of state vectors and the weight coefficients, W„, are 
real positive numbers which, as we will see later, characterize the probability of 
finding the system in a particular pure state. The density operator is a general- 
ization of the concept of the state vector. Every mixed state is characterized by 
its density operator. 
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The explicit form of the wave function that describes a pure state j »// ) de- 
pends on the representation <*: t/r(|) = (c, \ t//). Similarly, the mixed state is de- 
scribed by the matrix elements of the density operator in the representation C , : 

(4 Ip I 4'} = E w » <4 1 v») ( vfc 1 4'} = E w » w.(4) v£(4') d- 2 ) 

n n 

All physical results, such as mean values and distributions of arbitrary observ- 
ables, are independent of the representation. The matrix of the density operator, 
(4 |p | 4'), is called the density matrix. 

If only one coefficient W n = 1 and all others are equal to zero, the system is 
in a pure state 1 1 //„). The density operator for the pure state t// ) is 

PHV'X’/'I (1-3) 

and the corresponding density matrix is 

^\ P \^) = (^\ ¥ )( w \^)= W (^r^) (i.4) 

We see that a pure state is a particular case of a mixed state. A description of a 
system by means of the density operator is the most general form of the quantum- 
mechanical description of the system. 

1.1.2. Main Properties of Density Operator and Density Matrix 

In this section we give some important properties of the density operator 
and density matrix. 

• The density matrix is a positively defined Hermitian matrix: 

<4|p|4T = (^'IpI 4> (i.5) 

or, in the operator form: 

P + = P (1.6) 

which follows immediately from definition (1.2). 

• Usually the density operator is normalized in such a way that the trace of 
the density matrix is unity: 

Tr<4|pir>=E(<?!P^) = 1 (1-7) 


or, in the operator form: 


Trp = 1 


(1.8) 
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In this case the weighting coefficients W n can be interpreted as the proba- 
bilities of finding the system in the state 1 1 //,,). The sum of all probabilities 
is, naturally, unity: 


(‘?|p|^)=Ew„i^(^)| 2 (1.9) 

n 

E(^IpI^)=Ew„ = i (l.io) 

% n 

Other normalizations of the density operator are also possible. It is often 
convenient to normalize the density matrix for the final state of the collision 
process in such a way that the trace of the matrix is equal to the cross section 
a of the process considered: 


Trp = a (1.11) 

In general, it is more convenient to use the normalization (1.10) when calcu- 
lating the polarization parameters. The alternative normalization is usually 
used in calculations of the cross sections. However, in this chapter we al- 
ways suggest that the density matrix has a unit trace. 

We formulate here the properties of the density matrix for the case of an in- 
tegrable basis | q ) (discrete basis). If the basis includes a continuum the properties 
remain valid formally after introducing a corresponding normalization. 

• In general, the matrix elements of a density matrix are complex. The N- 
dimensional complex matrix (n \ p \ n!) contains 2N 1 real parameters. How- 
ever, from Eqs. (1.5) and (1.7), it follows that in fact the density matrix is 
characterized only by IV 2 — 1 independent real parameters. 

• The mean value of an arbitrary observable described by the operator F in a 
state described by the density operator p is given by 

(F) = Tr(pF) (1.12) 

or in matrix notation, 

(F) = Y,(a\p\P)(l3\F\a) (1.13) 

a/3 

Taking eigenvectors | <p; ) of the operator F as the basis, one obtains for the 
mean value 


(F)=Y,(<Pi\p\<Pi)F i = Yw{ F i) F i 

i i 


(1.14) 
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where F\<pi) = F, (pj ) and the probability of the observable F having the 
eigenvalue F, in a state p is defined by the weight of the corresponding pure 
state | (pj ) in the state p: 

W (Fj) = ((pi | p | (pi) (1.15) 

From the completeness of the set | (pi) and from (1.7), it follows that 

2>(iy) = l (1-16) 

i 

In a general case, Eqs. (1.14) and (1.16) include an integral over a contin- 
uum and Eq. (1.15) gives, not only the probabilities of the discrete values Fj, 
but also the probability density in the continuum of values of the observable 
F. 

If the density matrix is normalized, not by condition (1.8), but by any other 
condition, then the mean value of the observable F is given by 


(F) 


Tr(pF) 

Trp 


(1.17) 


• Under a unitary transformation U corresponding to a change in the basis 
(transformation to another representation), the density operator is trans- 
formed by the same law as the operators of observables: 

F' = UFU + , p' = UpU + (1.18) 

The corresponding transformation for the density matrix is 

(4 lp|<?') = E(^l a )( a lpl a, )( a, l^) d- 19 ) 

act' 


• A particular case of the unitary transformation is the time evolution, which 
is governed by the evolution operator (atomic units e =li = m e = 1 are used 
throughout): 

U {t , t 0 ) = exp [ iH (t to)] (1-20) 

Here // is the Hamiltonian of the system, which we assumed to be time 
independent. In the Schrodinger representation, the density operator pit) at 
time t is related to the density operator pi to) at time to by 

p(t) = U(t,to)p(t 0 )U+(t,t 0 ) (1.21) 

Taking the time derivative of both sides of Eqs. (1.20) and (1.21), one finds 
that the density operator p(f) satisfies the Liouville equation : 


Mt) 

dt 


[■ fi,p(t )] 


( 1 . 22 ) 
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• Operator U (°°, — ■ °°) in Eq. (1.21) coincides with the 5-operator in the scat- 
tering theory. It follows that 

p f = Sp'S + (1.23) 

where p' is the initial density operator of a system (i.e., before scattering) 
and pf is the final density operator of the system (i.e., after scattering). 
Excluding elastic scattering in a forward direction, which is not directly 
observable and will not be considered in this book, one can write 

p f = Tp‘T+ (1.24) 

where T is the T - operator , or transition operator T = S — L I being the 
unit operator. In the matrix notation, Eq. (1.24) takes the form 

<4 |p / |4') = L(4 |r| a) <n T I a')* (a | p 1 \ a') (1.25) 

act' 

Here (£, \ T \ a) is a T -matrix element or the amplitude of transition from the 
state a to the state E,. Note that in scattering theory the amplitude is defined 
as proportional to the T -matrix on the energy shell. In this book we do not 
need to distinguish between the T -matrix element and the amplitude. The 
transition operator conserves total energy, total linear momentum, and total 
angular momentum with its projection, while a general normalization con- 
stant is usually not relevant in derivations for correlation and polarization 
characteristics of reactions. 

• As all Hermitian matrices the density matrix can always be transformed into 
diagonal form by some unitary transformation. Let 1 1 //„ ) be the eigenvectors 
of the statistical operator p , so that the density matrix is diagonal in the 
representation of the vectors \\f n ) : (y/ n \ p \ t //„) = p„ 8 nn /, where 8 nn i is the 
Kronecker delta symbol. The fact that the density operator p is positively 
defined means that all eigenvalues p„ of the density matrix are not negative: 

P„> o (1.26) 

Note that p„ are equivalent vv„ in Eq. (1.1). Combining Eq. (1.26) with the 
normalization condition (1.10), one obtains 

0<p„<l (1.27) 

n 

where the summation is over all eigenvalues of the density matrix. The 
eigenvectors 1 1 //„ ) make up a complete set: 

E \Vn)(Wn\ = I 


( 1 . 28 ) 
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Introduce the projection operator = \j / n ) ( \j / n \ , which is the density op- 
erator of the pure state | \f /„ ) [see Eq. (1.3)]. After the operator p acts on 
both sides of Eq. (1.28), one obtains an expansion of the density operator of 
the mixed state in terms of density operators of the pure states: 

P = Pu | tyn ) ( VP | = Pn^n ( 1 -29) 

n n 


Different terms of the sum (1.29) will not interfere in calculations of any 
observable [see Eq. (1.12)]. So Eq. (1.29) shows that a mixed state is an in- 
coherent mixture of pure states, while the eigenvalues p„ are weights of the 
corresponding pure states in the mixed state. The density matrix describes a 
pure state if the density matrix has only one nonvanishing eigenvalue. Oth- 
erwise it describes an incoherent mixture of pure states. In the first case one 
says also that we have a fully coherent state. 

• Using Eqs. (1.29) and (1.27), one obtains 

Tr(p 2 )=IP«<l d-30) 

n 

The equality 

Tr (p 2 ) = 1 (1.31) 

is valid if only one of the eigenvalues p„ is nonzero (and hence equal to 
unity): p„ = 8 m , 0 . This is the case for a pure state: 

P= IV'HoXV'nJ (1-32) 


In a mixed state always 

Tr(p 2 ) < 1 (1.33) 

The relation (1.31) gives a guideline in deciding whether a state with a given 
density matrix is pure or mixed. Note that in accordance with Eq. (1.32), an 
even stronger relation is valid for the pure state: 

P 2 = P (1.34) 

• Consider two arbitrary states of a system which are characterized by the 
density operators p and T. Suppose that the system is in one of the states, 
p. Then the probability of finding the system in another state T is given by 
the projection of the state p onto the state v. 


W = Tr (pi) 


(1.35) 
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or in matrix notation, 

W = £(a|p|/3)(j3|T|a) (1.36) 

a/3 

Expression (1.35) is a generalization of the corresponding rule for the pure 
quantum-mechanical states VP and <t>: W = ( ( I> | 'F ) | 2 . 

• Suppose that a system consisting of two parts (subsystems), 1 and 2, is in 
a mixed state described by the density operator p. One can express the 
density operators of each of the subsystems, p^ 1 ' and p^K in terms of the 
density operator p of the entire system. We require that the mean value of an 
arbitrary observable, F\ (a characteristic of the first subsystem) in the state 
p' 1 ) coincide with the mean value of the same observable /•) calculated for 
the entire system: 

{F l ) = Tr{p^F l )=Tr{pF l ) (1.37) 


It follows that p^ = Tr^ 2 * p (and similarly p^ 2 ' = Tr^ p) where the super- 
script 1 or 2 at the trace sign means that the summation is over the variables 
of the corresponding subsystem. In matrix notation. 





(« 1«2 |p | n\n 2 ) 


(1.38) 


where n\ and n 2 symbolize basis state vectors or variables of the subsys- 
tems 1 and 2, respectively. That is, in order to find the density matrix of a 
subsystem, one must calculate the trace of the density matrix of the whole 
system over all of the variables except the variables of the subsystem being 
considered. 


In a particular case, the density matrix of the composite system can be writ- 
ten as a product of the density matrices of the subsystems: 


(nw 2 \p\n\n' 2 ) 





,( 2 ) 



(1.39) 


Then the distribution of an arbitrary observable, F \ , of the subsystem 1 is inde- 
pendent of the distribution of an arbitrary observable, F 2 , of the subsystem 2, and 
vice versa. One may say in this case that the subsystems are independent. 


1.2. Spin Density Matrix and Statistical Tensors 

1.2.1. Spin Density Matrix 

A particular case of a density matrix is a spin density matrix. This is a 
density matrix of the system in the representation of angular momenta: spin, or- 
bital, and/or total. For example, the spin density matrix describing the spin state 
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of a particle with fixed spin s consists of matrix elements (sm s \ p \ sm' s ) = p mjm /, 
where m s , m' s = —s ,... , +,v are the projections of spin onto the chosen ’-axis. It has 
the dimension 2s + 1 . The spin density matrix of a particle with spin s and orbital 
angular momentum l in the representation of uncoupled / and s includes matrix el- 
ements ( lmjsm s | p | lml l sm! s ) with m; , m) = — /, ... ,+l\ m s ,m' s = —s, . . . , +s. This 
matrix has the dimension (21 + l)(2s+ 1). Angular momenta in the spin density 
matrix need not be fixed. Mixtures of states with different values of angular mo- 
menta, described by nondiagonal matrix elements, such as (Im \ p \ I'm 1 ), are very 
important. 

In the following paragraphs we deal almost exclusively with the spin den- 
sity matrices and often write “density matrix” for brevity instead of “spin density 
matrix.” 

Consider a system with sharp angular momentum j. The density matrix of 
this system (jm \ p \ jm ') has the dimension (2 j + 1). Given that the density oper- 
ator p is Hermitian and is normalized by the condition (1.7), we find that the num- 
ber of independent real parameters characterizing the density matrix (jm \ p \ jm') 
is (2 j + l) 2 — 1 = 4 j(j+ 1). Note that this number increases rapidly as a func- 
tion of j: there are 3 parameters for j = \, but 8 parameters for j = 1 and 24 
parameters for j = 2. The particular values of the matrix elements depend on the 
choice of the reference frame. The diagonal elements of the spin density matrix 
give the probabilities of the system having certain projections of the spin (angular 
momentum) onto the chosen 7-axis. Therefore, they characterize an orientation of 
the angular momentum in space. If the angular momentum is randomly oriented 
(there is no preferential direction of its orientation), then all of the projections are 
equally probable and all magnetic substates are equally populated. In this case the 
spin density matrix is diagonal in any reference frame and has the form 

(jm | p | jm') = 8 mm i (2j + l)” 1 (1.40) 


1.2.2. Definition of Statistical Tensors 

An equivalent description of a system with angular momenta can be given in 
terms of statistical tensors. Consider first a case when a system is characterized by 
an angular momentum j (which can take different values). We construct the fol- 
lowing combinations of the matrix elements of the density matrix (jm \ p \ j'm '): 

Pkq (a f) = ~ m\kq ) (jm\p\j'm) (1.41) 

mm* 


where ( jm,j ' —m! kq) are the Clebsch-Gordan coefficients (see Section A. 8 in 
the Appendix). Equation (1.41) is the definition of the statistical tensor p kq (j. j'). 
The reverse transformation follows from the unitarity of the Clebsch-Gordan co- 
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efficients (A. 88): 

(jm \p\j'm')=Z(-iy'-'"' (jm,f ~m'\kq) p kq (j,j’) (1.42) 

kq 

According to the general properties of the Clebsch-Gordan coefficients (see 
Section A. 8.1), index A: is an integral number within the range from \j — j'\ to j + f 
at fixed j and /; for each k the value of index q may he q = —k, . . . ,+k. Alto- 
gether there are Y,k (2k + 1 ) = (2j + 1) (2/ + 1) statistical tensors p kq ( j,f ) . This 
coincides with the number of different combinations of indices m and m! . The set 
of 2k + 1 quantities p kq ( j , /), q = — k , . . . , +k for a certain k forms an irreducible 
tensor of rank k. This means that p kq (j,f) transforms in a corresponding way 
under rotations of the coordinate frame (see Section A. 7). To derive this transfor- 
mation, we write the statistical tensor (1.41) in the rotated coordinate frame S: 

Pk^'UJ') = “P'l^V) (jP \p\jy) (1-43) 

fjfj' 

Expressing bra and ket vectors at the right side of Eq. ( 1 .43) in terms of the states 
| jm ) in the initial coordinate frame S by applying the Wigner D-functions [see 
Eq. (A. 42)], using Eqs. (1.42), (A. 48), and (A. 87) one can obtain 

Pity O', /) = Suf £ (D k qq , (o)) p kq ( jj ') ( 1 .44) 


Equation (1.44) gives the statistical tensors of a system (particle, photon, atom) 
in the coordinate frame S if the statistical tensors of the system are known in the 
coordinate frame S. The rotation ft) in Eq. ( 1 .44) characterizes the transformation 
of the frame S into the frame S and is described by the set of three Euler angles: 
ft) = (a,/3,y) (see Section A. 6 ). Comparing Eq. (1.44) with Eq. (A. 59), we see 
that the set of quantities (1.41) transforms under rotation as a covariant (or con- 
jugate) irreducible tensor of the rank k. The value of q is called the projection 
of the statistical tensor. (Equivalent names for the statistical tensors are used in 
literature: multipole moments, state multipoles, tensors of orientation, etc.) 

If a system with angular momentum j is isotropic (i.e., the angular mo- 
mentum is randomly oriented), it is described by the spin density matrix (1.40). 
Substituting it into the definition (1.41) of the statistical tensors and using Eqs. 
(A. 85) and (A. 86 ), we obtain 


Pkq (./) j) 


-j SkQSqO 


(1.45) 


Thus the only nonzero statistical tensor of an isotropic ( unpolarized) system is 
Poo ( 7 , 7 ). We have introduced here a brief notation db...c = [(2a + 1)(27> + 
1 ) • • • ( 2 c + l )] 1 / 2 which will be used throughout the book. 
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If at least one nontrivial ik > 0) statistical tensor of the system is nonzero, 
the system is called polarized. A polarized system characterized by statistical ten- 
sors of even rank only is called aligned. Finally, if at least one odd rank statistical 
tensor is nonzero, the system is called oriented (or vector polarized). 


1.2.3. Some General Properties of Statistical Tensors 

Owing to the fact that the density matrix (jm \ p \ j'm!) is Hermitian, the 
following relation holds for the statistical tensors 

Pkq (j,f) = (-1 y'~ 1+q Pk-q (/ J) ( L4 6) 

Then, consider restrictions on the statistical tensors due to the normalization 
condition for the density matrix. Substituting Eq. (1.42) into the normalization 
condition (1.7) with the use of a summation formula (A. 86), one obtains 

I/Poo(.m) = 1 (1.47) 

j 

or, in the case of normalization to the cross section [see Eq. (1.11)], Eq. (1.47) 
transforms into 


X,JPoo(j,j) = o ( L4g ) 

i 

where the sum over j runs over all possible values of the angular momentum of 
the system. Of special importance is the case of a system with sharp angular 
momentum. For a system with fixed angular momentum j, Eq. ( 1 .47) gives 

Poo Cm) = l (1-49) 

J 

which is also in accordance with Eq. (1.40). The dimensionless polarization and 
correlation parameters mainly considered in this book do not depend on the nor- 
malization conditions. It is convenient to introduce reduced statistical tensors, 

_ / • -\ PkqU’j) 

Akq{j,j) = - 7 ■ .X (1-50) 

PooIm) 

which are independent of normalization of the density matrix. 

As was discussed in Section 1.2.1, the density matrix of a system with 
sharp angular momentum j (jm |p | jm'} is determined by 4 j(j+ 1) real param- 
eters. One can obtain the same number 4 j(j + 1) by counting the independent 
real parameters that determine the complete set of statistical tensors p kq (j,j): 
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k = 0, . . . ,2j; q = —k , . . . ,+k describing the system. As follows from Eq. (1.46), 
in the case of j = / components with positive and negative q are related by 

P* kq (j,j) = (-l) q P k - q U,j) (1-51) 

and, therefore, all components of the tensors with q — 0 are real for all possible 
values of the rank k: 


PkoUJ) = PkoUJ) (1-52) 

Condition (1.51) limits the number of independent real parameters charac- 
terizing the tensor p kq (j,j) at a given k to 2k + 1. Summation over k from 0 up 
to 2 j gives the value (2 j + l) 2 . Since a statistical tensor with zero rank is always 
fixed by normalization, the number of independent real parameters of the statis- 
tical tensors p kq (j- j) is (2 j + l) 2 — 1 = 4 j(j + 1). This is precisely the result 
obtained for the number of independent real parameters of the density matrix. An 
actual number of the parameters of the spin density matrix or statistical tensors 
for sharp j can be less than 4j(j + 1 ) owing to additional restrictions imposed by 
symmetry or other particular physical features of the system and by its “history.” 

The criterion of a pure state ( 1 .3 1) is transformed, after applying the equality 
(1.42), the Hermitian property of the statistical tensors (1.46), and the orthogonal- 
ity of the Clebsch-Gordan coefficients (A. 87), into 

II I P kq (j,f)Pk g (fJ) = 1 d-53) 

jj' k = 0 q=-k 

For a system with fixed angular momentum j, Eq. (1.53) takes the form 

I i KCm)| 2 = 1 (1.54) 

k=0q=—k 

According to the definition (1.41), all components of the statistical tensor 
with nonzero q vanish if the density matrix (jm \ p \ j'm ') is diagonal with respect 
to the projections (m = m '): 

Pkq (/, /) = 5,o p k0 (. j , f) (1 -55) 

The inverse statement follows from Eq. (1.42): The density matrix of the state is 
diagonal with respect to m if the statistical tensors of this state have only com- 
ponents with q = 0. 

The time evolution of statistical tensors can be found from the general rela- 
tions ( 1 .20) — ( 1 .22) for the density matrix. Using eigenvectors of the Hamiltonian, 
H | a jm ) — Eaj | ajm), as a basis set for the density matrix, one obtains 


Pkq («/, a'/; 0 = Pk q («A a 'i'P = 0) exp i(O aha > r t 


(1.56) 
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where 0 ) aj a i ji = E a j — E a iy. Here we used notation a in the state vector for a set 
of other possible quantum numbers that specify the state. 

An important equation relates the statistical tensors of the final state of a 
system to the statistical tensors of its initial state in terms of the T -matrix ele- 
ments, or transition amplitudes. Writing Eq. (1.25) in the representation of the 
total angular momentum j of the system, we have 

(Pjm | p f | & j' ml) 

= Y (J3 jm | T | aJM) { p'j'm ' \ T \ a'j'M')* ( aJM | p 1 ' | a'j'M ') 

aJM 

a'j'M 1 

= Y (P j' n I T I a i m ) { Pf m ' I T I a 'fm')* ( ajm | p l | a! j’rrl) (1.57) 

aa! 

where /3 denotes all other quantum numbers that specify the final state. In the 
second equation we used the fact that the transition operator conserves the total 
angular momentum and its projection (being a scalar operator in the full configu- 
ration space). Applying the Wigner-Eckart theorem (A. 62), the relation between 
the spin density matrix and statistical tensors (1.42), and the orthogonality of the 
Clebsch-Gordan coefficients (A. 87), we obtain the general relation between the 
statistical tensors of the initial and final states: 

Pkq (PJ’Ff) = ^ E (PJ II T II a i) {Pf II T II «'/)* Pkq (<Xj, «'/) (1-58) 

JJ aa' 

where the reduced amplitudes (fij ||r|| a j) are introduced [see Eq. (A.62)]. A 
conclusion from Eq. (1.58) is that the tensorial components of statistical tensors 
of the total angular momentum of a system evolve independently and the system 
can not gain new tensorial components that were absent in the initial state. This 
basic rule is a consequence of conservation of the total angular momentum and its 
projection and is valid until the system can be treated as isolated. 

1.2.4. Statistical Tensors of Several Angular Momenta 

Consider a system that is composed of two subsystems with angular mo- 
menta j\ and 72 . They can be the orbital angular momentum and spin of a par- 
ticle, or angular momenta of different sorts of particles (for example, the angular 
momenta of an ejected electron and a residual ion). It is convenient to use the 
representation of the total angular momentum for the density matrix of the whole 
system: 

{jijiJM | p | j'xj'iJ'M') = Y {jimuj 2 m 2 \JM) (j[m[,f 2 m' 2 \/M') 

m 1 i m 2 

x (jimij 2 m 2 |p | fim[j 2 m 2 ) 


(1.59) 
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Expression (1.59) is a particular case of the transformation (1.19). Obviously, 
the density matrices on the left and on the right sides of Eq. (1.59) are square 
matrices of equal dimensions. The density matrix on the right side of Eq. ( 1 .59) 
has a product form if there is no correlation between angular momenta of the two 
subsystems, 

(jimij2m,2 |p | /i m i72 m 2) = (jim\ p (1) 7'W) ( 72^2 p (2) 72 "4 ) (1-60) 

while there is no factorization in the representation of the total angular momen- 
tum J. 

To construct the statistical tensors of the composite system in the represen- 
tation of the total angular momentum, one should use Eq. (1.41): 

Pkq {hjlJJ'dlJ') = E (-l) 7 '-"' (JMJ - M'\kq ) 

MM' 

x(j 1 j 2 JM\p\j , 1 j , 2 J , M l ) (1.61) 

The statistical tensor (1.61) shows all the properties described in Section 1.2.3. 
In the representation of projections of the angular momenta of the subsystems, 
however, one must introduce new quantities, double statistical tensors. These are 
defined by the relation: 

p kiqik2q2 (./ 1 ,/ 2 * ./ , | ,/* 2 ) = E -mi \hqx) (-1 )&-< 

X (;'2W2,72 (j\mj 2 m 2 \p\ iWdWi) 

(1.62) 

The relation between the statistical tensors (1.62) and (1.61) is a transformation 
between two different coupling schemes: J = ji +j 2 \ .I’ + j> k .1 + .1 and 

k i = ji +ji; k 2 = j2+jo; k = k[ +k 2 . It has the form 

Pkq (hhJjtiY) = E ( {hhVU'ij'iV '■ k | {jij'\)k\ ( 7272)^2 : k) 

k\k 2 

X E (*1 qi,k 2 q 2 \kq) p hqi k 2q2 (jlj 2 j\j 2 ) (1-63) 

‘Ml 

which can be derived from Eqs. (1.61) and (1.62) and the definition of the 
Clebsch-Gordan coefficients (A. 82). It is usually written in terms of 9 j-symbols 
(A. 117): 

Pkq (jlj2Jj\j 2 J') 

( 71 72 J ) 

= E hhff {kiquk 2 qz\kq) l j[ f 2 J' \pk m k 2 q 2 {hjid'ifi) ( 1 - 64 ) 
k ^i [k l k 2 k J 
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The transformation (1.64) is unitary. The inverse transformation has the form 
Pk | f/| kiqi ' 7*2 1 7* 1 7* 2 ) 

71 7*2 ■/ 

= £ W2// (&l q\Mqi\kq) l j\ f 2 J' p kq (jxjiJ, j\j' 2 J') (1-65) 


JJ'kq 


k\ k 2 k 


If the density matrix (j\m\j 2 m 2 | p | j\ >n\ j' 2 f n 2 ) is of the product form [see 
Eq. (1.60)], then the double statistical tensor also factorizes: 


Pk\q\ k 2 q 2 (./ 1 7*2 , 7* 1 7 2 ) Pk | q 1 (jl)7l) Pk 2 q 2 


,(2) 


( 1 . 66 ) 


where the statistical tensors of the subsystems on the right side of Eq. ( 1 .66) are re- 


lated to the corresponding density matrices of the subsystems ( j \ m \ 


r(l) 




and ( j 2 m 2 


,( 2 ) 


j 2 m 2 ) by Eq. (1.41). In the particular case when k\ = r/i = 0 


or k 2 = qi = 0, the product form (1.66) is valid irrespective of the existence of 
correlations between angular momenta of the subsystems. For example, putting 
k 2 = qi — 0 into the definition (1.62), using the property (A. 93), the general rule 
(1.38), and Eq. (1.49), one obtains 


1 


Pk m 00 (7172, /1/2) = -r 5 j 2 j' 2 Pkm Oi’fi) = Poo (72,72) p [\\ j (7i, A) d-67) 

The statistical tensors of the subsystem can be found from the statistical 
tensors of the whole system by the relations 

p ( S (h,A) = e (-1 )«■«',«// Vy) k } ft, (hhkhv) 

jj’h ^ 7i J 

= E /1 Pookq (7172,7172) (1-68) 


,( 2 ), 


,( 1 ) 


and 


Pkq (71, /l) = E (— l/'+^+^/Z | 71 7'l * U { hh j-j' lh j') 

JJ'n ( J ^ 72) 

= E 72 P400 (7 1 72 , /l 72 ) 


(1.69) 


22 


where we introduced 6 /-symbols (see Section A. 9). Equations (1.68) and (1.69) 
are equivalent to the calculation of the trace of the spin density matrix over vari- 
ables of the unobserved system. Their derivation is straightforward. It uses 
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the definition of the statistical tensors (1.41), Eq. (1.38), the summation for- 
mula (A. 89), and properties of the Clebsch-Gordan coefficients. Additional sums 
should be introduced on the right sides of Eqs. (1.68) and (1.69) over other quan- 
tum numbers of the unobserved subsystem, if they exist. 

One can introduce statistical tensors of three and more angular momenta 
and the corresponding statistical tensors of a higher order, such as triple, and so 
on. We will not use the higher-order tensors in this book, but the statistical tensors 
of several angular momenta are very important. In this case, the angular momenta 
can be coupled in different orders and the relations between the corresponding 
statistical tensors can be easily written using recoupling coefficients (Sections A. 9 
and A. 10). As an example, we give useful relations between the statistical tensors 
of three and four angular momenta: 


Pkq U i - (7273)723 : J ; f 1 , ( 7273)723 : J') 


= ^_i)h+h+h+A+A+A+J+r £ ; 12 / 12 ; 23 / 23 

712/12 


71 72 712 
73 J 723 


X I' 7 -/ 1 ij/) 2 \pkq ((7172)712,73 : 72)712 -73 - J ') 

l 73 J 723 J 

Pkq ((7172)712, (7374)734 : /; (/l72)/l2, (7374)734 : f ) 

{ 71 72 712 1 
73 74 734 > 
713 724 7 I 


(1.70) 


( A fi fn 1 

X< 73 74 734 (Pkq ((7173)713, (7274)724: 7; (/i73)/i3. (7274)724: J ') (1.71) 

[ 7 13 724 J ' J 


1 . 3 . Spin Density Matrix and Statistical Tensors for Simple 
Systems 

1.3.1. Spin-Tensor Operators 

The concept of spin-tensor operators is very helpful in considering the den- 
sity matrix for a particle with definite spin. It follows from Eq. ( 1 .42) that the 
density operator p( j) acting in a space of spin (angular momentum) j can be pre- 
sented as an expansion in terms of some irreducible tensor operators: 

27 k 

p(j) = E E Pkq(jJ) T kq ( 7 ) 

k=0q=—k 


(1.72) 
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with the matrix elements of the operators T kq (j)\ 

( jm | T kq (j) | jm') = (-1 ) j ~ m ' (jm,j -m \kq) (1.73) 

The operator T kq (j), called the spin-tensor operator or simply the spin tensor, is a 
component with the projection q of an irreducible tensor operator of rank k acting 
in the spin space. As follows from (1.73) and the Wigner-Eckart theorem (A. 62), 
the reduced matrix element of the spin tensor has the simple form 

(j\\T k U)\\j) = V2k+i (1.74) 


The spin tensor can be built up in unique way out of components of spin j. For this 
purpose one can use the irreducible tensor product (see Section A. 7) of the oper- 
ator j, which is an operator of the first rank (as well as all other vector operators): 


Tkq{j) =N k {j ) 0j} 2 ®j} 3 -- 


N k {j)=2 k 


( {2k + 1)!! (2j — k)\ 
V k\ (2j + k+ 1)! 


1/2 



(1.75) 

(1.76) 


The normalization constant (1.76) can be found from Eq. (1.74) by successive ap- 
plication of Eqs. (A.63) and (A. 107) and using Eq. (A. 69). An equivalent method 
for building the spin-tensor operator is to use the corresponding solid spherical 
harmonic Jkqi, j) (see Section A. 5) as an operator function of j. Note that be- 
cause the components of the spin operator do not commute, in solid harmonics 
one should replace products such as xy, not by j x j y , but by the symmetric product 
( j K jy + jyjx) /2, and so on. With allowance for normalization, a general expression 
for the spin-tensor operator can be presented as 

/ Jfei \ l ' 2 

T kq (j)=N k (j ) [^ {2k+l) \\ ) M) d-77) 


Since the matrix elements (1.73) are real, the Hermitian conjugated spin 
tensor T^(j) reduces to the transposed one T kq (j): 


jm 


r k + qU) ./'»') = (jm' | T kq (j) | jm) 


(1.78) 


Using Eqs. (1.41) and (1.73), the statistical tensor p kq (j -j) of a mixed state, 
described by the density operator p, can be written as the mean value of the con- 
jugate spin tensor T^(j) in this state: 


Pkq(jJ) = E ( i m I T kqU) I jm) (jm |p I jm) 

mm' 

= E (j ,H I P I j’ 11 ’) ( j M ' T kq(j) j ,H ) 
mm' 

= Tr (pr+(7)) = (r+(7)) 


(1.79) 
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In the literature, the density operator p(j) acting in the space of spin j is used as 
an expansion in two quite equivalent forms: 

PU) = E E PkqUJ) TkqU) = I I (T£(j)) T kq {j) (1.80) 

k=0q=—k k=0q=—k 

The criterion of a pure state ( 1 .54) may be written in the form 

I t l<^C0>l 2 = i d-81) 

k=0q=—k 

Equation (1.77) and Table A. 4 from Section A. 5 allow one to express the 
spin tensors with the lowest ranks and for an arbitrary spin in terms of the compo- 
nents of the spin (angular momentum) operator. Substituting them into Eq. (1.79), 
one obtains the statistical tensors in terms of mean values of the corresponding 
components, for example. 


Pn,UJ) = <: T lq (j))* = Jlu(j+l)(2j+l)]- 1/2 (j q ) (1.82) 

<7 = 0 ,± 1 , 

p2oUj) = (TioU)r 

=c{j)\j\ m-u 2 )] 

= (1.83) 

p2±iU,j) = (T2±i(j)y 

= -fC(j) [( jxjz } + Uzjx) T i ( jyjz + jzjy)\ ( 1 -84) 

PlilUJ) = (T 2 ± 2 U)r=CU)[j 2 -jyTiUxjy + jyjx)} (1.85) 

where 

C(j) = ^ [7(7+1) ( 27 -I) ( 27 +I) (27 + 3 )]' 1 / 2 ( 1 . 86 ) 


In Eq. (1.82) we introduced the conventional circular components of a vector by 
the relations 


jo Jzi 7+t ^ (Jx + *jy ) 5 


7-1 = y^Ux-ijy) 


(1.87) 


Note that the conventional definition of the spin polarization vector of a particle 
with spin j is 


P=(j)/7 


( 1 . 88 ) 
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Comparing Eqs. (1.88) and (1.87) with Eq. (1.82), we see that within a factor 
the statistical tensor of the first rank (complex conjugate) coincides with the spin 
polarization vector. 

It follows from the Wigner-Eckart theorem (A. 62) that the mean values 
of the spin tensors (7) :q (j)) and, equivalently, the conjugate statistical tensors 
P*kq U’j) arc proportional to the corresponding components of any quantum char- 
acteristic of the system, which has the same tensor rank and nonzero value. For 
example, the components of the statistical tensors p Uj (j-j) are proportional to 
the conjugate circular components of the vector of the dipole magnetic moment 
(provided the magnetic moment exists in the system). 


1.3.2. Density Matrix and Statistical Tensors of Spin- \ Particles 

This case can be considered rather easily without applying the spin-tensor 
formalism of the preceding section. The density matrix of spin | is a 2 x 2 matrix. 
An arbitrary unitary 2x2 matrix can be expanded in terms of four independent 
matrices: the unit matrix I and three Pauli matrices, O x , <7 V , and er, (see Sec- 
tion A.l): 

P=\{l + P,o x + PyOy + P z o z )= ] -(I + Va) (1 .89) 

Here P is a vector with the components P x , P y , and P z . The normalization constant 
in Eq. (1.89) is chosen in accordance with the condition Trp = 1. Using the 
explicit form of the Pauli matrices (A. 2), one obtains for the density matrix. 


1 

2 


m\p\ 



If 1 +P Z P x ~iP y \ 
2 \ P x + iPy 1 ~P Z ) 


(1.90) 


Throughout this book we follow the conventional order of numeration of lines and 
columns in the matrices of angular momenta: from the largest positive value of 
projection of the angular momentum (first line, first column) to the largest neg- 
ative one (last line, last column). The first index in the matrix element (and the 
correspondent bra vector ( \m\) indicates the line, while the second index (and 
the correspondent ket vector | }) indicates the column. 

The physical meaning of the vector P becomes clear from the following 
observation: As is known, the spin operator s of the spin-1 particle is connected 
with the Pauli matrices: 

S = — (7 (1.91) 

2 


According to the general definition (1.88), the spin polarization vector is 


(s) 

1/2 


2(s) = 2 Tr(ps) = Tr (pc) = P 


(1.92) 
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The last equation can be proved using the expansion (1.89) and the explicit form 
and properties of the Pauli matrices (see Section A. 1). Hence, formally introduced 
vector P in Eq. (1.89) is the spin polarization vector. Its direction coincides with 
the direction of the average spin of the particle, while the value P = |P| is the 
degree of spin polarization of the particle. The natural condition 0 < P < 1 is in 
accordance with the general requirement (1.30) imposed on the matrix elements 
of the density matrix. The equality in Eq. (1.30) is achieved only for P = 1. 
Therefore, only spin states with P = 1 are pure and vice versa, only in pure states 
does P = 1 . The three parameters, P x , P y , and P z , fully characterize the spin state of 
a particle with s = j. A particle with s = \ is polarized if P / 0 and unpolarized 
if P = 0. 

The statistical tensors p kq ( j, j) corresponding to the density matrix (1.90) 
are easily obtained from the definition (1.41) and values of the Clebsch-Gordan 
coefficients from Table A. 7 on pp. 218-220 (Section A. 8). Only tensors with rank 
0 and 1 exist for the spin- ] particle: 

p “(}'0 = 7 i <L93) 

p '»G4)=^ < i94) 

pi±i Q4) =T \( PxT ip y> (L95) 

A particle with ,y = ^ cannot be aligned. The components of the statistical tensor 
P\q (!> |) = 0, ±1) coincide to within the common factor 1 /s/l with the con- 

jugate circular components P* of the polarization vector P [see Eq. (1.87)]. The 
same result immediately follows from the spin-tensor formalism [Eqs. (1.82) and 
(1.92)]. Applying (1.54), one can also check the criterion P = 1 of a pure state. 

1.3.3. Density Matrix and Statistical Tensors of a Free Spinless Particle 

Now consider a free spinless particle of mass M moving with the energy Eq 
in the direction no characterized by the angles ($,<p). The particle is described 
by the state vector |£o n o)i which can be represented in the coordinate space by 
the plane-wave function pk 0 ( r ) = <? ,k ° r with ko = kono, ko = \J2 MEq. The corre- 
sponding angular part of the density operator is defined by expression (1.3): 

p n ° = |n 0 ) (no | (1.96) 

In the representation of orbital angular momentum l and its projection m, the 
density matrix of the state (1.96) is given by 

(im | p n ° | l'm ' ) = ( Im \ no ) ( no | l'm ' ) 


(1.97) 
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Taking into account (no | bn) = T/,„(t9, (p ), see Eq. (A. 26), the angular momentum 
part of the density matrix (1.97) has the form: 

(bn | p n » | I'm 1 ) = Yf, (0, q>) Y Vm , (0, <p) (1.98) 

Substituting Eq. (1.98) into the definition (1.41) and using Eqs. (A. 29) and 
(A. 87), one obtains the statistical tensors in the form 

= y=-f (w/o I *°)r£(0,?O 

/ 4tt 

- Qo(/ ’ /,) V2kTI^ (j?,<p) (L99) 

where we introduce the radiation parameters of a spinless particle, C*o(/,/ / ), 
widely used in practice: 

(- 1 )'' 

Qo (/,/') = ; /? (/0/0|k0) (1.100) 

47T 

The radiation parameters are the statistical tensors of a particle moving along the 
quantization axis z: 

I 4tt 

=C»o(Z,Z')^ ^-^9(0,0) = S q 0 c k 0 (l,l') (1.101) 

Equation (1.101) shows that in the reference frame with the ’-axis along the direc- 
tion of the particle motion ($ = (p = 0), only states with zero projection contribute 
to the density matrix ( 1 .98) due to relation (A. 20). 

Note that the trace of the density matrix (bn \ p n ° \ bn) diverges, which is 
due to a special case with the density operator (1.96). Hence, the statistical tensors 
(1.98) do not satisfy the usual normalization condition (1.47). 

1.3.4. Density Matrix and Statistical Tensors of a Free Electron 

The motion of a free electron may be described by the density matrix and the 
statistical tensors of the total angular momentum, which include both the spin and 
the orbital motion. Equation ( 1 .64) provides a connection between the statistical 
tensors of the electron in different representations: 



X Pkiqik s q s 


( 1 . 102 ) 



Density Matrix and Statistical Tensors 


21 


Here j is the total angular momentum of the electron: j = 1 + s. The representation 
of the total angular momentum is especially convenient in the case of nonvanish- 
ing relativistic coupling between the orbital angular momentum and spin of the 
electron (the spin-orbit interaction ). 

If the orbital angular momentum and spin of the electron are not correlated, 
the double statistical tensor is factorized into the orbital and spin parts: 

Pk/qik s q s (^ 2 ^ 2 ^ ) Pk s q s 2^ (1-103) 

The statistical tensors p k (5,7) and p k (/,/') were considered in Sections 1 .3.2 
and 1.3.3, respectively. 

For the spin-unpolarized electron beam (k s = q s = 0), one finds with the use 
of Eqs. (1.102), (1.67), (1.99), and (A.122): 

P kq /) = C k0 (lj, l' j') ]f^~[Y kq ($, (p) (1.104) 

where 

Cko(ij,i 7) = ( ~ 1 ^ +1/ ~ itjf (/0,/'0|*0) | J r l f 2 | (1.105) 

are the radiation parameters of the electron. 

In the next section we omit for brevity the quantum number of fixed spin 
s = | in the arguments of the statistical tensors of the total angular momentum j, 
as in Eq. (1.105), for example p kq (lj,l'j') = p kq (l\j,l'\j'). 

It is implied here and throughout the book that the order of coupling of the 
orbital angular momentum and spin is always 1+ j = j. A transgression of a fixed 
order of coupling 1 + j = j, or, alternatively, \ + l = j in calculations often leads 
to mistakes. This pertains equally to any two angular momenta. 

1.3.5. Density Matrix and Statistical Tensors of a Photon 

1.3.5. 1. Representation of Helicity; Stokes Parameters 

The density matrix and statistical tensors of a photon need special consider- 
ation. The main reason is that the photon is a particle without mass, which cannot 
be at rest. At the same time, although the photon has intrinsic spin 1, owing to 
its transverse character, the projection of the photon spin on its linear momentum, 
the helicity. can take only two values: A = ±1, which is unusual for an ordinary 
particle with spin 1. 

Consider a photon with a fixed wave vector k. The helicity part of the 
density matrix, which describes the photon polarization, is a 2 x 2 matrix that can 
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be parameterized by three real parameters, similar to the case of a particle with 
spin Most often this matrix is parameterized in the form 

(kA|p|U') = i( _;+_% 2 -f'+f ) (1.106) 

or equivalently, 

(kA \p\KX')= l -[8 xv {\ + XPi) + {\-8 xv ){-P l + iXP 2 j\ (1.107) 

The order of lines and columns in the matrix (1.106) is the same as for the usual 
angular momentum: the first line (column) corresponds to A = + 1 and the second 
line (column) corresponds to A = —1. The quantities P\, P 2 , and P 3 are called 
Stokes parameters of the photon. The definition of the Stokes parameters may be 
different in different texts. 

The Stokes parameters characterize the polarization properties of the photon 
beam [21], Consider this in more detail. Photons with the helicity A = +1(— 1) 
correspond in classical electrodynamics to electromagnetic waves with right (left) 
hand rotation of the electric and magnetic field vectors around the direction of k. 
Therefore, photons with A +1 are called right circularly polarized photons , and 
photons with A = — 1 are called left circularly polarized photons. Note that for 
historical reasons, in optics a terminology is usually used that is opposite to that 
used in quantum electrodynamics. The diagonal matrix elements in Eq. (1.106) 
give the weights of the purely circularly polarized states: 

W(A = ±1) = i(l±P 3 ) (1.108) 


and consequently, the Stokes parameter P 3 is the degree of circular polarization, 
P c , of the photon beam: 


p W(+l)-W(-l) 
c W(+l) + W(-l) 


(1.109) 


Right and left circularly polarized photon states can serve as a basis for 
describing a state with arbitrary polarization. We choose the z-axis along the 
wave vector k and present the circularly polarized state in terms of states linear 
polarized along the x- and y-axes: 


I k, A 


± 1 ) — T ( k.e ( ) : i k.e v )) 


( 1 . 110 ) 


The state of a photon linearly polarized along some direction (p in the xy-plane 
can be then written in the form 


k,e<p) =cos <p | k, e. Y ) + sin tp |k,e y ) 

= - -L {e~iv \ k , A = +1 ) - | k, A = - 1 )) 


(Mil) 
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The corresponding density matrix is 

(kA IpJ kA') = (kA |k,e (p ><k,e (p |kA') = ^AA'^' (A ^ ),p (1.112) 

The probability that the state described by the density matrix (1.106) is contained 
in the state described by the density matrix (1.112) is given by the general rule 
(1.35) with the result: 

W(e<p) = ^ (1 +Pi cos2<p + P 2 sin2<p) (1.113) 

It follows from Eq. (1.113) that the Stokes parameter Pi characterizes the degree 
of linear polarization relative to the x (<p = 0°) and y ( (p = 90°) axes 


W(0°) — W(90°) 
W(0°)+W(90°) 


(1.114) 


while the Stokes parameter P 2 characterizes the degree of linear polarization rel- 
ative to the axes <p = 45° and <p = 135° 

W(45°)— W(135°) 

W(45°)+W(135°) 2 y ’ 


Hence, in the case of arbitrary Pi, P 2 , and P3, the photon is circularly and 
linearly polarized. The general requirement (1.30) for the density matrix (1.106) 
is satisfied by the relation 

Pf+Py+Pf < 1 (1.116) 


The equality Y]=] P 2 = 1 indicates that the polarization state of the photon is pure. 
The parameter 

p , = \fpf+P2 (1-117) 

is called the degree of linear polarization. Condition (1.116) imposes the restric- 
tion Pc+Pf < 1 . If both P c and P/ are nonzero, while the latter inequality turns to 
equality, the photon is called elliptically polarized. 

It is convenient to introduce the angle tpo by the relations 

cos2(p 0 =y, sin2<po=^ (1.118) 

where P/ is the degree of linear polarization (1.117). With the definition (1.118), 
Eq. (1.113) takes the form 

W( e <p) = \ (1 +P/cos2(<p — <p 0 )) 


(1.119) 
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Let us assume that one measures the intensity of the photon beam passing through 
an ideal polarization filter that is transparent only for photons linearly polarized 
along the axis of the polarimeter. The angle (po describes the direction of the 
axis when the intensity of the transmitted photon beam is the largest, while the 
lowest intensity is observed when the axis of the polarimeter is perpendicular to 
this direction. The angle (po indicates the principal axis of the polarization ellipse 
of the photon beam. In the coordinate frame with the x-axis directed along this 
principal axis ((po = 0), one finds from Eqs. (1.114), (1.115), and (1.119) that the 
Stokes parameter Pi takes the largest value |Pj | = P/, while the Stokes parameter 
Pi vanishes. This demonstrates that the Stokes parameters Pi and Pi for a given 
photon beam depend on the choice of x-axis (with 7-axis fixed along the beam). 
At the same time, the degree of linear polarization P/ is invariant. Therefore, 
it is often convenient in an analysis of different experimental situations to use 
the degree of linear polarization P/ and the direction of the principal axis of the 
polarization ellipse (po instead of the Stokes parameters Pi and Pi. 


1.3. 5. 2. Representation of Multipoles and Statistical Tensors 

To obtain the statistical tensors of the photon, we consider the representation 
of the total angular momentum. This is accomplished by use of the multipole 
expansion of the angular part of the state | k, A ) of a photon with the wave vector 
k = {k, $,<p} and helicity A: 

| {t?<p},A) = £ £<pLM| 0 p,A> \pLM) ( 1 . 120 ) 

p=0,lLM 


Wave functions | pLM) describe the states of the photon with angular momentum 
L and its projection M on the quantization axis z. Summation in Eq. (1.120) 
starts from L = 1 (an absence of photons with L = 0 is a result of their transverse 
polarization). The quantum number p specifies the type of photon: either electric 
(p = 0) or magnetic (p = 1). The parity of the photon is defined by the expression 

n={- \) L+P (1.121) 

Photons with p = 0 and different L are called electric 2 , -polc (dipole, quadrupole, 
octupole, etc.) or EL photons. Similarly, photons with p — 1 are called magnetic 
2 L -pole or ML photons. The transformation coefficients (pLM \ i)(p. A ) in Eq. 
(1.120) are known [5]: 


(pLM\ r?«p, A ) 


2L+1 
8 n 


XPD L m ((p,V,0) 


( 1 . 122 ) 
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Table 1.1. Statistical Tensors of the Dipole Pho- 
ton in the Two Coordinate Frames (see Figure 

11 ) 


pL(PuP 2 ,P 3 ) 

s 

S’ 

Pm 

l/x/3 

l/x/3 

Pi o 

P 3 /V 2 

0 

PL i 

0 

=FP 3 /2 

Pi o 

1/V6 

-(1 + 3P0/2V6 

PL i 

0 

iPi / 2 

pI± 2 


(l-Pi)/4 


In a particular coordinate frame with the quantization axis z along the wave vector 
k (t? = 0, (p = 0) (we call this the photon frame) this equation reduces to 


( P LM\00.X) = 8 m1 M" ] J 21 ^ (1.123) 

Using this formula one can transform the 2x2 density matrix in the helicity 
representation (1.106) into a standard form of the density matrix of angular mo- 
mentum of the dimension (2L+ 1) x (2 L+ 1) corresponding to the multipolarity 
L of the photon. In the majority of studies of photon-atom interactions, especially 
in studies of angular distributions and polarizations, dipole transitions (El tran- 
sitions) are considered. Substituting p = p' = 0, L = L' = 1 in Eq. (1.123) and 
using (1.106), we obtain for the normalized density matrix of the dipole photon 


aj-(0,^,n) 

S (x,y,z) - S’ (x\y\z) 



y’ 


FIGURE 1.1. Two coordinate systems used to describe the polarization state of photons: S (photon 

frame) and S'. 
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in the photon frame 


j / 1+^3 0 

(p = 0,L = l,M \p\ p' = 0,L' = l,M'} = - I 0 0 

7 V -p, - iP 2 o 

The nonzero elements of this matrix coincide with the corresponding elements of 
the density matrix in the helicity representation, Eq. (1.106). The difference is 
in the extra line and column in the matrix (1.124), which correspond to the zero 
projection M. 

Generally, using Eqs. (1.106) and (1.123), one obtains the angular momen- 
tum density matrix and, hence, corresponding statistical tensors of the photon of 
any multipolarity. In the photon frame only statistical tensors with projections 
0, ±2 turn out to be nonzero. They may be presented in the form 

Pm {pL,p'L r ) = (-if- 1 ^ (L1,L! - 1 1*0) [1 + (-I/ + P 3 (1 - (-1/)] 

(1.125) 

P*,± 2 {PL,P'L') = (-1 f+P' ^ (Ll,L'l\k2) (±1 )f(P l ^iP 2 ) (1.126) 

where f = L + p + L' + p' — k. Similar to Eqs. (1.100) and (1.105), the statistical 
tensors (1.125) and (1.126) are the radiation parameters of the photon. We shall 
denote them as Ck q (pL, p' L') . 

The statistical tensors of the dipole photons p[ (/ (P\ .Pj. P 3 ) , which depend 
on the Stokes parameters, can be obtained either from the general expressions 
(1.125) and (1.126) for arbitrary multipolarity (after the corresponding normal- 
ization), or from the density matrix (1.124). They are shown in column S of Table 
1.1. Here and later we indicate the statistical tensors of the dipole photon by the 
superscript y. Arguments P\, P 2 , and P 3 will often be suppressed for brevity. We 
remind the reader that the reference frame S is the photon frame with z || k. 

For a dipole photon, only tensors with the rank k < 2 exist. In the photon 
frame, the statistical tensors p [ ±1 are zero and pi 0 always has the same constant 
value regardless of the polarization state of the photon. The only statistical tensor 
of the first rank, p[ 0 , is nonzero when the photon possesses a circular component 
(P 3 / 0). In changing the sign of P), we change at the same time the sign of p[ 0 . 
The linear polarization of the photon affects only the statistical tensors p? ±1 . For 
an unpolarized photon beam, P\=P 2 = Pj = 0 , two statistical tensors are nonzero: 

v 1 y 1 

P°°-^> P20-^ 


-Pi + /Pi 
0 

I-P3 

(1.124) 


(1.127) 
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The fact that p\ () is nonzero for an unpolarized photon reflects a particular feature 
of the photon, which is related to the existence of the characteristic direction along 
the wave vector k. 

To find the statistical tensors in another frame, we must use the standard 
expression (1.44) for transformation of the statistical tensors. For example, a 
coordinate frame S' is often used with the x'-axis along the photon propaga- 
tion and the z'-axis along the x-axis of the photon frame (Figure 1.1). The 
statistical tensors of the dipole photon in this important case are shown in the 
last column of Table 1.1. (Sometimes the axis x' of the system S' is cho- 
sen against the photon momentum, while y' is parallel to y. In this case, the 
statistical tensors with odd projections in the column S' of Table 1.1 change 
sign. One more possible choice of the coordinate system is discussed in Section 
4.2. 1.2.) 


1.4. Symmetry Restrictions on the Density Matrix and Statistical 
Tensors 

If a physical system is unaltered by some transformation of the coordinate 
frame, for example, by rotation or reflection in some plane, the transformation 
is called the symmetry transformation of the system. Under symmetry transfor- 
mations, the observables of this system do not change. The statistical tensors or 
their linear combinations are quantities that can be observed. Therefore, all of the 
statistical tensors in a transformed coordinate frame must coincide with the sta- 
tistical tensors in the initial coordinate frame if the transformation is a symmetry 
transformation: 


P kq 0',/) = PIT O',/) (all k and q) (1.128) 

The requirement (1.128) gives additional relations between the statistical tensors 
and brings in additional restrictions on the possible values of k and q. We are 
interested in symmetries connected with rotations, reflections, and inversion of 
the coordinate system. The transformations of the statistical tensors under ro- 
tations of the coordinate system are given by Eq. (1.44). Under inversion, the 
statistical tensors acquire a phase factor t] = nn' . where n and n' are internal 
parities of states with j and /, respectively. If at least one of the states does 
not have definite parity, the transformation, which includes inversion, in general 
is not the transformation of symmetry. The reflection in a plane is a product 
of two transformations: rotation through an angle 180° about the axis perpen- 
dicular to the plane and the inversion. Rotations and inversion are commuta- 
tive. 
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1.4.1. Isotropic System 

For an isotropic system, an arbitrary rotation is the symmetry transforma- 
tion: 

p kcl (j,f) = U/) = E (^ 9 («.P»y)) Pk q ' O’f) (Li 29 ) 

4 

where a, /3, and y are arbitrary angles. The identity is possible only in the case 
Dj (a,/ 3, y) = 5 c/( y, which implies that A: = 0 (hence q = q' = 0). As a result, an 
isotropic system possesses only statistical tensors with rank zero p 00 (j,j r ). From 
the properties of the Clebsch-Gordan coefficient in Eq. (1.42), only the diagonal 
matrix elements of the density matrix (jm \ p \ j'm ') with j = / and m = in' survive 
for the isotropic system. The density matrix is diagonal in an arbitrary coordinate 
frame; all magnetic substates are equally populated and the density matrix is given 
by Eq. (1.40). There is no coherence between states with different j and different 
m. To create the coherence one must disturb the isotropy of the system. 

1.4.2. A System with Axial Symmetry 

We choose the z-axis of the coordinate frame along the symmetry axis. A 
rotation about the ’-axis is then the symmetry transformation. Using Eq. (A. 54), 
one obtains 

P kq (jJ , )=Pt?(jJ') 

= E(^«(«> 0 >°))Vltf (./>/) = e ~ iqa pkqUj') (1-130) 
4 

where a is the angle of rotation. The identity (1.130) is valid for arbitrary a 
only when q = 0. As a result, a system with axial symmetry possesses only sta- 
tistical tensors with zero projection, p k0 (j,j'), in the coordinate frame with the 
7-axis parallel to the axis of symmetry. As follows from Eq. (1.42), in this frame 
the density matrix (jm \ p \ j'm'} contains only elements diagonal in m: m = m'. 
There is no coherence between states with different projections. This statement, 
however, is valid in the chosen frame only. The statistical tensors p k0 (j,j') are 
either real or imaginary, depending on the parity of the difference, / — j [see Eq. 
(1.46)]. In particular, the tensors p k0 (j,j) are real. The number of independent 
real parameters characterizing the density matrix of the system with a sharp j is 
reduced from 4 j(j+ 1) to 2 j. 

1.4.3. A System with Plane Symmetry 

First consider a case with the quantization axis z in the plane of symmetry, 
which we choose as the xz-plane. The reflection in the vz- plane is equivalent to 
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rotation about the y-axis through an angle of 180° and inversion. This gives [see 
Eq. (A. 57)] 

Pkq (j, /) = P?r U /) = H E (°» *> < 0)) * Pkq' (jj) 

q' 

= 77(-l ) k+ *p k - q (j,f) (1.13D 

where r) is the product of the internal parities of the states j and /. This relation 
shows that the statistical tensors with odd ranks k and q = 0 vanish when rj = + 1 
and the statistical tensors with even ranks k and q = 0 vanish when rj = — 1 . With 
allowance for the relation ( 1 .46) imposed by the Hermitian character of the density 
matrix, Eq. (1.131) is equivalent to 

Pkq (;,/) = (-1)* + ''->'t7P* 9 O'J) (1-132) 

For a sharp j, the plane symmetry of the system leads to a reduction in the number 
of independent real parameters of the density matrix from 4y (y + 1 ) to 2j (j + 1 ) (J 

— integer), or to 2 j(j + 1) — ^ ( j — half integer). Usually a system with a sharp 
j (for example, an atomic state) has a certain parity. Then Eq. (1.132) reduces to 
a simpler relation: 

PkqUJ) = (-l) k pt q UJ) (1-133) 

which shows that all even statistical tensors are real, whereas odd tensors are 
purely imaginary. Combining Eq. (1.133) with the relation (1.51), which follows 
from the hermiticity of the density matrix, we obtain: 

PkqUJ) = (- l ) k+q Pk-qUJ) (1-134) 

Symmetry relations between the elements of the density matrix follow from 
Eqs. (1.131) and (1.42) and the properties of Clebsch-Gordan coefficients: 

{jm | p | j'm!) = n (j-m\p\j'-m!) (1.135) 

When the ’-axis is chosen perpendicular to the plane of symmetry, the trans- 
formation of symmetry is the rotation through 180° around the ’-axis and inver- 
sion. This gives 

p kq {M)=pTW) 

= nE( D ^(^ 0 ’ 0 ))* Pkq' C/,/) =(-!)* *1 Pkq (jj) d-136) 
q' 

The statistical tensors (1.136) become zero for odd q , when r) = +1, while for t] = 

— 1 the tensors with even q become zero. Equation (1.136) leads to the symmetry 
relation between elements of the density matrix: 

(jm |p | j'm!) = (-I)"'-"' j] (jm \p\j'm ') 


(1.137) 
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Table 1.2. Independent Parameters Characterizing the Polarization State of a Sys- 
tem with the Angular Momentum j and Different Symmetries 3 





Rotation 

Reflection in 


j 

No symmetry 

Reflection in 

around 

xz-plane and 

Isotropy 



xz-plane 

z-axis 

rotation around 






z-axis 


1 

2 

N = 3: 

N= 1: 

N= 1: 

N = 0 

w = o 


Pio.pn (2) 

i'Pll 

P 10 



1 

N = 8 : 

N = 4: 

N = 2: 

N= 1: 

w = o 


pio.pn (2) 

i'Pll 

P 10 




P 2 O 1 P 21 (2), P 22 (2) 

P20ip21 .P22 

P 20 

P 20 


3 

2 

N= 15: 

AT = 7: 

N = 3: 

N= 1: 

w = o 


P 10 .P 11 (2) 

ipn 

P 10 




P 2 O 1 P 21 (2), p 22 (2) 

P20ip21 .p22 

P 20 

P 20 



p30,p3l(2), 
P32(2),p33 (2) 

( P31PP32,<P33 

p30 



2 

A = 24: 

N= 12: 

N = 4: 

N = 2: 

w = o 


P 10 .P 11 (2) 

ipn 

P 10 




P 2 O 1 P 21 (2), p 22 (2) 

P20ip21 .p22 

P 20 

P 20 



p30,p3l(2), 
P32(2),p33 (2) 

( P31PP32,*P33 

P30 




P40i p41 ( 2) , P 42 (2), 

P40.P41, 

P40 

P40 



P43 (2) , p44 (2) 

P42.p43.p44 



a The general number N of real, independent, nontrivial parameters is also shown. The number 2 in paren- 
theses at some statistical tensors in the second column indicates that real and imaginary parts are both 
nonvanishing. Otherwise the parameters are real. 


1.4.4. A System with a Plane of Symmetry and an Axis of Symmetry in 
This Plane 

In this case we choose the 7 - ax is along the symmetry axis and consider the 
xz-plane as the symmetry plane. We can obtain the restrictions imposed by the 
symmetry of the system on the statistical tensors by directly combining the results 
of Sections 1.4.2 and 1.4.3. This shows that only statistical tensors with zero 
projection are nonzero. They are real and obey the relation [see Eq. (1.131)] 

P*oO\/M-1)V*o(/J) d-138) 

Therefore, for states with definite parity, only statistical tensors with an even rank 
k and q = 0 can exist if rj = +1, whereas for /] = - 1 , only tensors with odd k 
and q = 0 are possible. Owing to the symmetry, for a sharp j , the number of 
real independent parameters of the density matrix is reduced as a result of the 
symmetry to j ( j — integer), or to j — \ ( j — half integer). The density matrix 
in the chosen coordinate system is diagonal with respect to the projection of the 
angular momenta, and for these diagonals over m elements, the following relation 
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is valid: 


(jm | p | j'm) = H (j ~m\p \ / - m) (1.139) 

For a state with definite angular momentum and parity, the populations of mag- 
netic sublevels with different signs of the projection m are equal. 


1.4.5. A System with the Symmetry Axis Perpendicular to the Plane of 
Symmetry 

We choose the z-axis along the axis of symmetry. The symmetry restrictions 
can be found by combining the results of Section 1.4.2 and Eq. (1.136). It follows 
that only those statistical tensors can exist that have q = 0 and obey the relation 

Pao (j- f) = P Pao (j- f) (1 -140) 

Therefore, this type of symmetry can be realized only for rj = +1; otherwise all 
statistical tensors will be zero. This means that such a physical system must have 
definite parity. No other restrictions follow from Eq. (1.140) and hence, for a 
single state with definite parity, adding the plane of symmetry to the axis of sym- 
metry, which is normal to this plane, will not reduce the number of independent 
parameters. In other words, from the viewpoint of symmetry, a system with def- 
inite parity and a symmetry axis is equivalent to a system with a symmetry axis 
and a plane of symmetry perpendicular to this axis. 

Concluding this section, we collect in Table 1.2 a list of possible indepen- 
dent statistical tensors of systems with the angular momenta j < 2. 


1.5. Efficiency Matrix and Efficiency Tensors 

1.5.1. Concepts of Efficiency Operator and Efficiency Matrix 

We assume that as a result of some process, a state of the system is formed 
that is described by the density operator p. The physical characteristics of this 
system are measured by a detector (or a number of detectors). Let us assume that 
the detector is “tuned” to the state, which is characterized by the density operator 
e. That is, the registration occurs only if the detector is affected by the system in 
the state e. The state e is an inherent property of the detector and is called the 
efficiency operator of the detector. The probability of the detector registering the 
state e while observing the system in the state p is then given by Eq. (1.35): 


W = Tr(pe) 


(1.141) 
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The probability (1.141) defines the counting rate of the detector. Equation (1.141) 
can be explained as follows. Suppose that the detector reacts if the system is in a 
pure state | yr), but does not react if the system is in any other pure state orthogonal 
to 1 1 //). In accordance with (1.15), the probability of detecting the state 1 1 //) in 
the state p is given by IT = (y/ \ p \ yr). Now we generalize this statement to the 
case when the detector registers a pure state | y/\ ) with a probability £i, another 
pure state | y/ 2 ) with a probability £ 2 , and so on, where | y/jr. ) forms some basis set. 
Obviously, the total probability of registration by this detector is now defined by 
W = Li: £ k (tyk I P I V /it). Introducing the efficiency operator by the relation 

£ = '£ l £k\'l'k)('l'k\ (1.142) 

k 

one immediately obtains (1.141). Equation (1.142) coincides formally with (1.29), 
and the operator £, which is the efficiency operator, shows all the mathematical 
properties of the density operator p. 

The efficiency matrix of the detector is a matrix of the efficiency operator in a 
particular representation. As follows from above, the efficiency matrix (E, \ £ \ Ef) 
is mathematically equivalent to the density matrix (E, p \ Ef). The normalization 
of the efficiency matrix will be discussed later. 

Throughout this book we consider ideal detectors which are sensitive to the 
particle energy, to the direction of the particle motion, and to the spin state of the 
particle, and the efficiency of detecting each of these quantities is independent 
of the others. This means that the efficiency operator is a product of the three 
operators: 

e = e E e d e s (1.143) 

where the superscripts E, d, and .v indicate that the corresponding factors relate 
to the energy, direction (space), and spin parts of the efficiency operator, respec- 
tively. The first factor in Eq. (1.143) does not influence the angular distributions 
or polarization. For the detector registering particles moving in a well-defined 
direction no, the space part of its efficiency operator is given by 

£ d = I n 0 ) ( n 0 1 (1.144) 

[see Eq. (1.96)]. In reality, the detector registers particles within a finite solid 
angle. The finite angular resolution of real detectors can be accounted for by the 
methods described, for example, in Ref. 22, where the corresponding efficiency 
matrices are analyzed. Here the finite solid angle seen by a detector can be further 
allowed for by integrating over the corresponding solid angle. The spin part of the 
efficiency operator E s in the representation of the particle spin s and its projection 
p gives the efficiency matrix of spin, (sp | £ | sp '), which is formally equivalent to 
the spin density matrix, (sm s |p| sm' s ), from Section 1.2.1. 
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Let us discuss the normalization of the efficiency matrix of spin. The spin 
density matrix of the observed particle with spin s is normalized according to 
Eq. (1.7) to obtain the total probability 1. We assume that the particle is ob- 
served by a spin-insensitive detector; that is, all particles are registered with equal 
probabilities by the detector, regardless of their spin state. Hence, the efficiency 
matrix corresponds to the spin density matrix of the isotropic system, Eq. (1.40): 
( s/j |e| s/j 1 ) = Cdjjjji, where C is a normalization constant. Using (1.141) one 
obtains 

W = Tr(pe) = £ (sp |p| sp')(sp' |e| sp) = C£(,sp \p\sp)=C (1.145) 
rr' r 

The requirement that the particle be detected with certainty ( W =1) gives C = 1 
and, hence Tr (pe) = 1 . This results in the efficiency matrix for the spin-insensitive 
detector: 


(sp \e\sp') = 8 flfl i (1.146) 

This gives the normalization condition Tre s = 2s+ 1, which differs from the nor- 
malization of the density operator, Eq. (1.8). 

In reality, the normalization of the efficiency matrix is often not important 
for the analysis of the angular distributions and spin polarization in the scatter- 
ing process, since corresponding parameters are usually obtained from relative 
measurements. 

1.5.2. Efficiency Tensors 

Consider the efficiency matrix in the representation of the total angular mo- 
mentum j of the observed system and its projection nr. ( ajm | £ | a! j'ml), where 
a set of other quantum numbers, which specify the representation, is denoted by 
a. We introduce the efficiency tensors e kq ( aj , ex' f), in the same way as has been 
done for the statistical tensors [Eq. (1.41)]: 

e kq( a f a 'f) = £(-! (jm,f -m'\kq) (ajm |e| a'j'm') (1.147) 

mm' 

The reverse transformation is similar to Eq. (1.42). The efficiency tensors possess 
all the properties of the statistical tensors except the normalization condition, as 
discussed above. Normalization in the spirit of Eq. (1.146) leads to the relation 

%j («L a' j') = }Sjj' (1.148) 

which can be compared with Eq. (1.49). The efficiency tensor of the total angular 
momentum J can be presented in terms of the efficiency tensors of the decoupled 
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angular momenta of subsystems, just as has been done for the statistical tensors 
[see Eq. (1.64)]. Since the efficiency tensor for a number of independent detectors 
is the product of the efficiency tensors of individual detectors, one can write 

( 7l 72 J 1 

£ kq (jUiJj'joj') = E h k 2 ff {k\ qi,k 2 q 2 \kq) < j\ f 2 J' > 
kmhK y kl k2 k j 

x £ k iqi Ohj'l) £ k 2 q 2 ( 72 , 72 ) d-149) 

Rewriting Eq. (1.141) in the representation of the total angular momentum 
of the system, one obtains 

W = Tr (pe) = ^ (ocjm |p| a' f in') (a! j m |e| ajm) (1.150) 

aa! j / 
mm! 

Using definitions (1.41) and (1.147), the Hermitian character of the efficiency 
matrix, and Eq. (A. 87) we obtain 

W= £ p kq (aj,a'f) e* kq (aj,a'j') (1.151) 

aa'jj' 

kq 


The statistical tensors p kq ( aj , oc'j') and the efficiency tensors £ kq ( aj , oc'f) in Eq. 
(1.151) are taken in one and the same coordinate system. 

Equation (1.151) can serve as a starting point for solving most of the prob- 
lems relevant to the angular distributions, angular correlations, and polarization 
of the reaction products. The form of a scalar product of two tensors reflects the 
general isotropy of the space, i.e., the invariance of the laws of nature with respect 
to rotations. 

The characteristics of the detector and in particular its efficiency matrix are 
given primarily in its own coordinate system. At the same time, the density matrix 
of the physical system is more naturally presented in a coordinate system related 
to the process being investigated. Therefore, the form (1.151) is usually more 
convenient for calculating probabilities than (1.150) because it allows one to easily 
transform from one system to another. 

Equation (1.151) can be written in terms of higher-order statistical tensors 
in the case of several angular momenta. For example, it is straightforward to show 
by using Eqs. (1.151), (1.64) (and its counterpart for the double efficiency tensor), 
(A. 135) and (A. 88) that in the case of two angular momenta, 

w = E P kl qP2q 2 (PjU2,li'j\j' 2 ) el tqtk2q2 ((371 72. ( 3 '/, 72 ) (1-152) 

WhJihJ 2 

k l qyk 2 q 2 
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Another problem arises when the polarization state of a subsystem 2 is to 
be found if another subsystem 1 of the whole system is detected in a polarization 
state ( a i j i , a[ j[). The problem can be solved by making a projection of the 

density matrix p of the whole system onto the corresponding efficiency matrix 
£ (1) of subsystem 1: 

\u 2 j 2 m 2 p (2) oiojWi) = E (uijvnxuijim |p I aj/pHjaojow?) 

' 'll 

x(a[j\m\ £ (1) (1.153) 

where the desired density matrix of subsystem 2 is at the left of Eq. (1.153). Cou- 
pling j 1 and /2 into the total angular momentum J of the system, turning to the 
statistical and efficiency tensors, and performing summations over projections, 
one obtains 

! j\ ji J 
A Jo J' 
k\ k 2 k 

x P kq («ijt« 2 j 2 : J\a[j' x a' 2 j' 2 : /) e^* (a x j u a[j[) (1.154) 
The result for subsystem 1 takes a similar form: 

{ ji h J 

j'l j '2 J ' 
k\ k 2 k 

xpkq(<Xihoc 2 j2 :J-M[f l a! 2 j' 2 :J') (a 2 j 2 , a^f 2 ) (1.155) 

Equations (1.154) and (1.155) are of a simpler form, with the use of the 
double statistical tensors: 

P^ > q 2 (a 2 j 2 ,a! 2 j , 2 )= £ Pkiqik 2q2 ( a l Jl a 2 J2, «l/l OJo J 2 ) 

«i a [hA 

k\q\ 

(«1 Ji-«i/i) (1156) 

Pkm (ttijiMfi) = E Pk iqi k 2 q 2 (^.h^2j2,a[f l o^j' 2 ) 

k 212 

xe^* 2 {a 2 j 2l a' 2 j' 2 ) 


(1.157) 
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The case of a detector insensitive to polarization is of special importance. 
Consider this case using as an example a system with a sharp angular momentum 
j and a definite set of additional quantum numbers a. The efficiency matrix and 
the efficiency tensor of the detector follow from Eqs. (1.146) and (1.147): 

(ajm I e I a jin') = 8 mm i (1.158) 

£kq(aj, aj) = Jdko 8go (1.159) 

Assume that a system consists of the two subsystems, 1 and 2. Substituting Eq. 
(1.159) into Eq. (1.154), one obtains the statistical tensors of subsystem 2 under 
the condition that subsystem 1 is observed by the detector insensitive to polar- 
ization: 


p £ 2 («272 , a' 2 j' 2 ) = S k2k S qiq £ (- 1 y+h+A+kff [ h k 1 

JJ’aui J J] J 

X Pkq(ocijiOc 2 j 2 J', (1.160) 

(The result for subsystem 1 when the detector of subsystem 2 is insensitive to 
its polarization has a similar form.) Comparing Eq. (1.160) with Eq. (1.68), we 
see that the case when the detector of one of the subsystems is insensitive to its 
polarization is equivalent, from the viewpoint of the observed polarization charac- 
teristics of the partner, to the case when the first subsystem is not observed at all. 

In the next section we will find efficiency tensors describing the ideal de- 
tector system in typical experiments on angular correlations and polarization of 
the reaction products. Later they will serve as building blocks for constructing 
formulas for different kinds of angular correlations. 

1.5.3. Detection of Electrons 

A general method for finding the efficiency tensors of the total angular mo- 
mentum of an entire system is to express them by a sequential application of the 
general coupling rule ( 1 .149) in combination with the efficiency tensors of individ- 
ual detectors. The latter are known up to normalization constants from Section 1 .3. 

Consider a case when an electron and an atomic system A (atom, ion, 
molecule, etc.), which we call hereafter an “atom,” in the final state 

A(a f J f ) + e (1.161) 

of some atomic reaction are detected simultaneously. Here Jf is the total angular 
momentum of the atom, and ctf is a set of quantum numbers that specify the final 
state of the atom. On the other hand, instead of an electron, another particle with 
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spin y, for example, a proton, can be considered in Eq. (1.161) without changing 
anything in the formulas of this section. 

Let us find the efficiency tensor for the system (1.161) in the representation 
of its total angular momentum. Using Eq. (1.149) for decoupling the angular 
momenta of the ion and the electron, we obtain 

q • J,a f Jf,l j . J ) ^ JJ kfkj (kf t/y , kj cf j | kq) 

kfQfkjQj 

[If j J) 

x \ J 'f j' f \ £ k jqj Wf) d- 162 ) 

[ kf kj k J 

Here l and j are the orbital and total angular momenta of the electron, respec- 
tively and J is the total angular momentum of the system (1.161) J = J/ + j- The 
efficiency tensor of the electron detector, e k . q . ( lj,l'j' ), which detects electrons 
moving in the direction ($, cp ) is given by Eqs. (1.104) and (1.105) except for the 
normalization constant. It can be further decoupled into the orbital and spin parts, 
similar to Eqs. (1.102) and (1.103): 


L jj'kski (kiqi,k s q s \kjqj) < /' \ / > 

k,qiksqs [ ki k s kj J 



(1.163) 


where we factored the decoupled tensor into the orbital e k {1,1') and spin 
( 5 , 5 ) parts using the ansatz of independence of the corresponding measure- 
ments by the “ideal” detector, as stated in Section 1.5.1. All efficiency tensors 
in Eqs. (1.162) and (1.163) are given in a common coordinate frame, which we 
choose as being the laboratory frame. 

The spin part of the efficiency tensor, ( j , \ ) , can be expressed in terms 

of the three components of the polarization vector P in the same way as for the 
statistical tensors ( 1 .93)— ( 1 .95) with allowance for normalization (1.148): 


e 


det 

00 


e 


det 

10 



1 1 

2 ’ 2 


c det 

fc l±l 


f(^v : iPy) 


(1.164) 
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FIGURE 1.2. Laboratory and detector coordinate systems. 


Here the superscript “det” indicates that the efficiency tensors of spin are taken 
in a coordinate system, S det , related to the detector of the electrons. Our standard 
choice of the detector coordinate system is shown in Figure 1.2. The z det -axis is 
directed to the detector, while the axes x det and v det are conveniently chosen in the 
plane perpendicular to the detected beam. For example, when the detector is a 
polarimeter, which selects electrons transversely polarized along some direction, 
we can choose the .r del -axis along this direction. In this case one obtains from 
Eq. (1.164) 

tS? G4) =v ' 5 ' e *'G4) =o ' 4 ?, (44)=*! o.i65) 

To transform the spin part of the efficiency tensor into the laboratory coordinate 
system, one can use a transformation reverse to Eq. (1.44): 



where the angles (<p,$,i/r) shown in Figure 1.2 are Euler angles characterizing 
the rotation from the laboratory coordinate system, S lab , to the detector coordinate 
system S det . 

The space part of the efficiency tensor in the laboratory system, e k (1,1'), 
is given by Eqs. (1.99) and (1.100) except for the common normalization factor. 
Collecting Eqs. (1.162), (1.163), (1.166), (1.99), and (1.100), one obtains the gen- 
eral form of the efficiency tensors (1.162) in the laboratory frame for the case 
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when both products in Eq. (1.161) are detected: 

% («///,// ■ = (— 1 Yll'jfjf £ kfkjkih 

47r k f kjk,k s 

l ~2 J 

l' 2 f 

ki k s kj 

x (kfqf,kjqj\kq)(kiqi,k s q s \kjqj) 

qfqjqi 

Isis 

x % qf (oc f Jf,a r fJ'f) eg, Q, ^ Y k * iqi (0,<p) 

xD^,(cp^, ¥ ) (1.167) 

Here the efficiency tensors of the detector of atom A, \ fqf a fJf ) - are still 

in the laboratory frame. They can be expressed, if needed, in terms of the effi- 
ciency tensors of the atomic detector in its own frame similar to Eq. (1.166) with 
the corresponding set of angles ((p,\. l),\. i//,\). This procedure leads to an expres- 
sion that includes angular and spin correlations of the reaction products (1.161). 

Here we turn to a simpler and more widespread case when the polarization 
state and the direction of movement of the ion are not detected. Then we should 
integrate over all angles of atom recoil and sum over polarization states of the 
atom. This is equivalent to a situation when the atom is detected with the unit 
probability independent of its state. Such a situation is described by the isotropic 
part kf = qf = 0 of the efficiency tensor of the atom detector. So, if the atom is left 
in the sharp eigenstate and no further measurements are made for it, then taking 
into account Eq. (1.148), we obtain 

£ kfqf ' a fJf) = $ kfO fiqfO 8 jfj' f ^aya', (1.168) 


x (/0/0|£,0) 



It follows from Eqs. (1.168) and (1.162) that in this case the efficiency tensor for 
the detector of the whole system (1.161) is proportional to the efficiency tensor 
for the electron detector. Substituting Eq. (1.168) into Eq. (1.167) gives 


£ kq {a f Jf,lj:J\a' f J' f ,l'j' :J r ) = 5 ^ 5 ^^ (-!)''/?//// 


1 2 J 


x £(-1 (/o/o|*,o) { J „ J Jf } \ v \ f 

kik* v J ' I r r r 


kjk. 

X £ (kiqi,k s q s \kq) 
ms‘/ s 


k\ k s k 


„det 


1 1 


^ V 2 ’ 2 / V 2k, + 1 


4 n 
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x Y£ iqi (#, <p) D k ^ (<p, $, I//) (1.169) 

To obtain Eq. (1.169), we used Eq. (A. 122). Further simplification follows when 
the electron detector is insensitive to the polarization 


e 5G’0 = ' /54 ' oS «'-» 


(1.170) 


Then Eq. (1.169) reduces to 


kq 


: J-a'/fj'f : f) = 5j fJ ' f S af *' f — {-\) J+J f +k ~ l l 2 W jf If 




1.5.4. Detection of Photons 

Now we consider the efficiency tensors of a detector for the system 

A{a f J f ) + r (1.172) 

which corresponds to emission of a photon y in some process. The derivation 
is very similar to the one in Section 1.5.3. We use the multipole representation 
for the efficiency tensors of the detector of photons, £ d ^ (pL. p 1 L r ), in the coordi- 
nate system S det (Figure 1.2), which coincides with statistical tensors (1.125) and 
(1.126) within the normalization. The efficiency tensors for the system (1.172) in 
the representation of the total angular momentum J are obtained by decoupling 
the angular momenta of the atom A and the radiation, Jf and L, respectively, and 
by using a transformation similar to Eq. (1.166), with the result: 

\ J f LJ ) 

e kq (c/.fJf.pL : /; a'fj'f.p'L' : f) = £ Jj'k f k L <j J' f L' J' \ 

kfkL { k f k L k J 

x E {k f q f ,k L q L | kq) e k ( ct/Jf , a'fJ'f) £ d f, {pL,p'L') 

qf<iL 
q' L = 0±2 

xD^,(<p, t? )V /) (1.173) 

One obtains a simple relation when the atom in the final state A(oCfJf) is not 
detected. Substitution of Eq. (1.168) into Eq. (1.173) gives 

£ kq (afJffpL : J-. a'fj'f.p'L ' : /) = 5 JfJ , f 5 afa ,{-\) L ' +J+J f +k jf 



(1.174) 
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For a detector that is insensitive to photon polarization, one must put Pi = P 2 = 
P 3 = 0. Then only terms with q' = 0 contribute to the sum in Eq. (1.174), as 
follows from Eqs. (1.125) and (1.126), and the efficiency tensors (1.174) take 
the form 


£ kq (ttfJf.pL : J;a' f J' f ,p'L ' : f) = S JfJ , S a/0[ , (-1 ) L ' +J+J f +k jf 


J' L' J f 1 
LJk ) 


V P det 

x b kQ 


C P L ’P' L ') \f 


Y* 

2k +1 kq 


(&,<P) 


(1.175) 


For dipole photons (p = p' = 0, L = L' - 1), the efficiency tensors are practically 
of the form as in column S in Table 1.1 


c det _ " c det _ pk ndet c det _ / “ 

fc 00 — fc 10 — VZ/3 , t 20 - y 3 

£ 2±2 = -(A dct T iP? et ), = £ 2±1 = 0 (1.176) 


but normalized according to the condition Tre = 2, which follows, in turn, from 
the more fundamental equality Tr(pe) = 1. 


1.5.5. Detection of Two Electrons in Coincidence 

In principle, the examples of the efficiency tensors given above are suffi- 
cient for the analysis of a large variety of atomic reactions when one particle is 
detected in the final state, or even when several reaction products are detected in 
coincidence, but only when the reaction proceeds in few independent steps, each 
of which results in ejection of an electron or photon. At the same time, inves- 
tigation of angular correlation and polarization of the products of reactions in a 
general case requires knowledge of the efficiency tensors for a number of angle- 
resolved and/or spin-sensitive detectors. Direct ionization of the type (y, 2e) or 
( e, 2 e ), when the two outgoing electrons are detected in coincidence are examples 
of such processes. 

Consider two independent detectors of electrons 1 and 2 located at angles 
(t?i , <pi) and ($ 2 , 92 ) with respect to the laboratory frame, the point of ejection of 
the electrons being taken as the origin of the coordinate frame. Let angles t/q and 
t// 2 , together with the two pairs of angles (7)1 , <pi ) and ( 7 ? 2 , (P 2 ), characterize orien- 
tation of the internal coordinate systems of the detectors relative to the laboratory 
frame. Let ej^ 1 | (1/2, 1 /2) and ej^ 1 , (1 /2, 1 /2) stand for their spin efficiency 
tensors in the corresponding internal coordinate frames. The efficiency tensors of 
each of the detectors in the representation of the total angular momentum of the 
electron are given by combining equations (1.102), (1.103) and (1.99), (1.100). In 
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the laboratory frame they read as 


h 1/2 71 

£ k iqi (hjul'ifi) = E k s ij\j'i(knqn,ksiq s i\kiqi) i 


knqnk s iq s iq' sl 


ki i k s i 


x ^ 1 * /l0)I ^i«i (i/2,1/2)^;^ 

(1.177) 


(corresponding equation for e k has the similar form). Taking into 

account that detectors 1 and 2 are independent of each other, the efficiency tensor 
of the whole detector system can be calculated according to Eq. (1.149): 


ekq(hjuhj2: j-JiAAfi- f) 

{ 7t 72 7 ) 

7'i 72 / > % 191 (jijiJij'i) e hq2 (hjij'ij'i) 
ki k 2 k j 


1 

An 


( _ i ) 'i +*2 / j /j f 2 i' 2 j j /j / 2 j' 2 jf Y kMsihi 


\ 71 72 7 ) ( /i 1/2 7 i ) ( / 2 1/2 72 1 
x(/ 1 0 ,/' 1 0 |k / 1 0 )(Z 2 0 , 40 |k ; 2 0 )^ /i7 2 / >< l'x 1/2 y/ U 1' 2 1/2;/ l 

[ ki k 2 k J [ k/! k s \ ki J ( k / 2 k i2 k 2 J 

x E (kiqi,k 2 q2 \kq) (k n q n ,k s iq s i \kiq { ) (k l2 qi 2 ,k s2 q s2 \k 2 q 2 ) 

41424/14/2 

4sl4' 1 4 s 24' 2 


x (1/2, 1/2) (1/2, 1/2) F4 i?n (ft,*) F4 9;2 (62,92) 

x ^ ^ V*) d- 17 8) 


This equation includes both angular and spin correlations of the outgoing elec- 
trons. A simpler expression may be written for the efficiency tensor when both 
detectors are insensitive to polarization of the electrons. After substituting Eq. 
(1.170) into Eq. (1.178) for both electrons and straightforward transformations 
one obtains 


£ k q (hji,hj2 ■ 7;l , i/i)/ 2 7 2 : /) 


1 

An 


(_ 1 y\ +J2+' 1 1 f\ i 2 i' 2 ]\ ]\ ] 2 f 2 jf Y (h0j[0\ki0) (l 2 0,l' 2 0\k 2 0) 


k t k 2 
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) j i h j 

AAf 

k\ k 2 k 


h h 1/2 

/i /'i h 


h h 1/2 
J2 A h 


{Y kl ($U(Pl) ®y k2 {&2,(P2)}t q 


(1.179) 


where {Y kl (i?i,<pi) ®1 a- 2 (t? 2 - is the tensor product of spherical harmonics, 

which is called bipolar spherical harmonic (see Section A.4). 

Always in this section we derive the efficiency tensors for the case when 
two outgoing electrons are detected, further generalization for a larger number of 
particles is straightforward. 




2 

Production of Polarized States 


2.1. Polarization of Compound Systems 

In this and the following sections we consider applications of the density 
matrix and statistical tensor formalism to various atomic processes. We start from 
the simplest atomic reaction in which as a result of the interaction of two parti- 
cles in the initial state only one particle (a “compound” system) is formed in the 
final state. A typical example of such a process is photoexcitation of a discrete 
atomic level. A compound system may also be formed in a scattering process as 
a sufficiently long-living intermediate state (resonance). We assume that the com- 
pound system has a certain energy and a total angular momentum. Our goal is to 
determine the polarization state of the compound system and to find out how it is 
related to the characteristics of the initial colliding partners. 

2.1.1. Density Matrix and Statistical Tensors of Photoexcited Atomic 
States 

We consider an excitation of a discrete atomic state by photoabsorption: 

y+A(a 0 J 0 ) — ♦ A*{aJ) (2.1) 

Both the initial (ground) and the excited atomic states are characterized by sharp 
total angular momenta, Jo and J. respectively. All other quantum numbers that 
are necessary for specifying the states are denoted by Oo and a. Generalization to 
the case when the initial and/or the final atomic states are mixtures of states with 
different values of the total angular momenta is straightforward. Absorption of a 
photon, as well as its emission, are considered rigorously in quantum electrody- 
namics, where the concept of an 5-matrix has been developed for the processes 
of the interaction of electromagnetic field with charged particles. Here we use 
the results of this consideration without discussing the basic aspects. Our aim is 
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to obtain the density matrix and statistical tensors of the excited state and to ex- 
press them in terms of the parameters characterizing the initial atomic state and 
the photon beam. 

We know that the initial p' and final p- density operators are connected by 
the relation (1.24) 

p f = T p'T + (2.2) 

where the transition operator T describes photoabsorption. Matrix elements of the 
density matrix of the final state can therefore be presented as [see Eq. (1.57)] 

(aJM | p f | aJM ') = £ ( aJM \ T | ob/oMo,k,-A) 

MqM' q XV 

X ( aJM ' I T I aoJoM' 0 ,kik')* 
x (aoJoMo^X | p' | aoJoM^kjX') (2.3) 

where we use the helicity representation as a basis for the wave function of the 
incident photon with the wave vector k,. The initial state density operator can be 
presented as a direct product of the density operators of the photon and initial 
atom: 

P'=pV (2.4) 

Thus the density matrix of the final state of the excited atom is 
( aJM | p f | aJM ') = £ ( aJM \ T \ OoJqMq, k,A) 

MqM'qXI 1 

x (aJM'\T\ ao/oMo,k,-A')* 

x ( aoJoMo | p A | a Q J Q M' Q ) (k,A | p Y \ k,A') (2.5) 

In principle, this equation solves our problem. However, it can be simplified if we 
expand the photon wave functions in multipoles (1.120) and use the long-wave 
approximation for calculating the matrix elements of the transition operator T . 
The long-wave approximation is valid when the wavelength of the photon is much 
larger than the size of the target atom. This is a typical situation in atomic physics. 

In a long-wave approximation, we express the transition matrix elements 
( aJM | T | (y.ipoMo. k,A) in terms of matrix elements of multipole operators. In 
atomic physics in the majority of experiments on photoabsorption and photo- 
excitation, electric dipole (El) transitions dominate. The contribution of higher 
electric and magnetic multipoles is negligible, as a rule. In the dipole approx- 
imation and assuming that the photon beam is directed along the s-axis of the 
coordinate system, the transition matrix element in Eq. (2.5) is proportional to the 
dipole amplitude 

( aJM | T | ao/o(Wo,k,'A) ~ c ( aJM \ Dx \ OqJqMq) 


(2.6) 
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Here I) A are the circular components [see Eq. (1.87)] of the vector of the dipole 
momentum of the atom: 

N 

D=£r„ (2.7) 

n= 1 

where the summation is taken over all atomic electrons. Thus the density matrix 
of the excited state (2.5) can be presented as 

(aJM | p f | aJM ') =c £ ( aJM \ D x | a 0 /oM 0 ) 

MqM' q XX' 

X ( aJM ' I D x < | cc 0 JoM' o y ( OqJoMq \ p A \ a 0 JoM ' 0 ) (A |p 7 | A') (2.8) 

where the photon density matrix in the dipole approximation is given by Eq. 
(1.124) [see also Eq. (1.106)]. The coefficient c in Eq. (2.8) is calculated in accor- 
dance with the normalization condition chosen for p A , p 7 and p - . We will follow 
the condition (1.8). Taking a particular case when the initial atomic state and the 
photon beam are unpolarized and starting from Eq. (2.8), we get 

Tv P f = TTTTTTT E I < aJM * D * I a o J o M o)\ 2 = T7TrXTT I < a/ II ■ D II «*>■*)> | 2 
2(27o + 1) M m 0 \ 3(27o+1) 

(2.9) 

where ( aJ |j D |j OqJq) are reduced matrix elements of the dipole operator defined 
according to the Wigner-Eckart theorem (A. 62)*: 

(< aJM | D x | aoJ 0 M 0 ) = j (. J 0 M 0 , 1 A | JM) ( aJ || D || ocqJq) (2.10) 

The condition Trp 7 = 1 means that 


3(27q + 1) 
\(aJ ||D|| ao/o)| 2 


( 2 . 11 ) 


Putting Eq. (2.11) into Eq. (2.8) and using Eq. (1.41) to relocate the spin-density 
matrix to the corresponding statistical tensors one obtains the statistical tensors of 
the final excited atom 


[ Jo 1 J I 

p kq (aJ) =3(2J 0 +l) £ k 0 k r (k Q qo,k 7 q r \kq) < Jo 1 J > 
kyly {kokykj 

X pl yClr P koqo M) (2.12) 

* Standard methods of quantum electrodynamics give the total photoexcitation cross section in 
the process (2.1) in terms of the reduced matrix elements (a/||Z)|| ocqJo) in the form <r = 
3 ( 27 ^+ 1 ) \( aJ W D W Ofio*^o)| 2 » where it is implied that the photon beam and the target atoms are un- 
polarized. 
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Table 2.1. Statistical Tensors p, (ad) of States Ex- 
cited by a Photon from an Unpolarized Target with the 
Total Angular Momentum Jq [in the photon reference 
frame, z || k ( -, see Eq. (2.15)] 


Pi 

Pi 

Pi 

Jo J 

arbitrary 

arbitrary 

arbitrary 

p20 

arbitrary 

arbitrary 

+1 

P 10 

+ 1 

0 

arbitrary 

P 22 

0 

1 

l/y/6 

1/^2 

-1/2 

1 

1 

- 1 / 2 V 6 

1/2V2 

1/4 

1 

2 

x/7/10\/2 

3/2vT() 

-/ 21 / 2 Q 

2 

1 

1/1(V6 

-1/2V2 

-1/20 

2 

2 

-v/7/10v/2 

1/2VT0 

V2T/20 

2 

3 

i/3/5\/l 

l/\/7 

-3/5\/l4 

3 

2 

l/5\/l4 

— I/'/To 

-V^/10/7 

3 

3 

-V3/4V7 

1/4V7 

3/4 v/4 

3 

4 

\/TT/12v/7 

v/5/4v/3 

-VTT/4V/42 

4 

3 

1/4^21 

-3/4/1 

- 1 /4\ 14 

4 

4 

-VT//60 

1/4/15 

ZH/ 20/6 

4 

5 

\/T3/5\/66 

3/vTT0 

-vH/ioyTI 

1/2 

1/2 

0 

l/\/2 

0 

1/2 

3/2 

1/4 

V5/4 

— 1 / 6/8 

3/2 

1/2 

0 

— 1/2-/2 

0 

3/2 

3/2 

-1/5 

1/2V5 

Z3/5/2 

3/2 

5/2 

VV/10v/3 

/ 1 / 2 /W 

-/ 1 / 10/2 

5/2 

3/2 

1/20 

-3/4V5 

-/3/20/2 

5/2 

5/2 

— 4/5i/2l 

l/v 7 ™ 

2/2/5/1 

5/2 

7/2 

V3/4VT4 

3^5/4^14 

-3/8/7 

7/2 

5/2 

1/4^21 

— \/5/2vT4 

—1/4/14 

7/2 

7/2 

-l/x/42 

-1/2/42 

1/2V7 

7/2 

9/2 

\/TT/20v/3 

i/TT/2i/30 

-v/TT/20V2 


Here (ocqJo) is the statistical tensor of the atom before photoabsorption, and 
Pkyciy * s t ^ le statistical tensor of the dipole photon. Note that hereafter we use the 
short notation for statistical tensors with two identical arguments: 

p k q(aJ)=p kq {aJ,aJ) (2.13) 

This straightforward but somewhat tedious way to the resulting expression 
(2.12) may be replaced by a more elegant derivation if we use the properties of the 
statistical tensors we already know. Indeed, statistical tensors of the final atomic 
state are connected with those of the initial state by the following equation, which 
is in our case equivalent to Eq. (1.58): 
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The statistical tensor p' kq ( J ) characterizes the initial state of the system photon + 
atom. It can be presented in terms of separate statistical tensors of the photon 
pj and the atom Pk 0 q 0 (<*o Jo) using Eqs. (1.64) and (1.66). After normalization 
according to the condition (1.8), the result coincides with Eq. (2.12). 

The statistical tensors (2.12) as well as p£ and p^ oqo (ccqJq) are determined 
in the photon frame (’-axis along the photon beam). In order to transform p kq ( aJ ) 
to any other reference frame, one has to use Eq. (1.44). 

Equation (2.12) describes the cross section and polarization state of an atom 
excited by photoabsorption provided the polarization properties of the initial state 
and the photon beam are known. Consider as an example an unpolarized target 
(k(i = qo = 0). Then Eq. (2.12) reduces to the form 

p kq ( aJ ) = 3 (_i)'+Wi j^° | pl q (2.15) 

Equation (2.15) shows that the excited atom is characterized only by those statis- 
tical tensors that are present in the description of the photon beam. Thus, if the 
photon beam is unpolarized or linearly polarized, the excited atom can only be 
aligned, not oriented. The orientation of the excited atom can be produced by a 
circularly polarized beam only. Note that the values of the polarization parame- 
ters of the excited atom are proportional to the corresponding values of the photon 
beam. Table 2.1 contains the values of statistical tensors of the excited atom for 
some of the dipole transitions. The tensor p 0Q ( aJ ) is independent of the polariza- 
tion state of the photon. The tensors p-, 2 ( OcJ ) = p 2 _ 2 (<*7) are connected with the 
linear polarization of the photon, while the tensor p 10 ( aJ ) is connected with its 
circular polarization. The tensors p 10 (a/) corresponding to left and right circu- 
larly polarized photons are of opposite sign. The tensors with projections ±1 are 
always zero: p 2±1 ( aJ ) = p 1±1 ( aJ ) = 0. 

Let us now discuss photoexcitation of a polarized target. Equation (2.12) 
allows one to determine some general qualitative features of polarization of the 
excited state: The rank of the statistical tensor of the excited state is restricted by 
the triangle inequality 


|fco — ky\ < k < ko + ky (2.16) 

where in the dipole approximation ky < 2; and 

k + ko + ky = even (2.17) 

[otherwise the 9/-symbol in (2.12) vanishes owing to the property (A. 121)]. 

Consider several simple examples to illustrate the consequences of the 
above properties. If the target atom is aligned ( ko even), then by absorption of 
linearly polarized light (ky even), the atom can only be aligned. Absorption of 



50 


Chapter 2 


circularly polarized light (k-, odd and even) creates both alignment and orientation 
of the excited state. Here the orientation is simply proportional to the degree of 
circular polarization of the photons. If the target is oriented (ko odd and even), 
then absorption of linearly polarized light (ky even) leads to the alignment and 
orientation of the excited state; orientation of the target influences only odd-rank 
statistical tensors of the excited state. Photoexcitation of the oriented target by 
circularly polarized light also leads to the alignment and orientation of the final 
state, but here the final orientation is determined by both the degree of circular 
polarization and the degree of orientation of the target. Moreover, the alignment 
of the final state has a component that depends on the product of the initial ori- 
entation of the atom and the circular polarization of the beam. We will see from 
the following discussion that this term is responsible for circular dichroism in the 
angular distribution of the autoionization electrons and the fluorescence produced 
from oriented targets. 

In practice, one often has to calculate p kq ( aJ ) when statistical tensors of the 
initial atomic state and the photon are given in different coordinate frames, e.g., 
the laboratory frame for the target atom and the photon frame for the photon. Let 
R be a rotation that brings the laboratory frame into coincidence with the photon 
frame. Then taking into account Eq. (1.44), we obtain from Eq. (2.12) 

( Jo 1 J ) 

p kq {aJ) = 3(27 0 + 1) Yj koky(k Q qo,kyqy\kq) < Jo 1 J > 

kyly (kokyk J 

xp“„(“»-'o)Ed‘;;(S)p^ (2.18) 

q'y 

where p £ are given in the photon frame and pj^ g (oc qJq) are given in the lab- 
oratory frame. Applying Eq. (2.18) several times, one can obtain the statistical 
tensors of states excited sequentially by several photon beams with arbitrary po- 
larizations and mutual directions. 

2.1.2. Density Matrix and Statistical Tensors of Compound Systems 
Formed in Collisions 

Now we consider the formation of a compound system C in a collision of 
two subsystems (atom and electron, ion and electron, etc.), each having a definite 
internal total angular momentum (spin): 

A(ocaJa) +x(a x j x ) -> C(acJc) (2.19) 

We denote by J a , j x , and J( the total angular momenta (spins) of the colliding 
particles and the compound system, respectively, while <Xa . a v , and occ denote 
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all other quantum numbers characterizing the particles, including parity, param- 
eters of the internal orbital momentum, and internal spin coupling. We assume 
that the collision occurs along the direction n defined by the polar and azimuthal 
angles #,<p. 

The density matrix p' of the entire system A + x in the initial state is a direct 
product of the spin density matrices p A and p x of the colliding particles and the 
density matrix 

P n =|n)(n| (2.20) 

describing their relative motion: 

p ! =pVp n (2.21) 

The latter can be taken in the | lm) representation [see Eq. (1.98)]: 

(lm | p n | I'm') = Y; m (0, cp) Y Vm , (0, cp) (2.22) 

The orbital angular momentum l together with the spins J A and j x of the 
colliding subsystems form the total angular momentum of the system J. Two 
coupling schemes are used in practice: 

(a) Ja +j* = S; S + 1 = J (2.23) 

Here and j x form the total channel spin of the system in the initial state S. Then 
the orbital angular momentum 1 of the relative motion is added to give the total 
angular momentum J. Another coupling scheme looks as follows: 

(b) l+j,=J,; Ja + Jx = J (2.24) 

Here one introduces the total angular momentum J x (orbital momentum + spin) of 
the subsystem x. Together with the spin J A of the subsystem A, it gives the total 
angular momentum J of the whole system. Both coupling schemes are equivalent. 

The density operators of the initial and final states of the process are con- 
nected by Eq. (1.24): 

p c = T p'T + (2.25) 

Taking into account Eq. (2.21), we can write the matrix element of the density 
matrix in the representation of the spin projections: 

(a c J c M c | p c | a c JcM' c ) = £ {acJ c M c \ T \ a A J A M A ,a x j x m x , lm) 

nixm , x mm f 

m a m'a 

X (a cJcM'c I T I a A J A M ' A , a x j x m' x ( a A J A M A \ p A \ a A J A M A ) 
x ( a x j x m x I p A I a x j x m x ) (lm \ p n \ I'm) (2.26) 
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The statistical tensors of the compound state C are simply expressed in terms of 
the matrix elements (2.26) in a standard way: 

Pkq ( acJc ) = E {J C M C ,J C ~M' c \kq) 

M C M' C 

x ( acJcMc | p c | UcJcM'c ) (2.27) 

A more compact expression can be obtained by coupling the angular momenta 
according to the coupling scheme (2.23) with the help of the Clebsch-Gordan 
coefficients. Then using the Wigner-Eckart theorem (A. 62) for the matrix ele- 
ments of the transition operator and the definition of statistical tensors (1.41) for 
the particles A and x, and performing summations over all projections of the an- 
gular momenta, it is possible to express the statistical tensors of the compound 
system C in terms of the statistical tensors of the colliding particles. However, as 
in the preceding subsection, we will do this in a simpler way, using the known 
properties of statistical tensors. 

Equation (1.58) relates the statistical tensors of the compound system C and 
the colliding system in the initial state: 

Pkq («c-fc) = J c 2 E ( a c J c II T II aJc) p‘ kq ( aJc , a'f c ) 

act' 

x(acJc\\T\\a'j' c )* (2.28) 

Here a and a' denote a set of quantum numbers of the initial state, including those 
related to the internal parameters of subsystems A and x. The particular sets a, a' 
depend on the coupling scheme of angular momenta for the colliding system. 

Let us choose the spin channel representation (2.23): 

| aJ c ) = | a A JA,a x jx,Sl :J C )\ \ a'J c ) = \ a A JA,a x j x ,S'l ' : J c ) (2.29) 

Summation over a, a' in Eq. (2.28) then means summation over SI, S' l'. Note 
that Eq. (2.28) accounts for conservation of the total angular momentum of the 
system: J = Jc- 

Let fy^ AqA {a A J A ) and pf (] (a x j x ) denote the statistical tensors of spins of 
subsystems A and x. We introduce the statistical tensor of the channel spin S 
according to Eq. (1.64): 

P S k s q s (S, S') = E k A k X SS' ( k A q A , k x q x \k s qs) 

^AQA^-xQx 

( Ja jx S 1 

X l Ja jx s' l p£ A q A (a A J A )plq x (a x j x ) (2.30) 

^ kj\ k x k$ J 
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Let us introduce further the statistical tensor p[ (/, /') of the orbital motion of the 
colliding subsystems. In the coordinate frame with the quantization axis chosen 
along the vector n, the latter is given by Eq. (1.101). Then, taking into account 
conservation of the total angular momentum of the system in the transition (2. 19), 
we relate the statistical tensors p^acJc) of the compound system (2.28) to those 
of the channel spin and of the orbital angular momenta using again Eq. (1.64) for 
the two angular momenta S and /: 

PkqiMcJc) = c Yj (mcJc II T || aJc) {a c J c || T || a! Jc )* 

aa'k s q s kiqi 

( S ! J C ) 

x k s k, ( ksqskfi | kq) l S' l ' J c \ pf sqs (S, S')p[ ;9 , (/,/') (231) 

[ ks k[ k J 

Substituting Eqs. (2.30), (1.101), and (1.100) into (2.31), we express the 
statistical tensors of the compound system in terms of polarization parameters of 
angular momenta of the colliding particles A and x: 

P C kq {acJc) = ' E {-lYkshkAkJS'ii’ (ZO/O^O) (*^,*,01**) 

47r SlS'l'k s q s k, 
k A1A k x9x 

r ^ i j c \ r j a h s j 

X (k A q A ,k x qx\ksqs) < S' l' J c > < J A jx S' \ pf AqA (a A J A )pl qx (a x j x ) 

ks ki k J ^ Jca k x k$ J 

x ( a c Jc II T || a A J Al a x j x ,Sl : Jc) {o-cJc II T || a A J A ,a x j x ,S'l' : Jc) (2.32) 
From this equation it follows that the projections of the tensors are related because 

q = qs = q A + q x (2.33) 

Now consider possible values of rank k of the statistical tensors of the com- 
pound system formed. Its alignment ( k = even) has its origin in the initial po- 
larization of the colliding subsystems and also can be produced by the collision 
itself. The maximal rank fc max of the alignment parameter is 2 Jc, but limita- 
tions on the dynamic character brought into Eq. (2.32) by the matrix elements 
( OCcJc || T || aJc ) can reduce this maximal number considerably. 

To investigate the problem of orientation of the system C (k = odd), we use 
the following interchange relation for the product of three factors in (2.31): 

( S l J C 1 

\ s ' l ' J c \pi qs Mp l k,oM 
[k s ki k J 
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= (— 1)*+*A+*. 


jp^(S',S)p', 0 (/',/) (2.34) 


which is valid, taking into account that for the states | Ja ) and | Jc) of definite 
parity, the rank k / of the statistical tensors of the orbital motion is always even. 
Then we rewrite Eq. (2.31) in an equivalent form: 


PkqittcJc) =2 E k s ki(ksqskiO \ kq) 

aa'k s q s k, 


s I Jc] 

S' l' Jc \p S k sqs (5, S')p l kl (l, l') 

k s k, k J 


X [(acJc || T II aJc) (acJ c || T || a'J c )* 
+{-\)k+k A + k * [ (acJc II T II aJc)* (a C J C || T || a'J c ) 


S l Jc] 

E YtMksqsk , o kq) E \ S' /' Jc \ p S ksqs (s, S')p' kl (/,/') 

*+*A+*x=even qs aa' I ^ k/ k I 

x Re((oc/c II r II (oc^c II r II a'Jc)*) 

[S l J C ] 

+ E ^Mksqskfi | fa?) E < S ' l ' J c \ pl sqs {S,S')p l kl {l,l') 

A+tr^+A:.v=odd qs aa' \ fa fa fa I 

x Im^(ac/c II T || aJ c ) (a C J C II T || a'j c )*) (2.35) 


Note that, starting from Eq. (1.58) [and, even earlier, from Eq. (1.24)], we were 
not interested in the normalization of the statistical tensor p£ ( a c J c ) which is not 
relevant for discussing any polarization and correlation characteristics of the pro- 
cess under consideration. 

Equation (2.35) shows that the compound system can be oriented (k = odd) 
not only when the colliding partners, or at least one of them are oriented (this is 
the transfer mechanism of producing orientation of the compound system). The 
system C can be oriented also by collision of nonoriented but aligned partners 
(both k,\ and k x are even). However, this can happen only if there is a phase differ- 
ence between the interfering amplitudes (otcJc II T || aJc) and (occJc || T || a'Jc). 
In the latter case, the value q = 0 is excluded because (k s 0,ki0 \ kO) = 0 for 
I<a + k x + k — odd. This means that the polarization vector of the compound sys- 
tem, given generally by three components, p^ (/ (acTc), with q = Oil, has here 
no component p\ {) (c/.cJc) along the z-axis and lies in the plane normal to the col- 
lision direction n. 
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If a compound system is formed in the s-wave channel only (e.g., the case 
of an isolated .v-wave resonance), then no direction is fixed by the orbital move- 
ment of the colliding subsystems. In this case, the orientation of the compound 
system can be produced via transfer of the initial spin orientations of the colliding 
partners only. 


2 . 2 . Polarization and Angular Distribution of Scattering Products 

In this section we discuss examples of a more complicated case where in the 
final state of a two-particle collision there are also two particles different, in gen- 
eral, from the initial ones. This is a very frequent case in atomic collision physics. 
It includes all cases of elastic scattering, inelastic scattering with excitation of the 
target and/or the projectile, and many others. 


2.2.1. Density Matrix and Polarization Parameters of Atoms Excited by 
Electron Impact and in Ion-Atom Collisions 

We begin with a case of electron-impact excitation of an atom A from an 
initial state with a total angular momentum Jq to a final state A* with a total angular 
momentum J: 


A(aoJo) + e(p Q ) A* (aJ) + e sc (p) (2.36) 

Situations with mixtures of states with different total angular momenta in the ini- 
tial and final atomic states will be considered later in this section. 

Let p' A and p' e denote the angular momentum density matrices of the tar- 
get atom and the incoming electron beam. Then the density matrix of the entire 
system in the initial state is their direct product: 


P‘ = PaPc (237) 

The final state density operator is related to the initial state one by Eq. (1.24): 

P f = r(Po,p) p' T + (p 0 ,p) = T(p 0 ,p) p' A p' e r+(p 0 ,p) (2.38) 

where T (po,p) is the transition operator describing the scattering of electrons with 
initial linear momentum po to the final state with momentum p. 
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2.2. 1.1. Representation of Spin Projections 

The matrix element of the spin density matrix (2.38) in the representation 
of the spins of individual atoms and electrons takes the form 

aJM,\p |p / (p 0 ,P)| aJM',^ii' 

= Yj 7^0-Mp (p 0 ,p) (aoJoMo I Pi I OoJ 0 M' 0 ) 

M 0 M' 0 iJon ' 0 

x(^o|p'| ^oy^,^ MV ,(po,p) (2.39) 

where 


Tm 0 ij o ->M^ (Po , p) = (aJM, p/t | T | a 0 JoM 0 , p 0 p o) (2.40) 

are matrix elements of the transition operator or amplitudes of the transition from 
the atomic state (XoJqMq to the state aJM at electron scattering, with p o and p 
being spin projections of the incoming and scattered electrons. 

We are interested in the spin density matrix of the excited atom only. Ac- 
cording to the prescription of Section 1.1.2, in order to obtain it, one should cal- 
culate the trace of the total density matrix over the variables of the unobserved 
part of the system. Suppose first that the detector of electrons is not sensitive to 
their spins; thus the spin of the scattered electrons is not observed. In this case, 
the matrix element of the density matrix of the final atomic state can be written as 



= 52 ^M 0 p 0 -»Mp (P0,p) (oCqJqMq | p' A | OoJqMq ) 

MoM'of oMon 

x(^o|p‘| \p'o^T^y o ^(po,p) (2.41) 

Equation (2.41) leads to some particular formulas corresponding to various 
special conditions concerning polarization of the target atom and the incoming 
beam. In the case of an unpolarized incoming electron beam, its density matrix is 

^2^° \P e I 2^°^ _ 2^ ho,u o (2.42) 

If the target atom is also unpolarized, 

(aoJoMo | p' A | ccqJoMq ) = 2/ 0 _p i ^ M o M n (2.43) 
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then the density matrix of the excited atom can be written as 


aJM 


Pa (Po,P) ccJM'j = £ r M(|jU0 ^ MjU (Po.P)^^,,, (po,P) (2-44) 

M 0 ^ oM 


Normalizing the density matrix by the standard condition (1.8) gives 


aJM 


PA(Po-P) 


aJM ’) = 


Hm 0 moM (P0,P (P0,P) 


QjJ f (PO ? P) | 


(2.45) 


Using this equation and the definition (1.41), one obtains statistical tensors 
of the final atomic state for the fixed kinematics of the scattering process: 


P f kq (aJ- p 0 ,p) = £ (-l/-"' (JM,J - M’\kq ) 


MM’ 


x ( a/M 


Pa(P°’P) 


a/M' 


(2.46) 


(Additional arguments in the notation of the statistical tensors show that we con- 
sider the tensors differential with respect to the scattering angle.) This set of 
statistical tensors contains complete information on polarization properties of the 
excited atom produced by electron impact with electrons scattered in a certain di- 
rection. It can be used, for example, in a description of the angular distribution 
and polarization of the subsequent radiation in two-step excitation-deexcitation 
processes such as (e.e'y) when the emitted radiation is detected in coincidence 
with the scattered electron. 

In order to treat noncoincidence experiments where the scattered electron is 
not detected, one should average the density matrix (2.44) over angles (t) sc , <p sc ) 
of the scattered electron and introduce, according to Eq. (2.46), the integral sta- 
tistical tensors (or integral state multipoles) 


J p f kq (aJ-,p 0 ,p)dQ. sc = £ {—\) J ~ M \jMj' — M'\kq) 

MM' 

x £ J T M 0 K 0 ^(po,p)T^ oflo ^ Mlfl (p 0 ,p)da sc (2.47) 

Mom an 

After standard normalization, according to Eq. (1.49) the integral statistical ten- 
sors of the excited atom take the form: 

p[ g (aJ;p 0 ) = £ (-1/-"' (JMJ - M'\kq ) 

MM' 

f Tmojuo^Mju (P0,p) ^Mq/jq^M'/j (P0>PM^sc 
^MMq/j q/j f \Tmq/j o^M/j (p 0 ,p)| 2 ^ 

SC 


X 


(2.48) 
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As shown in Section 1.4, symmetry arguments considerably reduce the 
number of independent parameters of the density matrix and statistical tensors 
of the atomic system. In our case of an unpolarized target atom and an unpo- 
larized electron beam, when the detector of scattered electrons is not sensitive to 
their polarization there is a symmetry with respect to the reflection in the scatter- 
ing plane. Choose the xz -plane as the scattering plane. According to (1.134) this 
leads to the following relation: 


p J kq (aJ;p 0 ,p) = {—\) k+q p{_ q (a/;po,p) (2.49) 


which reduces the number of real independent parameters of the final atomic state 
to one (instead of three) when 7 = 1/2, to four (instead of eight) when 7=1, 
and so on (see Table 1.2 on p. 30). [The same restrictions on the statistical 
tensors (2.48) can be derived from the symmetry properties of the amplitudes 
(Po,p)-] The average value (J) of the vector of angular momentum of 
the atom in the final state is proportional to the first-rank statistical tensor. Ac- 
cording to Table 1.2, the only nonzero component of the first-rank tensor is pn 
and it is purely imaginary. This means that (J) has only a y-componcnt [see Eqs. 
(1.82) and (1.87)]. Thus in the conditions under consideration, the average vector 
of the angular momentum of the excited atom is always directed normally to the 
scattering plane. This can be easily understood from a simple symmetry consid- 
eration. In the case considered, the only axial vector (angular momentum) that 
can be created from the available vectors is the vector product po x p, which is 
directed perpendicular to the scattering plane. 

If the scattered electrons are not detected, the final atomic state is of a higher 
symmetry: It should be symmetric with respect to rotations about the direction of 
the incoming beam. Taking into account that the atomic states under consideration 
have definite parities and choosing the po direction as the quantization axis, we see 
from symmetry considerations (see Section 1.4) that only diagonal elements of the 
density matrix and only statistical tensors with an even rank and zero projection 
do not vanish 


aJM 


Pa (Po) 


aJM' ) = 8 mm / ( aJM 


Pa(Po) 


aJM 


pL( aJ ' Po) = 8 ‘i° Pm aJ ’Po)\k= 


(2.50) 

(2.51) 


This means, in particular, that if the scattered electrons are not observed, then the 

excited atom in the state |7 = 1/2) turns out to be isotropic, while the atom in 

the states 1 7 = 1 ) and 1 7 = |) is characterized by a single alignment parameter, 
£ ~ 

p J 20 (aJ). The excited atom can never be oriented in this case. Generally, the num- 
ber of parameters characterizing the polarization of the final atom is much smaller 
if the scattered electrons are not observed, than in coincidence experiments (see 
Section 1.4 and Table 1.2). 
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In a more general case when the detector of scattered electrons is sensitive 
to the spin polarization, one should use Eq. (2.39) and the convolution procedure 
(1.153) to find the density matrix and thereafter the statistical tensors of the excited 
atom. Instead of Eq. (2.41), one then has 


aJM 


Pa(P°’P) 


aJM 1 ^ = Y (PO) P) T M' 0t i’ 0 ^M’p '(P0,P) 

MoM'g/JDH'gflfl' 

X (aoJoMo I Pa | a Q J 0 M ' 0 ) (^t*o\Pe\^oj 
xQn'\e e \ I//) (2.52) 


where the efficiency matrix of the spin of the scattered electrons is introduced. 

The reduced statistical tensors can be expressed in terms of the scattering 
amplitudes from definition (1.50). For example, from Eqs. (2.44) and (2.46), the 
reduced statistical tensors of an atom, when the scattered electron moves with the 
linear momentum p and its spin is not detected are of the form 


(aJ ; po, p) = p{ q (aJ\ p 0 ,p) /p f m (aJ\ p 0 ,p) 

= / £ ( JM,J - M'\kq ) 

MM' 

Emovov ^o-M„(po,p)^o-MV (Po,P) 

1 ^MMq/jq/j ( P0 ? P ) |“ 


The integral reduced statistical tensors 


%kq{aJ\ po) 


PkqjuJ-, Po) 

Poo( a/ : Po) 


(2.53) 


(2.54) 


can be expressed, according to the definition of the statistical tensor (1.41) and 
symmetry properties (2.50) and (2.51), in terms of probabilities of excitation 
o(aJM) for individual magnetic substates aJM (the quantization axis is along 
the incident beam): 


I J 

%>(a/;po) = -— £ (JM,J -M\kO)a{aJM) (2.55) 

) M= _j 


where 


j 

a(aJ) = Y 

M=-J 


(2.56) 
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A frequent case corresponds to the second-rank tensor .T2o(ct7;po), which takes 
the form 


■% 2 o(aJ; Po) 


X 


[ (27 + 3)J(J -f 1 ) (27 — 1 ) J 


(2.57) 


The component of the second-rank tensor with zero projection (2.57) is often 
called an alignment parameter or simply alignment of the excited atom. 

Excitation of atoms in ion-atom collisions can be considered in a similar 
way and within the same formalism as given above. Formally, expressions like 
(2.53) and (2.48) are valid also for ion-atom inelastic scattering. The difference 
between the electron-impact and the ion-impact cases occurs in practical calcu- 
lations of the dependence of the scattering amplitudes on kinematic variables of 
the scattering process. In a description of ion-atom collisions, the impact param- 
eter b instead of scattering angles ($ lc , <p sc ) is often used as a kinematic variable. 
Thus the integration over Q sc is transformed into integration over b in calculating 
the integrated cross sections and polarization parameters of the excited atom for 
noncoincidence experiments when the scattered ions are not observed. 


2.2. 1.2. Representation of the Total Angular Momentum 

Consider the statistical tensor of the final system A*(aJ) + e sc in Eq. (2.36) 
in the representation of the total angular momentum, which can often be more 
convenient than the representation of the spin projections. This can be done ac- 
cording to Eq. (1.58) using the statistical tensors of the initial state and the reduced 
excitation amplitudes: 

p~ k .(aJ,lj:J t ;a'j',l'j' :J' t ) 

= ~fjr H P~kq {(XoJoJojo ■ Jt’tt'oJoJbjo '■ J't) 

J,J > W'ow'o 
a o a o J o J o 

X (aJ, Ij :J t \\T II OqJq, lojo : J t ) 

x (a'/// : J' t || T || a'JM - AT (2-58) 

where lojo and l j are the orbital and total angular momenta of the incoming and 
outgoing electrons, respectively, and J t is the total angular momentum of the final 
system. Equation (2.58) takes into account possible mixing of several initial and 
final atomic levels with different total angular momenta (for example, mixing of 
fine-structure levels). Decoupling the angular momenta in the statistical tensor of 
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the initial state according to Eqs. (1.64) and (1.66) and using the statistical tensors 
(1.102) and (1.103) for the initial electron yields 


Pkq (/ • Jt.a J . / j . J 1 ) ^2 ^2 jojokokjohh 

WM k Mo k j 0 Vo 

a O a 'rv l O J n V/n^O 

( Jo jo Jt 

Jo Jo 'A 


/o 5 7o 
;/ 1 .•/ 


Aro k in k 


X ' l'o 2 Jo ( Pk 0 q 0 {(XoJOiMqJo) Pk, 0 q, 0 OoJo) Pk SQ q SQ ^ ^ 

. % ^s 0 *7 0 

X (a/, / j :J,\\T II aoJoJojo ■ Jr) (a'fj'j ' : J' t || T || a^Va/o : S,)* (2.59) 


To obtain the statistical tensor of the excited atom, we now use the convolution 
procedure (1.155) and Eq. (1.163) for the efficiency tensor of the electron detector. 
This gives 


Pkq (ocJ,cc J ) — c 52 52 52 52 ^'J' Jo Jo'ko kj 0 kit) k Sf) kkjj j kjq 

WoWo u 'i/ k wo k io q ia k i q i k sqs 
“O^o-Wo %% ks 0 qs 0 k i q i 


x (k Q qo,k jo q jo kq) {ki 0 qi 0 ,k So q So \k jo q jo ) (kq,kjq&q) 

( Jo jo Jt 1 f /o 2 70 1 f ■/ j' k 1 r l 2 7 1 

X 7 j' 0 J[ > <j /' \ 7o > < 7 / *7 > < /' 5 / > 

^ k j ) A/ i: A J ^ A/. A . . . kj 0 J ^ J[ J t k J ^ k: k s kj J 

X Pk 0 q 0 ((%/(,, OCqJq) P klo q, o {loJ'o)p kso q so 4 iq , (W) 4 s q s 
x ( aJ , Ij :J t \\T || aoJoJojo : J t ) { a'j'J'j 1 : J[ || T || o^,/^ : /,)* 


(2.60) 


Equation (2.60) is the most general expression for the statistical tensor of the ex- 
cited atom in conditions when the scattered electron is detected at a certain angle 
by a spin-sensitive detector. Statistical and efficiency tensors of the electron or- 
bital momenta, p k (loJ'o) and % „ are given by Eqs. (1.99) and (1.100). 
Now one can easily transform different factors in Eq. (2.60) into various coordi- 
nate systems. For example, one can write the efficiency tensor of a spin-sensitive 
detector in the detector frame using Eq. ( 1 .44). 

Consider an important particular case of Eq. (2.60). Suppose that the de- 
tector of the scattered electrons is not sensitive to spin polarization |A V = q s = 0, 
see Eq. (1.164)]; the target atom is not polarized (Ap = qo = 0); initial atomic lev- 
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els ao/o are populated according to their statistical weight: ( <XoJq,OCqJq ) = 

4 0 o 5 9o o 4- (2Jq + 1). 

Then Eq. (2.60) takes the form (remember that we omit irrelevant constant 
factors): 


Pkq (tr./. oc J ) ^ ^ JtJ t jojokioks 0 kjj hhljl 


Iq l Q JQ 7q ^ JfJfkq 


% ks o km J ° 

x(-l) Jo+ +; o +J,+ o+J +1 /^ 

x (ki 0 0,k So q\kq) (kq,k,qi\kq) (loO,l' Q 0\ki 0 0) (/0,/'0| k/0) 



X Pk SQ q ( 2 ) Y k,q, (&SC, <Psc) 


X (aJ, Ij : J t II T || aoJoJojo ■ Jt) 

x (a'fj'f : J\ || T || aoJoJo/o : /,)* (2.61) 


Here we have chosen the quantization axis z along the incoming beam, and an- 
gles $. sc ,<p. sc characterize the direction of scattered electrons. Also we fixed a set 
of quantum numbers Oo which is practically always the case. For fixed parities 
of initial and final atomic states, the orbital momenta Iq and 1' 0 should have the 
same parity, as well as l and since the transition operator conserves parity of 
the whole system. Therefore, ki 0 and k / are even, owing to the property of the 
Clebsch-Gordan coefficients with zero projections (A. 94). It follows that the an- 
gular dependence of the statistical tensors (2.61), including the angular distribu- 
tion of scattered electrons, which is determined by p 00 (a/, af), is described by 
the spherical harmonics V (t % c ,(p sc ) of even ranks. This statement also holds 
true for a polarized target. 

For an unpolarized initial electron beam (k SQ = q = 0), further simplification 
follows: 
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x ( aJ , Ij : J t || T || ccqJo, lojo ■ h ) 

x (a'fj'f :J' t \\T\\ aoJoJofo ■ AT (2.62) 

In this case the experimental conditions possess plane symmetry with respect to 
the scattering plane. Using the symmetry properties of Clebsch-Gordan coeffi- 
cients, 6 /-symbols, 9 /-symbols, and spherical harmonics, one can check the cor- 
responding symmetry relation (1.133) for the statistical tensors (2.62). 

Finally, after integration over the scattering angles, one obtains the integral 
statistical tensors of the excited atom: 


p kq (aJ 1 a'j')=8 q o £ £ J t f l j 0 j' 0 loio(-l) Jo+J,+J ' 1/2+J+i 

b'iVo/o JtJ'tU 
J o 


x (/ 0 0,/oO I A:0) 


A Jo Jo 
jo Jt k 


lofokXtfjn 

jo /o k j \ Jt Jf j ) 


x ( aJ , Ij : J t || r || aoJoJojo : J,) 

x (a'j',lj : J\ || T || ocoJoJoj'o ■ A)* (2.63) 


The statistical tensors (2.63) describe an axially symmetric experiment 
(there is only one direction in the problem: the direction of the incoming beam). In 
full accordance with the general consideration in Section 1 .4, only even statistical 
tensors (k = even) with zero projection exist ( q = 0) in this case [see discussion 
after Eq. (2.61)]. 


2.2. 1.3. Plane-Wave Bom Approximation 

The plane-wave Born approximation without exchange (PWBA) is the sim- 
plest model for the dynamics of charged particle-atom scattering. The domain 
of its applicability is restricted, as a rule, to high energies of the incident beam 
and small scattering angles. The transition amplitude (2.40) in the PWBA takes 
the form 


Tm 0 /j 0 ->M/j (po,p) =TM 0 no^Mfi (Q) 


£exp(;Qr„) 


aoJoMoJ <V 0jU (2.64) 


where r„ is a space coordinate of the n th atomic electron, summation is taken over 
all atomic electrons, and 


Q = Po-P (2.65) 

is the momentum transfer. Integration in the matrix element (2.64) is over atomic 
configuration space, including spatial and spin variables. Expanding the exponent 
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in Eq. (2.64) according to Eq. (A. 33) and taking the quantization axes z || Q. one 
finds [see Eq. (A. 20)] with the use of the Wigner-Eckart theorem (A. 62) that the 
projection of the total angular momentum of atomic state on the direction of the 
momentum transfer vector Q is conserved during the collision. Owing to this 
selection rule and also owing to the conservation of the spin state of the scattering 
electron, it is possible in many cases to find the density matrix and the statistical 
tensors of the excited atom without any further dynamic calculations. 

To obtain statistical tensors in the PWBA, it is much simpler to start with the 
representation of projections than to use partial wave expansions and the reduced 
amplitudes. Let us consider sharp values of Jq and J and find the statistical tensors 
(2.46) of the excited atom. Generalization to the case of mixtures of the total 
angular momenta of the initial and final atomic states is simple and will be briefly 
considered at the end of this section. We take the expression (2.44) for the density 
matrix of the excited atom. Using Eq. (2.64), expansions (A. 33) and (A. 29), the 
summation formula (A. 91) together with the symmetry properties of spherical 
harmonics and Clebsch-Gordan coefficients, we obtain 


where 


p kq (aJ-Q) = ^ £ AAA'(A0,A'0|r0) l A' A t \ 

y XVk ^ tx [y 0 ^o^oJ 

x r x - x 'M B x {J 0 -+ J)M b * (Jq -► J) 
x (t r , kq \k 0 q 0 ) p koqo {a Q J Q )Y n (T} Q , <p e ) 



^ j\ {Q r n ) ( t?« , <p„ ) 



( 2 . 66 ) 


(2.67) 


is the reduced multipole amplitude for excitation and jx (x) is the spherical Bessel 
function. The amplitude (2.67) is real. Equation (2.66) is valid in an arbitrary 
coordinate frame and angles $Q,(pQ characterize the direction of the momentum 
transfer in this frame. Note that Eq. (2.66) is independent of the polarization state 
of the incident electron beam and of the spin sensitivity of the electron detector. 
This is because we neglected the exchange scattering in the model under con- 
sideration. Owing to parity conservation, the values of A and A' in the reduced 
amplitudes should have the same parity. Therefore, t in Eq. (2.66) is even [see 
Eq. (A. 94)]. 

One can show using the symmetry properties of Clebsch-Gordan and 97- 
coefficients that only terms with ko + k = even are nonzero in Eq. (2.66). This 
means, for example, that for an aligned target, the excited atomic state will also 
be aligned, but not oriented. In the PWBA, the orientation of the final atomic state 
can only be transferred from the oriented initial state. It cannot arise as a result 
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of the scattering process. This is a consequence of the PWBA and it is not valid 
in the general case when the process possesses not the axial but only the plane 
symmetry with respect to the scattering plane (see discussion in Section 1.4). 

Assume now that a single multipole A contributes to the excitation. In fact, 
this case is widely met in practice. For example, it is always the case for Jq = 0 
and Jo = 1/2 (or J = 0 and / = 1 /2). By fixing A we obtain from Eq. (2.66): 


Pkq( aJ ’ Q) 


J k I 
A A t \ 

Jo Jo ko } 

x \Mi{Jo^J)\ 2 (tT:,kq\koqo)pk ogo (aoJo)Y tT {iJQ,(pQ) ( 2 . 68 ) 


The corresponding reduced statistical tensor is given by 

J*k q (aJ; Q) = Jk(-l) Jo+:i+J 


L, o 9 o? r(AO,AO|rO) | 

f J J k 1 
A A f 
[ Jo Jo ko J 

• (t T, kq | k Q qo) Y n ( Pq, (p Q ) Ak oqo (a 0 J 0 ) 

Emo(- 1 )^o i (^o.ao|a 0 o) 

f Jo Jo ko ) 

\A A J J 

\\q 0 (#Q,<PQ)^o<io( a oJo) 


(2.69) 


The reduced statistical tensors (2.69) obtained in the PWBA within rather general 
assumptions depend only on the polarization state of the initial atom, which is 
described by the reduced statistical tensors J^ oqg (aoJo), and the direction of the 
momentum transfer Q. They take an especially simple form in the coordinate 
system with z || Q: 

SH kq {aJ\Q)=Jk{-\) Jo+k+J 


I M f(A0,A0|f0)| 

( J J k 1 
A A t 
[ Jo Jo ko J 

1 (tO,kq\koq)J4 ko q{a 0 Jo) 

L, 0 (-l)^(AO,AO|k 0 0)| 



For an unpolarized initial state, ( ko = qo — 0), Eq. (2.69) yields 

-%/(«/; Q) = (— l) 7 ° +y /A 2 (A0,A0|£0) 
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(2.71) 
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and the polarization of the excited state is fully determined by the direction of the 
momentum transfer, the angular momenta of the initial and excited atomic states, 
and the value of A. In the coordinate system with z || Q, Eq. (2.71) takes the form 

-% 9 («7;Q) = (-1) /o+/ /A 2 (AO,AO|A:0)|^^| 8 q0 (2.72) 

explicitly demonstrating an axial symmetry of the excitation process with respect 
to the direction of the momentum transfer Q in the case of an unpolarized target. 
Although the right side of Eq. (2.72) is independent of the momentum transfer, 
we keep the argument Q on the left side to indicate the PWBA. 

Integrating the statistical tensors (2.66) over the scattering angles with the 
help of the relation 

dQ. sc = {popY 1 Qd Qd (p Q (2.73) 

and Eq. (A. 27) gives the PWBA expression for the integral statistical tensor (2.48) 
that describes the polarization state of the excited atom when the scattered electron 
is not detected. For an unpolarized target it may be presented as 

P kq (aJ) = cVn(foPop)-' £(-1/+'o-(^')/2aX' (A0,A'0|*0) { ' ' * J 

f Gmax dO n d 

x / Mf (Jo - J)M$ (Jo - J)P k ( COS 0 e ) (2.74) 

Qmm & 

where the integration limits are Q m ; n = po — p, Qmax = Po + P and cos — (Pq + 
Q [2 — p 2 )/ (2poQ). In the case when a single multipole contributes, Eq. (2.74) 
simplifies. In this case the reduced statistical tensors take the form 

A q (aJ) = (-1 ) J+J °jV {XO,XO\kO){"* o } s q 0 (2.75) 


where 

rQmax dO I n I? 

RkW= -M\Mf(Jo^J)\ ^(cost> e ) (2.76) 

Gmin Q 

At a high energy limit, the angles close to t}q = tt/ 2 dominate the integral in 
(2.76). Since P k (cos 90°) = (— \) k ! 2 (k— 1) !!/£!! for even k , the high-energy (non- 
relativistic) limit of the reduced statistical tensor in the PWBA is purely algebraic 

fkq(aJ) | P0 _= (-l) J+J o+ k /m 2 (A 0, A 0 1 AO) j ^ * | 8 q0 

(2.77) 
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Note the remarkable relation between the integral reduced statistical tensors 
of an excited atomic state at high energies (2.77) and the statistical tensors (2.72) 
of the same atomic state when the scattered electron is detected: 

-%) {ocJ) \ P0 ^= (_l)V2 (Ar ^| )!! ^ 0 (a/;Q) (2.78) 

It is important that the tensors on the left are taken in the coordinate frame with 
the 7 - ax is directed along the incident electron beam, while the tensors in the right 
are taken in the frame with the z-axis directed along the momentum transfer. Pre- 
requisites for the relation (2.78) are axial symmetries for both processes (but with 
respect to different directions) and the independence of the reduced statistical ten- 
sors on the scattering amplitudes [see Eqs. (2.77) and (2.72)]. The relation (2.78) 
is independent of the quantum numbers of atomic states and is purely kinematic. 

Often the LS-coupling approximation is used in analysis of polarization pa- 
rameters of the excited atomic state. The above formalism allows us to obtain, for 
example, the statistical tensor of the orbital momentum L of the excited atomic 
state. A general approach that we will use is suitable for rigorous reduction to 
the LS-coupling approximation in other situations also. First we write down a 
straightforward generalization of Eq. (2.66) to the case of unfixed total angular 
momenta Jo and J of initial and excited atomic states: 

( J' J k \ 

p kq (LSJ,LSJ'-, Q) = 4f E kli' (X0,X'0\t0) \ A' A t \ 

W SF U^oJ 

xr x - x 'M B x {Jo^J)Mlr{J'o^J') 
x (tT,kq\k 0 qo)p km (LoSoJo 1 LoSoJo)Y tT ($Q,(pQ) (2.79) 

Equation (2.79) is derived in full similarity with Eq. (2.66). Then consider the 
double statistical tensors of the orbital angular momentum L and spin S of the ex- 
cited state P kiqiksqs ( LS ), expressing them in terms of the statistical tensors (2.79) 
by Eq. (1.65). Similarly, in Eq. (2.79), uncouple orbital angular momentum L (l 
and spin So in the statistical tensor ( LoSqJq,LoSoJ'o ) of the initial state with 

the help of Eq. (1.64). The next step is a reduction of the PWBA amplitudes (2.67) 
by Eq. (A.74) to factorize the spin quantum numbers. 

The final step is a summation over the quantum numbers of the total angular 
momenta, in the present case over J,J',Jq,J' 0 . For this sometimes rather laborious 
step, equations from Section A. 1 1 in combination with the symmetry properties 
of the n /-symbols (Sections A. 9 and A. 10) are used. As a result, the double sta- 
tistical tensors P ki c/j ksqs (LS) are found, which include complete information on 
the polarization parameters of the excited L.S’-multiplet. To find the statistical ten- 
sors of the orbital angular momentum L, the convolution procedure (1.69) should 
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be used. As an example, we will write down a result for an initially unpolarized 
atomic multiplet and when only one multipole A contributes to the excitation in 
the PWBA: 

Pk L9L ( L ) = ^4 H 1 ) i+i0 A 2 A l 1 (A 0, A 0 1 k L 0) { ^ ^ } 

xY k * L q L ^ Q ,(p Q )\M B ,(L 0 ^L)\ 2 (2.80) 

Here the reduced multipole PWBA amplitude is defined similar to Eq. (2.67): 

M\ (Lq —> L) = /l £A(Gr„)y A ( A,<Pn) L 0 ) (2.81) 


2.2. 1.4. Polarization Parameters of an Atom at the Excitation Threshold 

Near the excitation threshold, only a few partial waves of slow scattered 
electrons should be taken into account. The threshold limit for excitation of neu- 
tral atoms corresponds to the single s-wave of the scattered electron (/ = /' = 0) 
in Eqs. (2.60)-(2.63). This simplifies general expressions for the polarization pa- 
rameters of the excited atom and sometimes allows us even to write their exact 
threshold values within rather general assumptions. (Note that for ions, other par- 
tial waves of the scattered electron will also contribute to the threshold excitation, 
owing to the long-range attractive Coulomb potential of the ion.) 

Consider the threshold excitation of neutral atoms, neglecting relativistic in- 
teractions, i.e., assuming that the total spin and total orbital angular momentum of 
the system (e+A) are both conserved during scattering. This assumption is valid 
with high accuracy for atoms that are not heavy and allows us to take full advan- 
tage of the threshold approximation l = 1' = 0. We are interested in the integral 
statistical tensors of the excited atom. This corresponds to the usual scheme of an 
experiment, since the angular distribution and/or spin state of a very slow scattered 
electron is difficult to analyze. The main features of the polarization parameters of 
the excited atom may be seen from a simple case of an unpolarized atomic target. 
Integrating Eq. (2.61) over the scattering angle and taking into account only the 
s-wave of the scattered electron, we obtain 
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x (lSJ', r = Of = \:J' t \\T || LoSoJo, l' 0 f 0 : (2.82) 

It is assumed that the atomic state is a multiplet state with a certain orbital angular 
momentum L and spin S. For further derivation, the amplitudes in Eq. (2.82) 
have to be transformed by Eq. (A.81) to the representation of the total orbital 
momentum L, = L + 1 and the total spin S, = S + 1/2 with subsequent application 
of the reduction formula (A. 64) with k\ =ki = 0. The latter is possible because 
the transition operator T acts as a scalar operator in the subspaces of the total spin 
and the total orbital angular momentum separately. Then summing Eq. (2.82) over 
quantum numbers Jq , J t , J[, jo, and j' Q with the use of Eqs. (A. 161) and (A. 154) 
and transforming to the double statistical tensors (1.65), one obtains the desired 
result, which can be cast in the form 


Pk LqLksqs (LS) = (-1 ) L+ ^ +s+s o +l p ksqs 

x E o){ 



L L k L 
lo 1' 0 Lq 


S S k s 

s t s', \ 


2 2 k s\ 
s, S', So J 

(2.83) 


Here the statistical tensors (hJ'o) of the orbital motion of the incident elec- 
tron are given by Eq. (1.101) and a short notation for the transition matrix elements 
is introduced: T^ s ' = ((LI = 0 )L t — L , (S|) S t ||r|| (Lolo)L t = L, (Sq\) S r ). Equa- 
tion (2.83) shows that ranks k l, k$ and projections q l, qs of the statistical tensors 
of the orbital angular momentum and spin of the excited atomic state coincide 
with the corresponding tensorial indices of the incoming electron. This qualita- 
tive result is clearly due to the conservation laws, even in a more general case, not 
only at the excitation threshold. Indeed, polarization of spin and orbital angular 
momentum of the system (e+A) before scattering is completely defined by the 
corresponding parameters of the incoming electron beam because the spin and the 
orbital angular momentum of the initial atomic state are unpolarized. 

The tensorial dimensions of the statistical tensors of the whole system 
(e+A) are conserved during the scattering [see Eq. (1.58)]. Moreover, owing 
to the nonrelativistic approximation for the scattering amplitudes, the tensorial di- 
mensions are conserved separately for spatial and spin subspaces. The unobserved 
scattered electron does not influence the symmetry of the process and the tenso- 
rial structure of polarization of the excited atomic state coincides with that for the 
whole (e+A) system before scattering. As a result, polarization of the excited 
atomic state takes tensorial components of the incident electron beam correspond- 
ing to both orbital angular momentum and spin. Note that at the threshold, the 
above analysis is still valid if the scattered electron is detected at an arbitrary fixed 
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angle, since the ,v-electmn is primarily isotropic. This follows from Eq. (2.61), 
where at / = /' = 0 there is only an isotropic part (lq = 0) in the angular distri- 
bution of scattered electrons, which is formally equivalent to integration over the 
scattering angles. 

The reduced statistical tensors of the orbital angular momentum and spin 
of the excited multiplet as well as the statistical tensors of the total angular mo- 
mentum can be found from the double statistical tensor (2.83) by applying the 
general rules (1.68) and (1.69). For example, for the reduced statistical tensors of 
the orbital angular momentum, we obtain 


— ( 1) 


&L +£+£() j 


x£/o/'o (/ 0 0, /q 0 1 k L 0) 

/ 0/q 



(2.84) 


The tensors (2.84) are constants independent of the transition matrix ele- 
ments (scattering amplitudes) if only one partial wave of the incident electron Iq 
contributes to the excitation. This is realized, for example, in a frequent case 
of atoms initially in the 5-state: noble gases, alkalis, alkaline earths, and other 
atoms. Putting Lq = 0 into Eq. (2.84) gives 


^ l9l {L) = (-1 ) L L (L0,L0\k L 0) S qL o (2.85) 

The simple expression (2.85) for Lq = 0 is essentially a result of the threshold 
approximation (/ = /' = 0) and could be predicted from the conservation of pro- 
jection of the orbital angular momentum. Indeed, before excitation, the projection 
of the total orbital angular momentum L t on the direction of the incident elec- 
tron beam vanishes. The atomic orbital angular momentum L is isotropic and the 
incident electron does not carry the projection of the orbital angular momentum 
on the direction of motion [see Eq. (1.100)]. After scattering, the slow s electron 
has no projection of orbital angular momentum and therefore the excited atom is 
forced to have Mi = 0. Then Eq. (2.85) immediately follows from the definition 
of the reduced statistical tensor (1.41). 

So, the threshold excitation shows axial symmetry with respect to the di- 
rection of the incident electron beam, and the reduced statistical tensors (2.85) 
are independent of the scattering amplitudes. Then, similar to the discussion in 
Section 2.2. 1.3, one can expect simple relations between the threshold limit of 
polarization parameters of the excited atomic state and their high-energy limit, 
provided the PWBA is valid at high energies. Integrating Eq. (2.80) over scat- 
tering angles, proceeding exactly as in the derivation of Eq. (2.77) and putting 
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L() = 0, we obtain the relation 

-%> (L) \ P0 ^= (-1)" /2 ( L ) U-> Pthr (2-86) 

where on the left is the high-energy limit of the integral reduced statistical tensor 
of the orbital angular momentum in the PWBA and on the right is the threshold 
value (2.85) of the same tensor. In practice, the relationship (2.77) does not hold 
accurately because the polarization of the excited atomic state is influenced by a 
radiative cascade from higher-lying excited atomic states. This applies to the ten- 
sor on the left side of Eq. (2.77). Equation (2.86) shows that the reduced statistical 
tensor of the second rank Sfo (L) should change sign at least once (odd number 
of nodes) when going from the excitation threshold to high energies, while tensor 
JTtO (L) may not cross zero (or has an even number of nodes). 

2.2.2. Angular Distribution and Polarization of Scattered Electrons 

Now we consider another characteristic of the same process (2.36) of 
electron-atom scattering, namely, the angular distribution and the spin polariza- 
tion of the scattered electrons. The starting point is again the density matrix of 
the final state of the total system A* + e sc , Eq. (2.39). However, this time we 
calculate the spin density matrix of the scattered electrons for the case where the 
final atom is not observed and therefore we should calculate the trace over the 
variables characterizing the excited atomic state: 

(p |p{(P0,P)| j u')= E TM 0t j 0 ->M P (P0,p) 

MqM' oP op ' q M 

x ( a 0 JoM 0 | p' A | aoJoM'o) (po\p l e \po) 

xT My^ M A Po ’P) (2 - 87) 

Here for brevity we omitted the electron spin s = \ from notations of the electron 
spin density matrices. 

2.2.2. 1. Scattering of Unpolarized Electrons from Unpolarized Atoms 

In this case, both density matrices on the right side of Eq. (2.87) describe 
unpolarized particles and are represented by Eq. (1.40). The density matrix of the 
scattered electrons (2.87) takes the form 

(p \p{{P0,P)\p')= E Tm 0M o^(PO,P) 

0 A / Mq/j qM 
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The trace of this matrix gives the differential cross section, i.e., the angular dis- 
tribution of the scattered electrons: 


da 

d£lsc 


1 

2(2/o+ 1) 


~~ E \Tm 0 h 0 ->M(, (Po,p)| 2 

Pi Mq/jqM/j 


(2.89) 


To analyze the spin polarization of the scattered electrons, we normalize the 
density matrix (2.88) by the condition (1.7): 


(a* |Pe (POjP) I p') 


(P0)P) ^Mopo^M/j'(P°’P) 
Lm 0 , q/j m I '/Mo. o - * Mf! (P0,p)| 2 


(2.90) 


According to general arguments (see Section 1.3.2), the spin density matrix 
of an electron can always be presented in the form 

p e = l -{I + Y e a) (2.91) 

where P e = P e is the degree of polarization of the scattered electrons. In our 
case of scattering of an unpolarized electron beam from unpolarized atoms, the 
polarization vector of scattered electrons is always directed along the vector n 
normal to the scattering plane: 

P{(Po,p)=P/(po,p)n (2.92) 


because n = |p°xp| ' s ^ lc 011 4’ axial vector that can be formed from the kinematic 
parameters of the scattering process in this case. [A similar situation has been 
discussed in Section 2. 2. 1.1 after Eq. (2.49).] So the electron spin density matrix 
can be presented as 


p{( Po.P) 


!+P/(Po,P) (n a) 


(2.93) 


Let us choose a coordinate frame with the z-axis along the incident electron 
beam and the x-axis lying in the scattering plane. This coordinate frame is shown 
in Figure 2.1 and is called the collision frame. In the collision frame, vector 
Pe (Po,p) has a y-componcnt only, and the degree of polarization /’/ (po,p) = Py 
can be calculated according to Eq. (1.92) using the spin density matrix of the 
scattered electrons given by Eq. (2.93) and the Pauli matrix <7 V : 


P/(P0,P) =Tr 


Pe (POi P) <7y 


(2.94) 


Using Eq. (2.90) for the density matrix and the explicit form of the Pauli matrix 
(A. 2), one obtains 

Y,MoMfjQ I m o— >M, 1/2(P0 i P ) ^m 0 :jU 0 ^m,- 1/2(P 0, P)) 

(P0,p)| 2 


p/(p 0 ,p) = -2 


(2.95) 
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Consider the particular case of the elastic scattering from an atom with Jq = 
0 and, also, the excitation transition (Jq = 0) — > (/ = 0). The transition operator 
r(p 0 ,p), which should be a scalar with respect to the total angular momentum, 
has in this case a universal form dictated by the general symmetry arguments: 


T(po,p) = a(£,t?. sc )+fe(£,t?. se )(nc7) (2.96) 

where a(E, i} sc ) and b(E . i) u: ) are the nonspin-flip and spin-flip components, re- 
spectively. This form is independent of the character of the interaction between the 
incoming electron and the target atom, including the interrelation of direct (nonex- 
change) and exchange scattering, independent of the wave functions of the atom, 
the role of relativistic effects, and so on. Writing the amplitudes (Po,p) 

corresponding to the transition operator (2.96) and substituting them into Eqs. 
(2.89) and (2.95), we obtain the differential cross section and the polarization 
vector of scattered electrons averaged over polarization states of electrons in the 
incoming unpolarized beam: 



da 

d£l sc 


\a(E,& K )\ 2 +\b(E,G K )\ 2 (2.97) 

2Re[ a (g,fl JC )fr*(g,0 JC )] 

\a(E,Ac )\ 2 + \b(E,Ac )\ 2 ' 


This shows that the phenomenon of spin polarization of scattered electrons is due 
to the interference effect of spin-flip and nonspin-flip scattering amplitudes. Equa- 
tions (2.93) and (2.98) give the spin density matrix of the scattered electrons: 



2Re[a(E,d*>*(E,0 JC )] / \l 

K J E,t? JC )i 2 +i^ J E,t> sc )i 2 v I1<T yJ 


p{( P0,p) 


(2.99) 
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2.2.2.2. Left-Right Asymmetry in Scattering of Polarized Electrons from 
Unpolarized Atoms 

An extension of equations (2.89) and (2.90) that takes into consideration an 
arbitrary spin polarization of the incoming electron beam is evident: 

do 1 pf 

dD.sc 2/o+ 1 pi 

x E (P0>P) (P0 | | (P0>P) ( 2 - 10 0) 

(p \p{(po,p)\p') 

Y.M 0 /j 0 (i' 0 M Tm 0 ij (P 0 ,P) (p 0 | Pe | P o) (P°’ P) 

u o r /I inn 


= _ : : : : ^ (2.101) 

t m ono-^Mn (Po,P) (po \p l e I P o) (Po.P) 

To start, we consider scattering of an incoming electron beam polarized 
normally to the scattering plane: 


l 2 ['+n°y\ 


( 2 . 102 ) 


To reveal the dependence of the angular distribution of scattered electrons on the 
degree of polarization of the incoming beam P' e = Pf we present the differential 
cross section (2.100) in the following form: 

dO 1 Pf r-\ I , \|2 

^ = w^iJ rMrt(po,p)l 

. ImoMpop'p Tm 0 (i 0 -^Mij (POiP) (p 0 I Py I Po) >Mp (P°’P) 

I o — 1 'Mn (P0? P) I 

(2.103) 


Equation (2.103) shows that the cross section at a fixed scattering angle P sc 
depends on the sign of P[, and therefore shows the spin up-spin down asymmetry 
of scattering. Equivalently, one can speak about left-right asymmetry of scatter- 
ing when the direction of the polarization of the incident electrons is fixed. Con- 
ventionally, the asymmetry parameter Sa is defined for a completely polarized 
incident beam as: 


c — c (pi _ i\ da( p y ~ !) do.i p y ~ *) 


Using Eqs. (2.104) and (2.103), one obtains: 


2 Lm 0 Mai I m Tm 0 ,1/2-^Mh (P0,p) T M 0 -l/2-^Mfj (P0)P) 




(2.104) 


(2.105) 



Production of Polarized States 


75 


For a partly polarized beam, when 1^1 < 1, the magnitude of the left-right asym- 
metry is proportional to P y : 


s A (P i y )=s A p ; 


(2.106) 


Equation (2.105) for asymmetry looks similar to Eq. (2.95) for the degree of 

f 

polarization P y of scattered electrons in the same process, but with an unpolarized 
incoming beam. However, they do not coincide with each other. As an exception, 
Eqs. (2.105) and (2.95) give identical results for elastic scattering and in a special 
case of inelastic scattering, (Jo = 0) — > (J = 0). Indeed, one has in these cases 


S A =P{ = 


2Rc[a(E,-& sc )b*(E,A c )} 

\a(E,V sc )\ 2 + \b(E,V sc )\ 2 


(2.107) 


2.2.23. Polarization of Scattered Electrons in Collisions of Polarized Electrons 
with Atoms 

As a universal tool for calculating the polarization of scattered electrons for 
arbitrary polarizations of a target atom and an incoming electron beam, one can 
use Eq. (1.92): 


P{(Po,P) 


Tr 


p{(Po,P)0’ 


(2.108) 


Here the the spin density matrix of the scattered electrons is presented in the gen- 
eral form by Eqs. (2.101) and (2.102) where P' e = P l is the degree of polarization 
of the electron beam in the initial state. We illustrate such a calculation by the 
case of elastic electron scattering from atoms with Jo = 0. 

Let P i, a = a(E . lj c ). and h = b(E, i3 sc ) denote the polarization vector of 
the incoming beam and the nonspin-flip and spin-flip scattering amplitudes, re- 
spectively. The polarization vector of the scattered electrons P^ = P^(po,p) can 
be calculated as follows [see Eq. (1.17)]: 


Tr(CT[a + Z?(<Tn)][l +P'(T][a* + (?*(<Tn)] ) 

P f = / (2.109) 

Tr f[a + /?(an)] [1 + P'<r] [a* + b* (an)] J 

This equation can be rearranged and presented in the form: 


\a\ 2 + \b\ 2 + 2Re(a(?*)(P'n) 

x [(|a| 2 + |/7| 2 )P'' + 2Re(a(7*)n + 2Im(fl(7*)[n x P ! '] -2|/?| 2 (P 1 - n(P'n))] 
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In Eq. (2.110) one can separate out the combination of amplitudes that gives the 
degree of polarization of scattered electrons when the incoming beam is not polar- 

f 

ized [see Eq. (2.98)]. We denote it here as /]] , and the corresponding polarization 
vector as P^: 


7 _ 2R c(ab*) 
0 \a\ 2 + \b\ 2 


( 2 . 111 ) 


By dividing both the numerator and denominator in Eq. (2.110) by (|a| 2 + |/?| 2 ), 
we can rewrite it in a more compact form: 


P f 


1 

1 + P' Pq 


X 


p ' + p o 


21m (ab*) 
\a\ 2 + \b\ 2 


[n x P‘] 


m 2 

\a\ 2 +\b\ 2 


(P'-n(P'n)) 


( 2 . 112 ) 


Consider two particular cases of the scattering process when the initial po- 
larization vector lies in the scattering plane (P' _L n) and when it is directed along 
the normal to the plane (P' || n). In the first case 


P f 


P' I n 


21m (ab*) 

w+w 


n x P'l 


N 2 -\b\ 2 pi 

\a\ 2 + \b\ 2 


(2.113) 


The normal component of the polarization vector in the final state does not depend 
on the initial polarization and is exactly the same as when the incoming electron 
beam is not polarized. As for the component of P^ which is in the scattering 
plane, its deviation from the initial direction P' depends on the ratio and relative 
phase of the scattering amplitudes a(Eff sc ) and b(E,$ sc ). In the second case, 
when the initial polarization vector is directed normally to the scattering plane, 
the polarization vector in the final state is also oriented normally to this plane. 


2. 3. Direct Atomic Photoeffect 

In the process of photoionization of atoms, there are two particles in the 
final state: a photoion and a photoelectron. Therefore, all correlation and polar- 
ization phenomena in photoionization can be described using an approach devel- 
oped in the preceding section. However, owing to its importance in fundamen- 
tal atomic physics and numerous applications, atomic photoionization deserves 
special consideration. Moreover, with the advent of high-brilliance synchrotron 
radiation sources, many correlation and polarization experiments have become 
feasible. Their analysis is sometimes rather complicated because of the complex- 
ity of the experimental arrangements. The formalism of statistical tensors and 
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density matrix greatly simplifies the analysis and planning of such experiments. 
The theory of photoeffect is very well developed. There are numerous books and 
reviews in which various aspects of the theory, including the angular distribution 
and polarization of the photoionization products, are discussed. As a recent ex- 
ample we mention the collection of reviews in Ref. 16. Therefore, in this book 
we limit ourselves to the particular problems where the use of the described for- 
malism provides a great advantage in obtaining a general parameterization of the 
cross sections in complicated kinematic conditions. 

2.3.1. Angular Distribution of Photoelectrons in Photoionization of 
Polarized Atoms: General Expression 

We consider the process of direct photoionization of an arbitrarily polar- 
ized atom: 


Y+A(oqJ q ) — > A + (a f J f ) + e ph (2.114) 

The initial atomic state is characterized by the total angular momentum Jq and 
by other quantum numbers that we denote ao- We assume that the photoion is 
produced in a state with a sharp angular momentum Jf and definite parity. An ex- 
tension of the formalism to mixtures of states with different total angular momenta 
is straightforward and can be done as in Section 2.2. 1.2. 

To derive a general expression for the angular distribution of photoelectrons, 
we start from Eq. (1.151), which expresses the probability of some event in pho- 
toionization in terms of statistical tensors of the final state of the atomic system, 
p kq ( aJ , a'J'), and efficiency tensors of the detecting system, e kq ( aJ , a'J'f. 

W = E P l kq {aJ.a'j')elq{aJ.a'j') (2.115) 

act'JJ'kq 


Here J and a are, respectively, the total angular momentum and other quantum 
numbers that characterize the atomic system after photoabsorption. 

The statistical tensors of the final state may be expressed in terms of sta- 
tistical tensors of the initial state and reduced matrix elements of the transition 
operator describing the photon-atom interaction [see Eqs. (1.58) and (2.2)]: 


Pk q (aJ,a'j') 


X 


Jf, E Pkq ( a < J - a 'i J 0 ( aJ II T II <%J) 

J a, a' 

(off ||r|| a'/)* 


(2.116) 


where a,- denotes the quantum numbers of the initial photon + atom system. As 
in Section 2.1.1, we use the dipole approximation to calculate the transition ma- 
trix elements and express the initial state statistical tensor in terms of statistical 
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tensors of the photon, pj , and the initial atom, p k(m (ocoJo), using Eqs. (1.64) 
and (1.66): 

7 -- J Ul/ ] 

p[ q (aJ,a'f) = Yj kok r (koqo,k r q r \kq)< J Q 1 J' > 

k Mnkyqy y k Q kyk ) 

X (a f J f ,lj : J II D || ocoJo) (a f J f , l'j' :f\\D || a 0 Jo)* (2.1 17) 

The final state of the system is specified by the quantum numbers and total angular 
momentum of the final ion, C/.fJf, and the orbital and total angular momenta of 
the photoelectron, l,j. We emphasize that the statistical tensor (2.117) is not 
normalized according to the standard conditions (1.49) or (1.48). Hereafter in 
Section 2.3, general factors in expressions derived with the use of Eq. (2.117) 
are in accordance with the normalization of the statistical tensors (2.117) until 
otherwise indicated. 

The statistical tensors pj that describe the initial photon beam are deter- 
mined by three Stokes parameters. We discussed their explicit form in Section 
1.3.5. In the dipole approximation they are given, for example, in Table 1.1 on 
page 25. We note that here kj < 2. The polarization state of the initial atom can 
be, in principle, arbitrary; its statistical tensors are limited only by the general 
conditions (1.46) and (1.51) and by the condition 


0<k 0 < 27 o, — Ap — <?o ^ (2.118) 

Several methods of preparation of the polarized atomic state exist, such as laser 
optical pumping and polarization of the atomic spin by a hexapole magnet. In 
all cases of practical interest, the prepared atomic state has axial symmetry. The 
symmetry axis. A, is characterized by two angles ($„,<p f( ) with respect to the 
laboratory fixed coordinate system. In a coordinate frame with the z-axis directed 
along this symmetry axis, which is called the atomic frame, only zero components 
of the statistical tensors exist (see Section 1.4.2), denoted by p kn0 (<XoJo). Using 
the transformation properties of statistical tensors (1.44) and Eq. (A. 51), one can 
express the tensors in the laboratory frame as follows: 

I 4-K 

Pk 0 q 0 («0 Jo) = ]J f l(0 fr l Y k oqo {&a,<pa) p k0 o(YO J o) (2.1 19) 

Now consider the second factor in Eq. (2.115), the efficiency tensor of the 
detectors. We are interested here in the angular distribution of photoelectrons irre- 
spective of their polarization. If only photoelectrons are detected and the detector 
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is not sensitive to their spin polarization, the efficiency tensor may be presented 
in the form of Eq. (1.171): 


b kq 


(0CfJf,lj : J-,a f Jf,l'j ' : f ) = (/0,Z'0|*0) 


4 K 

J jjf 
j'J' k 


4k 


' 1 j\ 
fV k I V 2 k+\ 


<P) ( 2 - 120 ) 


Collecting now Eqs. (2.115), (2.117), (2.119), and (2.120), we obtain the 
general expression for the angular distribution of photoelectrons from arbitrarily 
polarized target atoms exposed to polarized radiation. With absolute normaliza- 
tion to the differential cross section it can be cast in the form 


7UX(0{3Jq) E P(fcoo(®0-A))^lrotty 

IcQlcky 

xFkokkyi^cfpa^e.fpe', ^ 1 ,^ 2 ,^) ( 2 . 121 ) 

Here CO is the frequency of the ionizing photon, a is the fine structure constant, and 

Bk 0 kk y = 3/0 E (-1 ) 1 +lf+k y- l, 2 jj , j] , ii l (zo,/'o|fco) 


JJ' 

ll'j / 




( 2 . 122 ) 


ko ky k 


where we have introduced a short notation for the reduced dipole matrix element 
Mijj = ( '■ J ll^ll ocqJq). 

The kinematic functions 


FkQkky($ai(P(ii$e>(Pe'' P| . l\ • P3 ) 

= L 4n i Y k 0 (*a, %) ® Y k(A,<Pe) } k p£, y ^2 , -P 3 ) (2-123) 

qy 

depend on the direction of the photoelectron emission (i} e ,(p e ) and that of the tar- 
get polarization ($ a , cp a ), as well as on the Stokes parameters P\, /h, and P; char- 
acterizing the initial photon beam. The tensorial product of spherical harmonics 
is defined as usual, Eq. (A. 36): 

q =Y,( k 0‘l0,kq\k r q r ) 

7 7 qoq 

xY ko qo (^a,%) Y kq {A,(pe) 


(2.124) 
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The values Fk_ n kky ore scalar products independent of the coordinate frame because 
pj transforms as a covariant tensor of rank ky. 

Expression (2.121) gives the general form of the angular distribution of pho- 
toelectrons produced by an arbitrarily polarized photon beam from a polarized 
target. Each term of the sum is factored into a statistical tensor p k JoqJo) that 
describes the polarization of the target, a dynamical part B^kky that contains the 
dipole amplitudes, and a kinematic part Fk () kk r which contains angle dependence 
and a description of the photon state and is independent of any particular dynamic 
properties or properties of the atom. The formula is valid for an arbitrary reference 
frame and for any particular geometry of the experiment. 

We can rewrite this expression in a more traditional form by introducing 
the reduced statistical tensors of the initial state 44-k 0 q 0 ( eg) Jo) [see Eq. (1.50)] and 
defining the generalized anisotropy coefficients as 


$kt]kky — B kiykky 


EKvl 2 

ijj 


Then Eq. (2.121) can be presented as 


(2.125) 


da 

dQ. 


4 n 


IT -^A'oO ( ^-0^0 ) ^fjfikQkkyFkftkkyij&cn (Pm tp e , B\ . l\ ■ If ) j 
V k 0 kyk J 

(2.126) 


Here a*- 180 - 1 is the total photoionization cross section, which would be calculated if 
the initial state were randomly oriented. 


a 


'iso) 


4 n 2 aco 

3(27o+1) 


EK-i 

ijj 


(2.127) 


Summation in Eq. (2.126) is over all possible values of ko, k, and ky, except for 
the ko = k = ky = 0 term. Note, that the values of ko, k, and ky are connected by 
a “triangle inequality”: 


\ko — ky\ < k < ko + ky (2.128) 

In addition, they are limited by the conditions 

ko < 2 Jq, ky < 2, k = even (2.129) 

the latter being a consequence of the parity conservation in photoionization; it 
follows formally from the property (A. 94) of the Clebsch-Gordan coefficient in 
Eq. (2.122). Therefore, the number of terms in sums in (2.126) is limited. The 
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dynamic coefficients fik lt kk Y contain bilinear combinations of the dipole amplitudes 
and therefore contain complete information on the dynamics of the photoprocess. 

The general expression (2.121) will be analyzed in the following section. 
We conclude the present section by discussing the partial photoionization cross 
section averaged over all angles (47T-geometry), which is equal to the partial pho- 
toion production cross section. Integration of Eq. (2.121) over all angles (d e , < p e ) 
gives k = q = 0 and ko = ky. Then the integrated cross section for polarized atoms 
has the general form 

(7 = C7 (lSo) ( 1 + E -^A-oO ( OCoJ 0 ) /3a 0 OA 0 Y*Pk 0 q r '^ zY k 0 q y (&a, <Pa) ) (2-130) 

\ A'o>0 qy ) 

In particular, if the initial atom is aligned (ko = 2) along the direction perpendic- 
ular to the photon beam and if the photons are linearly polarized, we can choose 
the z-axis along the direction of photon polarization and study the cross section as 
a function of angle if, between the polarization and the alignment axis. Then the 
cross section (2.130) reduces to the simple form 

<7=ff (iso) (l+P'P 2 {cos^ a )) (2.131) 

where f p202-%-2o{ok)Jo) ■ An explicit expression for the coefficient ft 

can be easily obtained from Eqs. (2.122) and (2.125): 

j3 , = ^2o(ao/o)v / 6/oE(-l) /+/ °{^ o 2} \ M iJj\ 2 j (EI m 0-/| 2 ) ( 2 - 132 ) 

Note that the coefficient ft contains only squares of the photoionization ampli- 
tudes, which is natural because it determines the total cross section. 

2.3.2. Particular Cases: Photoionization of Atoms with Total Angular 
Momentum Jq = 0, 1/2, and 1 

2. 3.2.1. Unpolarized Target Atom 

First we consider the simple case of an unpolarized target atom. If the 
initial state is unpolarized (ko = 0), and the ionizing photon is completely lin- 
early polarized, circularly polarized, or unpolarized, then taking into account that 
ky = k- even and ky < 2, we can easily obtain from Eq. (2.126) the conventional 
expressions for the angular disttibution of photoelecttons. For example, in the 
case of completely linearly polarized photons (pL = — 2/V6; according to Table 

1.1, the i-axis is chosen along the photon polarization), we have 

da <j( iso) 

5n = ^r (1+ ^ 2(cos4)) 


(2.133) 
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with 


P — 



(2.134) 


In the case of completely circularly polarized or unpolarized photons (pi () = 
\/V6\ according to Table 1.1 on p. 25, the z-axis is chosen along the photon 
beam), we get a similar expression when substituting /3 — > — j3/2. The anisotropy 
parameter /3 can be expressed in terms of the reduced matrix elements Mnj using 
expressions (2.122), (2.125), and (2.134): 


P = V 6 



£ (-1 ) J f- J o- l / 2 jj'jj>ll> (l 0,/'0|20) 
ll'jj'JJ' 




i’J’ 


(2.135) 


2. 3.2.2. Target Atom with Jo = 0 

In the simplest case of a target atom with Jq = 0 (an atom with closed sub- 
shells), the angular distribution of photoelectrons naturally coincides with that 
given by Eq. (2.133) for unpolarized targets. However, the expression for the 
asymmetry parameter is simplified owing to the dipole selection rules that give 
J = J' = 1 . In this case we have 

P = Ve l 2 ^ £ (_i (/o/o|20) 

V u J IV jf 

x {r'4}{i} 2 (2136) 

Further simplifications of this expression are possible if one introduces some ap- 
proximations for calculation of the dipole matrix elements, for example, a nonrel- 
ativistic approximation for the photoelectrons. 

2. 3.2. 3. Oriented Target Atom with Jq = 1/2 

Now we consider the target atoms with Jo=\. These atoms can be oriented 
and their orientation may be characterized by the reduced statistical tensor of the 
first rank, JA io (ko = 1). The orientation of the target affects the angular distribu- 
tion of photoelectrons. According to conditions (2.128) and (2.129), besides P022, 
which gives the anisotropy parameter /3, three other anisotropy coefficients can be 
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nonzero: pm, Pwi, and pm- To illustrate the effect of orientation, we discuss 
some simple particular cases. 

If the photon beam is linearly polarized (the ’-axis is chosen along the elec- 
tric vector E) and the electric vector is perpendicular to the target orientation 
(E -L Jo), then the photoionization cross section can be written as 

da c (is °) — 

— = (l+/3P 2 (cost? f ,)+^ 10 /32sin2t? e sin(p ( ,) (2.137) 

where /3 is the anisotropy coefficient for the photoelectron angular distribution 
from an unpolarized target, whereas /3 2 = —i\J~^P 122 characterizes the anisotropy 
associated with the target polarization. The additional term in the angular distri- 
bution is proportional to the degree of orientation -Tio- It disappears if the photo- 
electron linear momentum p, is collinear with any of the two vectors (E and Jo) 
or if the three vectors lie in one plane. 

If the target atom is oriented along the photon polarization (Jo || E), then the 
photoelectron angular distribution is exactly the same as for the unpolarized target: 


da cr (iso) 

— = — — (1+/3P 2 (cos4)) (2.138) 

dil An 

Now consider a circularly polarized photon beam. Choosing the z-axis along 
the beam direction p ;/ and considering the case of target atom orientation along 
the beam, Jo || p r , we have 

da^ ff (iso) / B — \ 

-^- = — (1-^P 2 (cosA)±AioIA + P3P2(cosA)}) (2.139) 


where A = y |/3ioi and pj, = — y/^Pm- Here superscripts (+) and (— ) stand 
for right and left circularly polarized light, respectively. In this case, atomic ori- 
entation changes not only the differential cross section but also the total cross 
section. On the other side, the additional term in the differential cross section has 
exactly the same angular dependence as the conventional term. Therefore, this 
term changes the value of the asymmetry parameter only. 

Finally, if the target atom is oriented perpendicular to the beam, Jo _L p ;/ , 
the angular distribution of photoelectrons has the form 


da^ c^ 1S0 ) 

dQ. 4n 

x fl - ^P 2 (c os t? e ) +^10 


± - Pi sin 2 i} e cos (p e 


-/3 2 sin2i) ( , sin<p c 


(2.140) 
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Again the additional term is proportional to the target orientation. It contains two 
contributions: one is independent of the circular polarization of the photon, the 
other changes sign in transition from left to right circularly polarized photons. 

The coefficient also governs the angular distribution of photoelectrons 
produced by unpolarized light when the target atom is oriented perpendicular to 
the beam: 


da 

dQ. 


(2.141) 


Here again the additional term in the angular distribution disappears if any two of 
the three vectors A, p ;/ , and p,, are collinear or all three lie in one plane. 

Comparing the angular distributions of photoelectrons from oriented targets 
given by Eqs. (2.137) and (2. 139)— (2.141) with that for an unpolarized target, Eq. 
(2.133), we see that experiments with oriented targets (/q = ) ) can give three 
additional observable parameters that are determined by the photoionization am- 
plitudes. Therefore, such experiments yield more information about the process 
of photoionization. 


2. 3. 2.4. Aligned Target Atom with Jq = 1 

If the target atoms have Jq = 1, they can be not only oriented but also 
aligned; their alignment is characterized by the second-rank statistical tensor Abo- 
More terms can thus contribute to the angular distribution of photoelectrons. To 
illustrate the influence of the alignment, we consider again some representative 
cases. 

If the target is aligned (ko = 2) and the photon beam is linearly polar- 
ized ( ky = 0,2), then according to conditions (2.128) and (2.129), the following 
anisotropy coefficients can be nonzero: /3o22- fh.20, @ 202 - P 222 , and p 242 - The first 
coefficient is proportional to the usual anisotropy coefficient /3, Eq. (2.135). Other 
coefficients enter the terms that modify the angular distribution owing to the pres- 
ence of the initial alignment. Suppose that the atom is aligned along the photon 
polarization vector (A || E). Then the angular distribution of photoelectrons is ax- 
ially symmetric with respect to the photon polarization that we choose to be the 
7-axis. The angular distribution can be presented in the form 

— — ^1 + /3 A ( cos $ e ) + Abo[ fl o + a 2 cos ” -l-a^cos 4 $ e \j 

(2.142) 

Coefficients a\ are linear combinations of the above-mentioned pk (l kk Y generalized 
anisotropy parameters. The term in square brackets appears as a result of the 
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alignment of the target. It is symmetric with respect to d e = 90°, as it should be 
from symmetry considerations. 

Now consider the case where the alignment is perpendicular to the photon 
polarization, AXE. We assume for simplicity that the photoelectron detector is 
moving in the plane containing both vectors A and E. Then the angular distribu- 
tion has a form similar to (2.142): 

(j(iSO) r , 

y 1 + fiPl (cos + PL 20 [«0 + a 2 cos2 tie + a 4 cos4 #<?] J 

(2.143) 

but the coefficients in the square brackets are different from those in Eq. (2.142). 
Naturally, the angular distribution in this case when considered out of the plane 
is not axially symmetrical. 



2.3.3. Circular and Linear Dichroism in Photoelectron Emission 

Studying the angular distributions of photoelectrons gives the generalized 
anisotropy coefficients, Pk 0 kk y , which contain dynamic information on the pho- 
toionization amplitudes. In principle, a study of the angular distribution of pho- 
toelectrons from polarized atoms provides sufficient information to obtain exper- 
imental values of the amplitudes and their relative phase shifts, i.e., it constitutes 
a complete experiment (or perfect experiment ) [23,24]. However, in practice it is 
difficult to extract all j3 k Q kk y coefficients from the experiment. One way to over- 
come the difficulty is to use a particular geometry in which the contributions of 
some terms disappear (some examples were discussed in the preceding section). 
The other way is to consider the difference between two angular distributions cor- 
responding to two light polarizations or two directions of the atomic polarizations. 
This type of experiment is usually referred to as studying dichroisms of different 
kinds in the angular distribution of photoelectrons. Expressions for all kind of 
dichroisms can be obtained from the general equations of Section 2.3.1. 

Consider, for example, the difference between the intensities of photoelec- 
trons ejected at a definite angle by right and left circularly polarized light; this 
is called circular dichroism in the angular distribution (CDAD). For states with 
angular momentum To = i only five of thirteen parameters fik u kk r contribute to 
CDAD. In the simplest case of To = 1/2, according to Eqs. (2.139) and (2.140), 
the CDAD is determined only by the parameter if the target atom is oriented 
perpendicular to the photon beam: 


<Tcr( + ) 

d£l 


dot ) 

d£2 


(jh s °) _ 3 

M io -03 sin2fLcos <p„ 

An 2 P r 


(2.144) 
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and by two parameters A and if it is oriented along the beam: 

£/<j(+) do (~) (T^ so ) 

= —i — 2Jlio [A + ftP 2 (cos4)] (2.145) 

dLl dLl 4 n 

Another possibility is to measure the difference in photoelectron currents 
produced by linearly polarized light with two mutually perpendicular polariza- 
tions, which is called linear dichroism in the angular distribution (LDAD). As an 
example we can consider a linear dichroism for the case of an aligned Jq = 1 target 
atom. Defining the linear dichroism as the difference in the intensities of photo- 
electrons for parallel and perpendicular mutual orientations of photon polarization 
vector and alignment direction, we have from Eqs. (2.142) and (2.143): 

j-(iso) 

— Alio [«0 + Q'’ COS 2 + «4 cos 4 (2.146) 

An 

We note that the detector is rotating in the plane containing the photon polariza- 
tion and target alignment directions. The coefficients a,- = af — aj are introduced 
in Eq. (2.146), where a- and af- are from Eqs. (2.142) and (2.143). LDAD is 
proportional to the alignment of the initial state and is symmetric with respect to 
4 = 90°. 

Sometimes it is more convenient to invert not the light polarization, but the 
direction of the target polarization. The corresponding difference of the cross sec- 
tions is called magnetic dichroism (MDAD). For example, for linearly polarized 
light and an oriented Jo = 1/2 target with Jo _L E [see Eq. (2.137)], MDAD is 
expressed as 



do 1 do 1 (j(' s °) 

— — 2J?i 0 /3 2 sin2t? e sin (p e (2.147) 

dLl dLl An 

Here MDAD is proportional to the atomic orientation and its value is determined 
by one generalized anisotropy coefficient, [h, only. 

2.3.4. Spin Polarization of Photoelectrons 

One can suggest several approaches for deriving the spin polarization of 
the reaction products. In Section 2.2.1 we used the straightforward method of 
calculating the density matrix of the excited atom by taking a trace of the to- 
tal density matrix of the system after scattering over the unobserved variables. 
Another method was used in Section 2.2.2, where we obtained the spin polariza- 
tion of scattered electrons by calculating the average value of the Pauli operators 
(spin-tensors). In this section we use the third method, which is useful mainly for 
photons or spin- 1/2 particles and is based on the physical characteristics of the 
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components of the polarization vector for these simple cases. Thus, the electron 
spin polarization component P a along some direction a can be considered as a 
ratio of the difference of the number of electrons having spin projections +1/2 
(N\ ) and —1/2 (No) and of the total number of electrons. For an ideal detector, 
A'j and Nj are proportional to the probabilities of registration of the corresponding 
electrons by a spin-sensitive detector: 

Ah-AA W(+l/2)-W(-l/2) 
a Ni+N 2 W(+l/2) + W(— 1/2) ' 

In order to calculate the probabilities, we can use Eq. (2.1 15), where the efficiency 
tensor should be taken for the spin-sensitive detector, Eq. (1.164). In this way 
one can obtain, in principle, the general expression for the spin polarization of 
photoelectrons emitted in a certain direction from a polarized target atom by an 
arbitrarily polarized photon. This expression is, however, too complicated for 
analysis. In this book we analyze the simple case of an unpolarized target only. 
For an unpolarized target, the statistical tensor of the initial state is given by Eq. 
(1.49): 


Pk 0 q 0 ( a O J o) = (Jo) l $k 0 oSq 0 0 (2.149) 

Inserting it into Eq. (2.117), we have the following statistical tensor of the final 
state: 


Pkq ( aJ ’ a ' J ') = (-l) 1+J+k+Jo (fo )- 2 {y i J °}p r t9 MljjM!' J 'j' (2.150) 

[see the note after Eq. (2.117) on the normalization of the statistical tensor]. The 
efficiency tensor for detecting an electron in the final state while the photoion 
is not observed was obtained in Section 1.5.3, Eq. (1.169). Now we choose the 
laboratory frame with the z-axis directed along the photon beam (z || py) while the 
xz-plane contains the photoelectron emission direction p, (reaction frame). If we 
consider the spin polarization of the photoelectron in the same reference frame, 
then the efficiency tensor (1.169) with D k q s q i (0,0,0) = can be written as 

£ kq ■ J-MfJf,l'j' : /) = -^=(— 1 ) l 'ii'jfjf 

X I (- 1 y +J+J f + % (/ 0, /' gf k, 0) J jf } | /' l f 

k ' k • [jJk) (k,k s k 
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Substituting expression (2.150) for p[ (i (aJ ,a' J') in Eq. (2.115) and using Eq. 
(2.151) for the efficiency tensor of a spin-sensitive detector of electrons, one ob- 
tains: 


w=~k= £ (_ i) i-Jo+Jf+j'+i'ff jJ'jf(f 0 )- 2 

v U'ji'JJ'kq 

\kik s k\ 

X £ (ki qi , k s q s \kq) e ksqs ( ]- ) Y k]qi ($ e ,(p e = 0) 
ms 


1 JJq 
J' 1 k 




(2.152) 


We assume further that the photon beam is also unpolarized; then the 
nonzero components of the photon statistical tensors are Pq 0 = 1/ a/ 3 and pl {) = 
1 / \/6 only. Now it is easy to show that the only component of the photoelectron 
spin polarization is P y , i.e., the electron spin is perpendicular to the reaction plane 
containing py and p e . For example, if a detector selects electrons with spins along 
the z-axis, then in Eq. (1.1 64) for e k ( y ) , one substitutes P z = 1 . P x = P y = 0, and 
gets e k (j) = V28k s i8q s o. Owing to parity conservation in photoabsorption, l 
and /' should be of the same parity and ki is even. Taking into account that k is also 
even, we see that the corresponding Clebsch-Gordan coefficient (k/0,k s 0\k0) in 
Eq. (2.152) is zero. Therefore, the probability of finding electrons polarized along 
the s-axis is zero. The same is valid for the x-component of the polarization vector. 

The formally obtained result that the photoelectron spin is directed perpen- 
dicular to the reaction plane is consistent with a simple symmetry consideration. 
In fact, the considered experiment is characterized by two vectors — the initial 
photon and the final electron momenta (p- ;/ and p,,). Spin is an axial vector. The 
only axial vector that can be constructed from the two vectors is their vectorial 
product p r xp E . Therefore, the spin polarization of photoelectrons may be di- 
rected only along this vector, i.e., perpendicular to the reaction plane. 

The value of the P y component can be easily obtained from Eq. (2.152), 
taking into account expressions (1.164) for the efficiency tensors of electron spin 
e k (^) and the definition 


, _ W(Py=l)-W(Py = -l) 
y W(P y =\) + W{P y = -\) 


(2.153) 


where W(P y = ±1) is the probability (2.152) calculated with P x = P- = 0. P v = ± I 
in the spin part of the efficiency tensors (j) . The resulting expression can be 
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presented in the following form: 


t, sin2$ 

■ V 1 +/3P2(cOS 7?) 


(2.154) 


where /3 is the anisotropy parameter (2.135) and q is expressed in terms of pho- 
toionization amplitudes as follows: 


^ = 3 \/? E (-i y ,+l - J f +J ° +1 ii'jffj' 

■ hn(MijjM* Vj ,j,) / 



(/ 0 ,/' 0 | 20 ) 



f 2 

J J f 



(2.155) 


From this expression it follows that spin polarization of photoelectrons 
arises from the interference of partial photoionization amplitudes. It vanishes if 
according to selection rules, only one partial wave contributes to the cross section. 
For example, in a nonrelativistic consideration in photoionization of the ns sub- 
shell, only p - wave photoelecttons are emitted and their spin polarization is zero. 
Finally, the spin polarization is determined by the sine of the phase differences 
between the photoionization amplitudes. Thus it gives some additional informa- 
tion in comparison with the photoelectron angular distribution, which depends on 
the cosine of the phase differences. 


2.3.5. Polarization Parameters of Photoions 

Similarly to photoelecUons, the photoions produced in atomic photoioniza- 
tion can be polarized also. Their polarization state influences the angular distti- 
bution and polarization of the subsequent Auger electron emission (if inner shells 
are photoionized) or fluorescence. Both the anisotropy and polarization of the 
photoinduced Auger electtons and fluorescence were widely investigated experi- 
mentally. The interpretation of these experiments is usually based on the two-step 
approximation in which excitation and decay of the atomic system are considered 
as independent events. As will be shown in Chapter 3, the angular distribution and 
polarization of the decay products are determined by the polarization state of the 
decaying atom or ion. Thus knowledge of the statistical tensors of the photoions 
is essential for the theoretical description of these processes. 

In order to obtain the statistical tensors of the photoion, we can start again 
from expression (2. 115). As earlier, the statistical tensors of the system in the final 
state are determined by Eq. (2.117). However, now the efficiency tensor is differ- 
ent since in the case considered the photoelectron is not detected. The general 
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expression for the efficiency tensor of the final system photoion + photoelectron 
is given by Eq. (1.162): 

( Jf J J 1 

£ kq (Ufjfjj '■ OCfJfj'j 1 : f) = Y JJ'kfke (kf q f , k e q e \kq) < Jf / / > 

k f9fkeqe [kfkekj 

X % qf ( a/// ) £ ke q e (. lj,l'j ') (2.156) 

When the photoelectron is not detected, the efficiency tensor for the electron can 
be written as 


£ k eqe (jJ') = jXo8 qe o8 jf (2.157) 

Inserting Eq. (2.157) into Eq. (2.156) we obtain 

e kq (a/, a'f) = (-1 f+*f+*+Jff j^/^j e kq ( a f J f ) (2.158) 

Here we assumed that the photoion is characterized by a sharp angular momen- 
tum Jf. Now we can combine Eqs. (2.115), (2.117), and (2.158) and obtain the 
probability of registering any state of the photoion as follows: 

W= Y E {-iy' +Jf+k+j kok r Jf (koqo,k r q Y \kq) 

aa'JJ'kqk q q q kyqy 

X {j/f k} j J(> ' f \pkoq 0 (^ J o)pl y q r £ lq( a f J f) M ljJ M UJ' ( 2 ' 159 ) 

I k o ky k J 


Comparing this expression with the standard relation: 

w = Ypkq (cifjf) e* kq (ocfjf) (2.160) 

kq 


we obtain the following expression for the statistical tensor of the photoion: 

/ \ -l 


Pkq ( a fJf ) = V^/o Y Y Ak o kk y 


\ljJ 


k 0 ky 


\/47r T 


x Pk Q o( a oJo) Y ( k oqo,k r q Y \kq)pl ~^—Y^ qo (^ a ,(p a ) (2.161) 

KQ 
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where 


A kakky = V3Jokok r E (-1 Y+ J f+k+ijf 

ijJJ 1 

( Jo 1 j ) 

< Jo 1 f \ MijjMljj, (2.162) 

^ /tq ky k J 

Here we have used Eq. (2.119) for the statistical tensor of the initial polarized 
atomic state. The statistical tensor (2.161) is normalized in the standard way 
(1.49). 

Equation (2.161) can be obtained by another standard approach by applying 
the convolution formula (1.69) to the statistical tensor of the final state in pho- 
toionization given by Eq. (2.117). 

Equations (2.161) and (2.162) give the general expression for the statistical 
tensors of a photoion produced by an arbitrarily polarized photon from a polarized 
initial atomic state. In the next section we consider some particular cases, but one 
comment can be made in the general case. One can see that in expression (2.162), 
partial waves of the electron enter incoherently (i.e., I = j = /); thus there is 
no interference between different partial waves. This is a clear consequence of 
the integration over all of the directions of electron emission (the photoelectron 
is not detected) and corresponds to a taking of the trace over quantum numbers 
of an unobserved system. 

2. 3. 5.1. Unpolarized Target Atom 

In the case of an unpolarized target atom, Eq. (2.161) can be substantially 
simplified. In fact, for an unpolarized target, ko = qo = 0 and p k()0 (<XoJo) = 1 /Jo- 
Then k = ky,q = q y and 



P kq ( a f J f) = ^ 3 


L\ m uj\ 

JjJ 


-l 

A Okk Pig 


(2.163) 


where 


Aokk = (-1 y+ J '+j+ J f+ J °+'ff \ J ° k | MijjM^j, (2.164) 

We see that the polarization state of the photoion is completely determined by the 
polarization state of the photon beam and their statistical tensors are proportional. 
This can be easily understood in the context of conservation of the tensorial struc- 
ture for the set of the statistical tensors of the whole system. A similar situation 
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was discussed for atomic excitation by electrons in Section 2.2. 1 .4. As a result, 
in photoionization of an atom by an unpolarized or linearly polarized beam, the 
photoion can only be aligned, not oriented, and the rank of the tensor cannot be 
larger than 2 (in dipole approximation). Circularly polarized light can produce 
orientation of the photoion. 

An especially simple expression is obtained for an initial atom with Jo = 0. 
In this case J = J' = 1 and only squares of the dipole amplitudes determine the 
statistical tensors: 

Aokk= V3'£(-iy +Jf+k+1 '} |M /; i| 2 (2.165) 


2. 3. 5.2. Polarized Target Atom 

If the target atom is polarized (oriented and/or aligned), then in general the 
photoion is both aligned and oriented for any type of photon polarization and 
even for unpolarized light. However, the alignment and orientation of the pho- 
toion are determined by different parts of the photoionization amplitudes. More- 
over, in some kinematic conditions, alignment or orientation can vanish. To see 
it clearer, consider Eq. (2.162) for Ak Qkky coefficients. If we interchange the an- 
gular momenta J and each term in the sum over JJ’ gets an additional phase 
(— 1 )*o+*+*y. Therefore Eq. (2.162) can be rewritten in the following form: 


A kokky = V3 Jokok 7 Y J (-^ J,+Jf+k+i jy{ J j f J j, 1} 



^[1 + (_1)*0+Wy] R 


ioli] 
Jo 1 / > 

k o ky k \ 


+ [1 - ( — i)*o+*+*r] i Im (Mf jjM^j,) 


(2.166) 


If ko + k + ky is even, only the real part of the product MijjMTj, determines the 
statistical tensor of the photoion, while for odd values of ko + k+ky, the imaginary 
part of Mi jjMj iJt is essential. Consider, for example, an aligned target (ko = even) 
ionized by linearly polarized light (ky = even). The alignment of the photoion is 
determined by ReiMijjM* ^), but orientation is produced only if there is a phase 
difference between amplitudes M/,/ and Min/. If the target is oriented (ko = odd) 
and the photon beam is linearly polarized, then the orientation of the photoion is 
always proportional to the orientation of the target. The alignment of the photoion 
is influenced by the target orientation only if lm(MijjMtj,) ^ 0. Other cases can 
be analyzed in a similar way. 
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Equation (2.161) also provides the possibility of predicting the dependence 
of the photoion statistical tensors on the kinematic conditions. For illustration we 
consider alignment of the photoion produced by the circularly polarized light from 
an aligned target (k {) = 2). According to the above consideration, there is a circular 
dichroism in this case, i.e., the photoion alignment is different for right and left 
circularly polarized light. The term responsible for the circular dichroism contains 
the coefficient A 22 i- However, the circular dichroism vanishes if the alignment 
axis coincides with the photon beam direction. In fact, in this case qo = qy = 0 
(the ’-axis is along the beam), and the corresponding Clebsch-Gordan coefficient 
(20, 1 0 1 2 0) in Eq. (2.161) is zero. 


2. 3. 5. 3. Differential Statistical Tensors of Photoions 

Expression (2.161) gives the statistical tensors of the photoion when the 
photoelectron is not detected. However, in modern experiments, the photoelectron 
is often registered at a certain direction in coincidence with the ion decay products. 
For interpretation of such experiments, it is desirable to know the statistical ten- 
sors of the photoion differential with respect to the direction of the photoelectron 
ejection. To derive the necessary expression, one can use the same procedure as 
described above [Eqs. (2. 156)— (2. 16 1)] . The only difference is that instead of Eq. 
(2.157) for the efficiency tensor of a photoelectron, one has to use the general ex- 
pression (1.104) for an electron moving in the direction ( / d e ,(p e ) (we assume that 
the detector is not sensitive to the electron spin polarization). Equivalently, one 
can use Eq. (1.155) to convolute the statistical tensor of the final state (2.117) with 
the efficiency tensor of an unpolarized photoelectron [see Eq. (1.104)]. Leaving 
this derivation to the reader, we consider a simpler problem that is encountered in 
practice more often, namely, the particular case of an unpolarized target atom. 

Starting again from expression (2.115) for probability, we substitute Eq. 
(2.117) for the statistical tensor of the final state. However, here we take into 
account that the initial atom is unpolarized, thus ( ocqJo ) = Jf dk<fidq 0 0 and 

therefore 

p f kq (aJ,a'j') = (-1 ) 1+J+Jo+ % 2 {y/^pI q MijjMp fJI (2.167) 


On the other hand, the efficiency tensor includes both the photoion and the elec- 
tron, [Eq. (1.162)] where the electron efficiency tensor corresponds to an angle- 
resolved measurement by a spin-insensitive detector [Eqs. (1.104) and (1.105)]: 


1 -±= K u'n' (io,i'o\k e o) 

h>l\ 

\ l' f K I 


x 


^k e q e ($<?! *P<?) 


(2.168) 
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Substituting Eq. (2.167) and Eq. (1.162) with Eq. (2.168) into Eq. (2.115) and 
comparing the result with Eq. (2.160), we get the following expression for the 
differential statistical tensor of a photoion: 


Pkfqf{ a fJf’ n e) 


1 / An 

3(^o + l) A ,j^V 2*<+l 


(kfqf,k e q e \kq) 


x Yk e q e ($e,(pe) p1qB{k e ,kf,k) 


(2.169) 


where coefficients B(k ei k/,k) are determined as 


mk e .k f .k) = -* kfk e £ ii , !7ff(-i) J+Jo+k+j '~ 1/2 

47r n'jj'jj' 


x (/0,/'0|ifc e 0) 



r i jjo 

] k 


JfjJ) 

Jfj'J' \ MipMpjij, (2.170) 
kf k e k J 


For any particular transition, the number of coefficients B{k e ,kf 1 k) is limited by 
the conditions kf < 2Jf, k < 2, | kf — k\ < k e < ( kf + k ). 


2.3.6. Direct Double Photoionization 

Consider the direct double photoionization of an atom: 

y +A(a 0 7o) — > A 2+ (a f J f ) + e i+e 2 

We assume that the initial atom is unpolarized and the final doubly ion- 
ized atom has a sharp angular momentum Jf. Two ejected electrons are 
assumed to be detected in coincidence, and the angular correlation between 
them is studied. The formalism of statistical tensors permits one to de- 
rive the double ionization cross section in exactly the same way as that 
used for a single ionization. The only difference is that here we use the 
efficiency tensor, which describes the detection of two electrons. We as- 
sume also that the detectors are not sensitive to spin polarization of the 
electrons and no polarization characteristics of the ion A 2+ {af 1 Jf) are mea- 
sured. 

The efficiency tensor of the total system A 2+ {a.f,Jf) +e\+e 2 is calcu- 
lated according to the general rule (1.149) using the efficiency tensor of the 
ion £ kf q f {otfJf, OCfJf) = JfSkjoSqfO and that of the electron detecting system 
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£ kq (hjuhj2 : rAfiAfi '■ i) 8 iven b Y E 9- (1-179): 

e kq («/7/, (hji , hji : j) : -7; a/7/, (l[j[ , l' 2 j ' 2 : /) : 7') 

= i(-i /+/+//+H/I+A+1 



Starting from the general equation (2.1 15) and taking into account Eq. (2.150) for 
the statistical tensors of a photoexcited atom in the final state which was initially 
unpolarized, one can obtain the following expression for a triply differential cross 
section of double photoionization: 

dQ. 7eL/£ = £ A *t*2*47r{y tl (7>!,(Pl) ®F a , 2 (i? 2 ,<P2)}a- 9 p r kq (Pi,P2,P3) 

* ~ * k\k,2kq 

= Y AkfakFkfaki&Utyl, $2,(p2'* Pl,P2,P3) (2.172) 

k\k2k 


where $ 1 , <p \ , and th ■ <pi are the angles of ejection of the two electrons; 
pl r/ (P\ ■ /V 7)) is the statistical tensor describing the photon beam; the kinematic 
factor , (pi, $ 2 , <Pi\ P\ ■ Pi , Pi ) is determined by Eq. (2.123); and the dy- 

namic coefficients A klk2 k are given by the following equation: 


^k\k2 k 


(4n) : 


(—iy' + j'i+j2+ J r 

Jj’l\l[l2l' 2 

hfihfiif 


Jo {j 0 y 2 h i[ Wih 3\ hhjj-ff 


x (h o,/;o |*i0) (/ 2 o, 4 o | * 2 o) 


1 77 0 
7' 1 k 


J JJf 
ff k 


h ji \ 1 j h ji \ 
j[l[ki j\f 2 l' 2 k 2 


7t 72 7 1 
7'i 7 2 / > 
A'! k 2 k J 


x (Jf(jij 2 )j : 7 || D || 7 0 ) <7 f (/ i72)/ = 7' ||0 1| 7 0 )* 


(2.173) 


The coefficients A klklk contain the double photoionization amplitudes 


<7/(7172)7 -J\\D I |7o) 
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and we use the angular momentum coupling scheme J/ + (ji + j 2 )j = J- 

Let us discuss some properties of the angular correlation function. We note 
that the kinematic part contains bipolar spherical harmonics and formally coin- 
cides with that obtained for photoionization of polarized atoms, Eqs. (2.121) and 
(2.123). However, the physics of the two processes are obviously different and this 
is reflected in the dynamic coefficients. For example, in single photoionization, 
owing to parity conservation, the value of k is always even. The photoelectron 
partial waves are of the same parity. In double ionization, the parity conserva- 
tion determines the parity of the wave function of the electron pair, i.e., (I j + I 2 ) 
should be of a certain parity. By inspecting the Clebsch-Gordan coefficients in 
Eq. (2.173), we conclude that the summation over k\ and ki in Eq. (2.172) is 
limited by the condition k\ + k 2 = even. 

One interesting property of double photoionization can be easily obtained 
from the general expression (2.172). If the ionization is produced by circularly 
polarized light, the angular correlation function is different for the right and left 
circular polarizations, i.e., there is a circular dichroism in the angular distribution 
of photoelectrons, even for unpolarized targets. In fact, consider photoionization 
by circularly polarized light. If the ’-axis is chosen along the direction of the pho- 
ton beam, then only three components of the photon statistical tensor are nonzero: 
Poo = 1/ p [ 0 = P 3 / \/2, and p , 0 = 1 / \/6 (see Table 1.1 on p. 25), where P 3 is 
the Stokes parameter. The circular dichroism, defined as the difference between 
cross sections for right (P 3 = +1) and left (P 3 = — 1) circularly polarized light, 
can now be obtained from Eq. (2.172) as 

A = V2 £ 4; iA hk2l {Y h (0! , 91 ) ®Y k2 ( 02 , <p 2 )}io (2.174) 

k[k 2 


By analyzing the Clebsch-Gordan coefficients in A^^i, we conclude that k\ = ki 
and the double sum in Eq. (2.174) reduces to 

A= V2^nA kk i{Y k (i} u <pi)®y*( 02 ,<P 2 )} 10 (2.175) 

k 

Some general properties of circular dichroism can be obtained from this formula: 

1. Circular dichroism disappears if the direction ni = { P| , 91 } is parallel or 
antiparallel to 112 = { IP • 92 } • or if two vectors ni, n 2 and the direction of 
the photon beam are coplanar. 

2. The coefficients A^\ are purely imaginary. 

3. Integration over one of the directions, n 1 or 112 , leads to A = 0. 
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2.4. Direct Ionization by Particle Impact 

In this section we consider the process of direct ionization of an atom by 
particle impact. This case is more complicated from the point of view of kinemat- 
ics than the excitation of the atom considered in Section 2.2 since there are three 
particles in the final state: the ion, the ejected electron, and the scattered parti- 
cle. A variety of correlation and polarization experiments are possible even when 
only one particle is detected, especially if the projectile beam and/or the target is 
polarized. The angular distributions of all three particles are measured as well as 
their polarization states. (The polarization state of the residual ion, which is often 
produced in an excited state, can be determined by measuring, for example, the 
angular distribution or polarization of fluorescence.) Even more sophisticated cor- 
relation experiments are performed with the use of coincidence technique, when 
two or all three of the final state particles are detected. The formalism of den- 
sity matrix and statistical tensors is especially convenient for the analysis of such 
complicated experiments. 


2.4.1. Density Matrix for Direct Ionization in Fast Electron-Atom 
Collisions 

We begin with a general case of electron-impact ionization. Consider the 
process in which an initially polarized electron beam ionizes a polarized atomic 
target: 


e/(p/) +A( o5o/ 0 ) ->e/(p/)+et(pi)+A + (ai./i) (2.176) 

Before the collision, the target atom is in a state with the total angular momentum 
Jo while J\ denotes the total angular momentum of the residual ion A . Sets of 
other quantum numbers characterizing the atom and the ion are denoted by Oo 
and oci , respectively. The linear momenta of the electrons involved in the process 
(2.176) are denoted by p,, p/, and pi. We choose the ’-axis of the laboratory 
frame along the direction of the incident beam p, . Two electrons in continuum are 
indistinguishable except for their energies. Therefore, one cannot specify which 
of the electrons, e/ or e\, is “scattered” or “ejected.” Conventionally, that which is 
of higher energy is treated as scattered. Usually, except for some special cases, it 
cannot lead to confusion. With this reservation we denote the “scattered” electron 
by ef and the “ejected” one by e\ . The energy conservation law 

E i = E f + E 1 +e B (2.177) 

relates the kinetic energies of the incoming and outgoing electrons to the binding 
energy e B of the ejected electron in the target atom. 
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Following the same procedure as in Section 2.2. 1.1, we can write the density 
matrix of the final state in ionization using the spin projection representation: 

(aiJiMi,n f ,m |p / (p,',p/,pi)| aiJiM[,p'f,p\) 

= E ’m\ (P<>P/>Pl) 

x ( ocoJqMo | p' A \ aoJoMo } (pi\p l e \p ') (2.178) 

where p' A and p'. are the density operators describing the target atom and the pro- 
jectile electron, respectively; p p y, and // 1 are the spin projections of the incom- 
ing, scattered, and ejected electrons, respectively; and the ionization amplitude is 
denoted by 

Tm 0 h— >Mi/j ,p/p/,pip i |T| aoJoMo,pi/j i) (2.179) 

We have suppressed the spin l , of all electrons from the notations of matrix el- 
ements to shorten the expressions. Formally, the density matrix completely de- 
scribes the ionization process. Any observable in any possible experiment can be 
expressed in terms of the matrix elements (2.178). 

Consider, for example, the double differential cross section dr a /dEfdClf 
for the energy and angular distribution of scattered electrons in conditions when 
the ejected electrons are not detected. The scattered electron is described by the 
density matrix that is the trace of the density matrix (2.178) over all variables 
characterizing the residual ion and the ejected electron, including integration over 
all directions of its emission: 

(P/|p{(PoP/)|P/>= E /dQtTMo^Mj^tPnP/.Pl) 

M 0 M' 0 n i/j x 

x (aoJoMo | p' A \ ocoJoM' 0 ) (p j\p‘ e \ (2.180) 

If the detector is not sensitive to spin polarization of the scattered electrons, then 
the differential cross section can be written as a trace of the density matrix (2.180) 
over p f = p'j. 

dE dQ. f ’ <P/ ) = P p £ / r/nir MojUi ^M lM/jUl (Pi',P/,Pi) 

f f MqMq/i jfj'jMifj in f 

x ( a 0 JoM 0 | p' A | OoJoMq ) (p i\p‘ e \ 

The latter expression is valid for arbitrary polarization states of the target atom and 
the projectile. If the target atoms and the projectiles are unpolarized, Eq. (2.181) 
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simplifies to the following expression: 


d~C / « \ Pf 1 

dEfdClf Pi 2(2/o + 1) 

x E ./ dQ ‘A T M 0 i J i^M Wffll (Pi,Vf,Pi)\ 2 ( 2 . 182 ) 

MofJiMnJ i/z y 


The polarization of the scattered electrons is given by Eq. (1.92) with ac- 
count for the normalization: 


P{ = Tr(p/<y)/Tr(p{) (2.183) 

In complete analogy with the case of excitation considered in Section 2.2.2, one 
can analyze some general properties of the angular distribution and spin polariza- 
tion of scattered electrons for the case of ionization. 


2.4.2. Angular Distribution of Ejected Electrons 

As we noted in the preceding section, the terms “scattered” and “ejected” 
electrons are rather conventional. Two electrons in the final state are distinguished 
only by their energies. Therefore, the formal description of the angular distribu- 
tion and spin polarization given above for the scattered electron is valid also for the 
ejected electron. However, in practical calculations, different methods are used to 
describe fast and slow electrons. The latter are often described in the partial wave 
formalism using to advantage the fact that only a very limited number of partial 
waves contribute to the cross sections, which makes the calculations feasible. On 
the other hand, the partial wave expansion gives full advantage in the use of the 
statistical tensor formalism. In the following paragraphs we apply the angular mo- 
mentum representation of the density matrix and the statistical tensor formalism 
in order to describe the angular distribution of ejected electrons in ionization of 
polarized atoms. 

In accordance with the cases of practical interest (see Section 2.3), we as- 
sume that the polarized target atom state is axially symmetric with respect to the 
axis A, which is characterized by two angles (d n ,<p a ) in the laboratory frame. The 
latter indicates that the angular momentum density matrix of the initial atomic 
state is diagonal in the atomic frame with the z-axis directed along the axis A. 
Then the statistical tensor p^ ( ocqJq ) of the target atom may be determined in 
the laboratory frame by Eq. (2.119). 

Discussing ionization, we can use the results obtained earlier for atomic ex- 
citation by electron impact if we formally consider the subsystem A + (a\J\) + e\ 
as an excited atomic state with one electron in continuum. The only principal 
difference between this case and excitation of the discrete atomic state is that the 
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angular momentum of the subsystem A + +e\ in the final state is not fixed. Nev- 
ertheless, we can use the expression for the statistical tensor of the final atomic 
state p kq (aJ,a'J'), obtained in Section 2.2.1 [Eq. (2.60)]. In the following dis- 
cussion we assume that the detector of electrons, positioned at the angles (i} e , cp e ) 
in the laboratory frame, is not sensitive to spin polarization, and that the projectile 
electrons are not polarized. This means that k s = q s = 0 and k H) = q SQ = 0 in Eq. 
(2.60). In addition, the scattered electron is not detected and therefore k\ = qi = 0. 
Taking all this into account, one can reduce Eq. (2.60) to the following form with 
the obvious change of notations: 

P kq (ccJ,a'f) = £ £ 

Ul'ijij'i JtJfkokelfjf 

Jo ji Jf 
Jo fi J' t 

ko kg k 

X Pk 0 q 0 (aoJo) Pk e o (M') l fjf - J t \\ T II «0 Jo,liji : Jf) 
x (a'j'Jfjf : J\ I! T II OoJoM : f t )* (2.184) 


x (koq,k e O\kq) 



To obtain the cross section we have to use the standard Eq. (1.151) with the 
statistical tensors (2.184) and efficiency tensors (2.120). 

Substituting Eq. (2.1 19) for the statistical tensor of the initial state, and Eq. 
(1.101) for the statistical tensor of the orbital motion of the initial electron moving 
along the 7-axis, into (2.184) and convoluting it with the relevant efficiency tensor 
(1.171) yields the final expression, which can be cast in the form 

d~ (3 

dEd£l^ e,( P e ^ = ^ P/toO ( )^kqkk e {Yk 0 (fta,(pa) ® 1^. ( tjg , tpe ) } (2.185) 

k 0 kk e 


where p kg0 (aoJo ) are the statistical tensors of the initial polarized atom in the 
coordinate frame with the 7-axis directed along the A-axis, and 

Ak 0kke = ( -i) ke+k fo £' (-i 


VMhi'i 

aa'jj'jfjf 


x (/,0,/'0|k c 0) (h0,l[0\k0) 


ji U 2 

V i' k 
l i Ji K e 


jl h 2 \ ( 7*1 J Ji 
l'ij[kj {J'j[ k 


JO ji Jt ) 

Jo j', J't \ 
ko k e k J 


x (a/, lfjf : J t || T || aoJoJijj : J t ) 


JtJjf \ 
J' J[ k J 
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x (a'j',lfjf : J' t || T I! aoJoM ■ A)* (2-186) 

A prime at the summation sign indicates that only terms with C/.\J\ = <y.\J\ 
are included in the sum over a, a 1 . Equation (2.185) contains the tenso- 
rial products of the spherical harmonics [see Eq. (2.124)]. The reduced ma- 
trix elements in Eq. (2.186) and hence the parameters A k{)kki: include infor- 
mation on the dynamics of the process and depend on the values of pj, 
and p i, where p, and p\ are fixed in the experiment and p / depends on 
the state of the residual ion <y.\J\ in accordance with the conservation of en- 
ergy. 

Equation (2.185) is very similar to Eq. (2.121) in which the photoionization 
of polarized atoms has been considered. The difference is that here we must use 
the partial wave expansion for the incident electron instead of the fixed multipo- 
larity of the incident dipole photon as in Section 2.3 and perform a corresponding 
summation over Therefore, k e can be of high value ( k e < /, + /■), not re- 
stricted by 2 as in the case of photoionization. 

Equation (2.185) is the main result of this section. It factorizes the geo- 
metrical factor and reduces the problem to calculation of the dynamic coefficients 
Aknkk e • Note that the above consideration is also valid in the more general case 
of multiple ionization: 


e,- +A(aoJo) 


e/ + e\ + 


^(n+t)+ _|_ e2 _| \-e n +l 


(2.187) 


when only one of the electrons, e\, is detected in the final state. The only differ- 
ence is that a.\J\ should be the quantum numbers of the system in square brackets 
in Eq. (2.187). Therefore, all the above equations are valid for the reaction (2.187) 
provided the set of quantum numbers a \ , a is appropriately chosen together with 
the corresponding angular momenta couplings. 

In the triple sum (2.185) over ko , k , and k e , the range of ko is limited by 
the condition 0 < ko < 2 Jq, whereas the sum over k and k e is in principle infinite. 
However, in real calculations, the sum converges due to the diminishing contri- 
butions of higher multipoles. From the parity conservation in the amplitudes of 
Eq. (2.186), it follows that indices k and k e must have the same parity. This state- 
ment is valid both for process (2.176) and a more general process (2.187). It is 
essential only that a single electron be detected in the final state and therefore the 
identical quantum numbers of unobserved particles are contained in the bra states 
in Eq. (2.186). 

When changing primed and unprimed momenta, the expression under sum- 
mation in (2.186) changes to the complex conjugate with an additional phase fac- 
tor (-1) A '°. Therefore, A kokke obeys the relation A kokke = (-1 ) k °A* kokke and the 
coefficients with even ko are real whereas those with odd ko are imaginary. 
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Defining the generalized anisotropy coefficients 


Pkokkt 


Ak.Qkk e 

^000 


— ^kokke 


£' \(aJ-J f j f :Jt\\T\\aoJoJiji-.Jr)\ 2 (2.188) 

'fifkh 

aJJ t 


we can rewrite the general expression (2. 185) in a form that reveals the dual origin 
of the angular anisotropy: 


d 2 a 

dEdD. 


(ft) *Pe) 



1 + I (cos ft) 
*>0 


+ 47T £ 

*o>° 

kk e 



(2.189) 


Here o' s "(E) = d<J lso /dE is the “isotropic” cross section, i.e., the cross section 
for the unpolarized target integrated over the angle of ejection. The anisotropy co- 
efficient j} k is a particular case of the generalized anisotropy coefficients (2.188): 


ft — k l$0kk 


(2.190) 


The second term in the parentheses in Eq. (2.189) represents the anisotropy of the 
angular distribution due to a pure collisional mechanism, i.e., the anisotropy from 
an unpolarized target. The last term includes a combined effect of the two factors: 
polarization of the initial state and the anisotropy induced by the electron impact. 
The former factor is represented by the reduced statistical tensors J4/ <l) o(o'-<)Jo) and 
the latter by the generalized anisotropy coefficients ft 0 „ e . Among other things, 
representation (2.189) is useful because of the fundamental possibility of experi- 
mentally distinguishing the contribution from the three terms in Eq. (2.189). For 
example, only the last term in Eq. (2.189) depends on the polarization of the ini- 
tial state and in the case of polarization by laser optical pumping, its contribution 
changes as a function of the target density because of depolarization due to res- 
onance trapping. 

For isotropic targets (ko = 0), the last term in Eq. (2.189) vanishes and Eq. 
(2.189) reduces to the conventional form 


I? \ 1SO 

d-a \ 
dEdtl ) 


a iso (E) 
4 n 


1 + Yj ftft ( cos ft) 

> k> 0 / 


(2.191) 


The angular distribution (2.191) is axially symmetric with respect to the initial 
electron beam direction and in general it shows the forward-backward asymme- 
try due to the contribution of partial waves of different parity. For a polarized 



Production of Polarized States 


103 


target [see Eq. (2.189)], the axial symmetry is, naturally, broken. However, in a 
particular case of target polarization along an electron beam (i} a = % = 0), the 
angular distribution (2.189) reduces to the axially symmetric form, similar to Eq. 

(2.191) , but with coefficients depending on the degree of target polarization. 

The energy differential cross section of ionization from a polarized target, 

integrated over the ejection angle, does not coincide with ff lso because 

of the third term in Eq. (2.189), which contains terms with k = 0. The general 
expression for (t? fl ) follows from Eq. (2.189) and is of the form 

^(t? n ) = cr iso (£) ( 1+ £ :%)(ao/o)j3^(cost? a )) (2.192) 

\ k= 2 , 4 ,... / 

where 

P' k = kpm (2.193) 

In Eq. (2.192) k obeys the restriction k < 2Jq\ therefore the integrated cross section 

(2.192) is independent of and coincides with cr lso (£) for Jq < 1. When the 
atomic axis A makes the magic angle with the incident beam, the second term 
vanishes for Jq < 2. 


2.4.3. Density Matrix and Polarization Parameters of Ions Produced in 
Direct Ionization Processes 

The density matrix and statistical tensors of the residual ion characterize its 
polarization state, which determines the angular distribution and polarization of 
subsequent fluorescence or autoionization electrons (see Chapter 3). We consider 
two types of experiment: coincidence and noncoincidence ones. In the former 
type, the scattered or ejected electron is detected in a certain direction (t %,(p e ) 
with respect to the initial beam (z-axis) in coincidence with the ion decay products. 
Then the angular distribution or polarization of the decay products is determined 
by the ion statistical tensors that are differential with respect to this direction. In 
another, noncoincidence experiment only a particle (photon or electron) emitted 
by the residual ion is detected. Here its angular distribution is determined by the 
integral statistical tensors of the ion. 

The density matrix of the ion can be easily obtained from the total density 
matrix of the final state (2.178) according to the general approach [see Section 
1.1.2, Eq. (1 .38)] as a trace over unobserved variables. Suppose that both the target 
atom and the projectile beam are unpolarized. In addition, we assume that one of 
the electrons, for example, the scattered one, is detected in a certain direction by 
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a spin-insensitive detector. Then the density matrix of the ion can be written as 


<y.\J\M\ 


Pa(PoP/) at JiM[j = 


1 

2(27o+1) 


x E 

M 0 WfP 1 


d£l\ Tm om yp i (P/)P/)Pi) 


X /P ! (PoP/ Pl ) 


(2.194) 


The corresponding statistical tensors can be calculated according to definition 

(1.41): 


Pkq( a i J i',Vi,Vf) = E (- 1 ) 7 * M ' 1 (JiMuJi -M[\kq) 


x ( a\J\M\ 


Pa(PoP/) 


(2.195) 


This is the statistical tensor differential with respect to the direction of scattering 
p f. After integrating over all directions, we obtain the integral statistical tensor: 


Pkq 


(«i7i) = J dCl f p kq (aiJi;pi,p f ) 


(2.196) 


Sometimes it is convenient to expand the wave functions of electrons in 
partial waves; then the statistical tensors can be expressed in terms of ionization 
amplitudes in the total angular momentum representation. We can start again from 
expression (2.60) for the statistical tensor of the (e\ +A + ) subsystem. If the initial 
atom and the projectile are unpolarized, this expression reduces to Eq. (2.62) (we 
suppose also that the detector of electrons is not sensitive to their spin directions), 
which we can write in the considered case as follows (for a sharp initial state 
Oo/o): 


Pkq (ccJ,a'f) = £ E WVaMjfJ'fffifif 
kl'iju'i J t J 't~ kk i 

¥'M 

x (- 1 ) jr o+*+//+*+* (kq~kQ\kiq) (/ ; 0,/'0|£0) (l f Q,l' f 0\k,0) 

J J' k 

jfj'f k l )Y kiq {$sc,(psc) 


ji Jt k 


1' i' i 
'/ -If 2 

jf l f k l 


l' /' 1 

l i h 2 

ji li k 


J, J[ k 


x ( aJJfjf :Jr\\T II a Q Jo,liji : J,) 
x (a'/j'fj'f-.j; || T || oo/o, lifi-f,)* 


(2.197) 
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As was shown in Section 1.2.4, the statistical tensor of the subsystem (in our case, 
ion A + ) can be expressed in terms of the statistical tensor of the entire (e\ +A + ) 
system according to Eq. (1.69): 

p kq (JuJ I) = E {-\) J ' +h+h+k Jf{ Jx J \ k }p kq (J\j\J\J[j\J') (2.198) 

jj'ji ( J J Jl J 


Combining this expression and Eq. (2.197) one obtains 


Pkq( a i^i)=E E E JfJtf,}i}'ikkjfj'fi i i’ i lfl , f 

JJ' j\ h^ijiji JtJfkk-i 

l fWf 


^ ^ j^/ / +/i+7o+*^+7l+7y , +^ 

[J X J\ k\U' t j'i Jo \ I 

\j' J ji I \ji J, ~k j 


(kq,kO\k,q) (Z,0,Z'0 1 *0) (Z/0,Z}0|k,0) 



X ^l-iq ( i (psc) ( , Ifjf • 7/ / CCqJ q , l [ j j . 7/ j 

X (a'fjfj'f : /; II T II ocoJoJifi : /,')* (2.199) 


The integral statistical tensors can be obtained by integrating Eq. (2.199) 
over scattering angles. This gives ki = q = 0 and therefore, k = k, jf = = If- 

Taking this into account, we finally get the following expression: 

p kq {a\J\) = S q oV4n E E E 

JJ'jl U ji j\ Jfj'tlf jf 

X (— l) J+/,+/ l +Jo+Jir+J/+7' 1 -;/+l:+l/ 2 (/, 0,/,-0|/t0) 

1 j' j hlXiiJt k iljii, kj\j' j jfj 

X ( (xj, Ifjf - J t k CCqJq , Ifji . Jf j 

x <«'/, Ifjf : y; II T || OoJoJ'ij'i : J?)* (2-200) 


As would be expected when both electrons in the final state are not detected, the 
ion state is axially symmetric with respect to the initial beam direction (z-axis). 
This is reflected in the fact that only q = 0 components of the statistical tensors 
are nonzero. In addition, one can show that owing to parity conservation, the rank 
of the integral tensor can only be even. The contribution of different partial waves 
of the scattered and ejected electrons is incoherent. 




3 

Decay of Polarized States 


In this chapter we consider a broad class of processes of decay of a prepared 
quantum state, such as spontaneous emission of electromagnetic radiation (radia- 
tive decay) and Auger decay (nonradiative decay). The angular distributions and 
the polarization of the decay products, which are often studied in modern experi- 
ments, depend on the dynamics of the decay as well as the polarization properties 
of the initial decaying state. Here we consider some properties of the decay prod- 
ucts and their relation to the initial state of polarization. 


3.1. Nonradiative Decay 

3.1.1. Density Matrix and Statistical Tensors after Two-Particle Decay 
Consider the process 

A(ocaJa) — * B(oc b Jb) + b(abJb) (3.1) 

when an initial system A with the total angular momentum Ja decays into two 
parts: a residual system B with the total angular momentum J B and a “radiation” b 
with the total angular momentum J/,. As usual a A . a B . and a* are sets of all other 
quantum numbers specifying the states. Consider a heavy particle, atom or ion, as 
the residual system B. and the light particle, electron or photon, as the “radiation” 
b. Moreover, in most cases, one can consider B as a particle with an infinite mass. 
In general, Ja. J B . and Jj, may be not fixed; however, we start from a simple case 
of the decay of an atomic state with a sharp value of Ja- 

Let ( (XaJaMa | p | <XaJaM' a ) be the spin density matrix of the decaying sys- 
tem A. and p^ ^ {ocaJa) the corresponding statistical tensors. We introduce 
the decay amplitudes, i.e., the matrix elements (/ | T \ i) of the operator de- 
scribing the transition from the initial state, \i) = \ (XaJaMa), to the final state 
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I/) = | cc B J B i ttc b J b '■ JM). Now we can apply the general Eq. (1.57) to relate the 
density matrix of the system B + b to the density matrix of the initial system A: 

( a B J B , a b J h :JM\p \ a' B J ' B , a' b J' h : j'M') = £ ( a A J A M A \ p \ a A J A M ' A ) 

m a m' a 

x (a B J B , a h J b :JM\T\ a A J A M A ) ( a A J A M A \ T + \ a B J B , a' h J' h : J'M') (3.2) 

The operator T is a scalar in the space of the total angular momentum of the 
system. Applying the Wigner-Eckart theorem (A. 62) for the scalar operator: 

(a B J B , a b J b : JM \ T \ a A J A M A ) = j5jj a Smm a ( <%bJb , oc b J b : J || T || a A J A ) (3.3) 

one obtains from Eq. (3.2) the relation 

( t x b Jb i (x b J i> • JM | p | (XjjJ j’ . a h J h . J M ) &jj a &mm a 8/'j a ; .vp 

x N (a B J B ,a b J b : / || T || a A J A ) ( a B J B , a' b J b :f \\T || a A J A )* 
x ( a A J A M A | p | a A J A M' A ) (3.4) 

We have introduced the reduced decay amplitudes (a B J B ,a b J b : J \\T \\ <x A J A ). 
Using the definition (1.41) and Eq. (3.4) one can write 

Pkq i^-bJ B- 0, b J b . J , a B J, s . a h J h . J ) &J'J A Pkq ( kX \ J ,\ ) 

J A 

X (a B J B , a b J h : J || T || a A J A ) (a' B J' B , a' b J' b :f \\T || a A J A )* (3.5) 

which is a special case of Eq. (1.58). As it was emphasized in Section 1.2.3 
the final system contains the statistical tensors of the total angular momentum 
with only those ranks k and projections q which have been present in the initial 
decaying state. In other words, the type of symmetry of the whole system is 
conserved in the decay. 

3.1.2. Angular Distribution of Ejected Electrons 

Consider the angular distribution of ejected electrons in the process of 
Auger decay or autoionization: 

A*(aJ) — >A + (a f J f ) + e (3.6) 

when the detector is not sensitive to spin polarization of the electron and the resid- 
ual ion in (3.6) is not detected. To write the angular distribution, we again use the 
standard expression (1.151): 

Wa f J f ($,(p) = E Pkq (JD') 4q (J,f) 

JJ'kq 


(3.7) 
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and substitute Eq. (3.5) for p kq (, J,J ' ) and Eq. (1.171) for e kq (/,/'). We obtain 


W afJf (0,q>) = £ (-1 ) J + J f+ k - l / 2 U'jf (l0,l' 0\k0) 


u'jj' 

kq 

J jJf 
fj k 


1 J 2 
f l' k 


x(a f J f ,lj:J\\V\\ aJ)(a f Jf,l'j' :J\\V\\ aJ )* 
x Pkq ^ ^ 


(3.8) 


Here the matrix elements ( <XfJf,lj : / || V || a/) are used instead of ( 0CfJf,l j : 
J\\T\\aJ) to point out that usually, in the decay problem, one deals with the 
electron-electron interaction V. In applications, the operator V is most often the 
Coulomb interaction. 

If several final levels are not resolved by the detector, the angular distri- 
bution is an incoherent sum of angular distributions from the decays (3.6) into 
unresolved levels with different angular momenta 7/ , for example, a sum over the 
unresolved fine-structure components: 

W(d,< P )='£w af j f (0,(p) (3.9) 

a fJf 


Equation (3.8) can be written in an alternative convenient form 




>+ i 

k=2A,.. 


4 n 

2k+\ 


a k £ Akq(ocJ)Y kq ($,(p) 


q=—k 


(3.10) 


where J4k q (aJ) are the reduced statistical tensors of the decaying state and a k are 
the intrinsic anisotropy parameters for the electron emission: 


a k = N-\-\) J+J f +k ~ l l 2 J £ /?;; (/0,/'0|*0) { J „ 

U’jj 1 < J 


JjJf \ J l j\ 


J k 


x(a f J f ,lj:J\\V\\ aJ) (a f Jf,l' f : J \\V \\ aJ )* 


where 


f l' k 


(3.11) 


= ||v|| aJ) 

ij 


(3.12) 


The factor Wo is the total probability of the decay aJ — * OtfJf, integrated over the 
ejection angles. The anisotropy parameters a k (3.11) contain information about 
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the dynamics of the decay, while the tensors P^JaJ) describe polarization prop- 
erties of the decaying state. For an unpolarized decaying state (k = q = 0), the 
angular distribution is isotropic. 

In general, for a transition aJ — » OCfJf between states with a certain spin 
and parity, the ejected electron can have various total angular momenta j and 
orbital angular momenta l. Owing to parity conservation in the decay, l and l' 
are of the same parity. As a result, k is even in Eqs. (3.8) and (3.10) because of 
the property of the Clebsch-Gordan coefficient with zero projections (A. 94). The 
angular distribution (3.10) is sensitive to the phase difference between the matrix 
elements of the decay, in contrast to the integrated probability Wo, which depends 
only on the square module of the decay matrix elements. In the sum (3.11), the 
coefficients are symmetric with respect to the interchange / j —> l' j'\ therefore the 
anisotropy parameters a k may be presented as 

c x k =N a 1 £ a k (lj,l'j')Re((a f Jf,lj:J \\V || aJ) (a f J f ,l'f : J ||V || aJ )*) 

= N~ l E a k (lj,l' f) cos (Sij- 8,> j>) 

x | (a f J f ,lj : J || V || aJ) \ | ( a f J f ,l'j ' : J || V || aJ) | (3.13) 

Note that a * reduces to pure algebraic values if only one decay channel with fixed 
l and j contributes to the decay: 

a k = (-]) J + J f +k - l / 2 Jpj 2 (10,10 1*0) | J . j j Jf k J | J 2 | (3.14) 

This is realized in a case of practical importance when the final angular momen- 
tum is zero, Jf = 0. Then j J and Eq. (3.14) for the anisotropy parameters 
simplifies to 

a k = (-iy +1 / 2 jp(l0,l0\k0)l^ l ' j i 2 j (3.15) 

Let us discuss further some general properties of the angular distribution 
(3.10). It is invariant with respect to the inversion: $ — > 7T — !?, (p — ► (p + n [see 
(A. 18)] because it contains the spherical harmonics of even rank. The angular 
distribution (3.10) is not affected by the odd tensors of the decaying system; thus 
only the alignment of the initial state aJ is important for the angular distribu- 
tion, but not the orientation. The maximal complexity of the angular distribution 
is k max < 2 J. Therefore the decay of the states with J < 1 is always isotropic, 
provided parity is conserved. 

When the decaying state has an axis of symmetry, the angular distribution 
depends only on the angle t) between the symmetry axis and the direction of the 
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linear momentum of the ejected electron: 


W afJf ( 0 ) 


W 0 

An 


*max 

1 + Y a kAo ( aJ)P k (cost?) 


1=2,4,... 


(3.16) 


In this case the angular distribution includes only the Legendre polynomials 
P k (cos {}) with even k, and is symmetric with respect to the reflection in the plane 
perpendicular to the symmetry axis: $ — > n— t). (In nuclear physics this plane 
symmetry is broken for the angular distributions of electrons from /3-decay of po- 
larized nuclei due to parity nonconservation in weak interactions; the effect of 
parity nonconservation has been observed also in atomic processes, but it mani- 
fests itself in very special conditions and is extremely small.) 

Consider the decay of a state with plane symmetry and definite parity. Such 
a case may be realized, for example, in measurements of the angular distribu- 
tion of Auger electrons produced by particle impact in coincidence experiments 
where the scattered particle and the Auger electrons are measured in coincidence. 
Then the scattering plane is a symmetry plane, and according to Section 1 .4, the 
following statistical tensors are nonzero (see Table 1.2 on p. 30): A In = M \ _ i 
(imaginary), M. 20,-%21 = — -# 2 - 1,3322 = 33.2-2 (real) and so on. (Here we choose 
the z-axis along the beam and the x-axis is in the scattering plane.) As only even- 
rank statistical tensors influence the angular distribution (3.10), we immediately 
find that it can be written in the form 


Wo 


Wa f j f {p, (p) = ^ \ 1 + Y ak -%) ( aJ ) P k ( cos #) 


*=2,4,. 


+2£j^(o/)(-l)«4 

q> 0 


(cost?) COS q<p 


(3.17) 


In a particular case, if the detector is rotated in the plane perpendicular to the 
beam (as is the case in many real experiments), the angular distribution has the 
simple form 


*max 

w = y ^ x ' c ° s k( p 

k=0,2,... 


(3.18) 


If the detector is rotated in the scattering plane, the angular distribution has the 
form 

K~ma x K~ma x 

W= Y A k cos 2k 0+ Y B K sm 2K d (3.19) 

K=0 K-=l 


where the maximal power K is limited by the angular momentum of the decaying 
state (K max = J ). 
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3.1.3. Spin Polarization of Ejected Electrons 

As was pointed out in Chapter 2, there are several approaches to the problem 
of spin polarization of reaction products. The same approaches are valid for the 
decay products as well. The most straightforward and general method is to find 
the spin density matrix or the corresponding statistical tensors of the particle as a 
function of the direction of its ejection. This can be done by taking a trace of the 
total density matrix of the system after the decay over the unobserved variables. 
We use this approach here to determine the spin polarization of ejected electrons. 

The problem is to calculate the statistical tensors of the spin of an electron 
ejected in a well-defined direction n: 


Pk , 


stfs 




k s q s 


n > jP iPl n ’T' u 


(3.20) 


Expanding the electron wave function in partial waves [see Eqs. (1.97), (1.98)] 
and coupling the orbital and spin angular momenta, one obtains 


1 


p<w U ;n = E (- 1 ) 


_ If 1/2-/ 


Iml 1 n 
Up 


1 1 , 
2^2^ 


k s q s 


x (n | Im) |p | I'm' — p (/' ‘m 1 1 n ) 

= I I 


Iml'm ' jm j 1 ml ■ 
mi' J 


1 1 , 

2^2^ 


k s q s ) ( lm, -p 


■l m j 


x ( 


X p kq {Ij, I'f) Y h n (P, <p) (P, (p) 


j'ni'j (- 1)- 7 m J ( jnijj ' -m'j\kq) 


(3.21) 


In the latter equation we have used the relation (1.42) between the density matrix 
and statistical tensors as well as the explicit form of the wave function ( n | Im ) [Eq. 
(A. 25)]. After summation over p ,p',mj,m'j [Eq. (A. 91)], using the expansion 
(A. 29), and subsequent summation over mm', the statistical tensor (3.21) takes 
the form 



xK**, ki qi | k s q s ) p kq ( Ijd'f ) Yf iq , ( P, <p) 
mi 


(3.22) 
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The right side of Eq. (3.22) has a necessary tensor dimension: It contains the 
tensor product of two conjugate tensors and therefore transforms as a conjugate 
tensor of the rank k s . Now we find p kq (l j,l'j) in terms of the statistical tensors 
of the initial decaying state p kq (aJ). This may be achieved using Eqs. (3.5) and 
(1.68), which in our case have the forms 

Pkq (a f J f ,lj ■ UfJfff ■ J) = J~ 2 Pk q ( aJ ) 

x(a f Jf,lj:J\\V\\ aJ){a f J f ,l' j' :J\\V\\ aJ )* (3.23) 

and 

(UJ'f) = D-i Y+w +k Jf{j, J j * } 

x p kq ((XfJfJj : J; CCfJf,l'j' : J') (3.24) 

The resulting expression for the statistical tensor of the electron spin is obtained 
by substitution of Eq. (3.24) with Eq. (3.23) into Eq. (3.22): 

Pk s q s Qm) = E ( “ l) l+J+Jf+J ' +k kjj' if (lO,l r O\kiO) 

kik 

j'itj 

l l’ i / ||V|| aJ) (3.25) 

kl k s k J 

x ( a f J f ,l'j ' : J || V || aJ)*Y,(kq,k,q, \k s q s ) p kq (aJ)Y k * qi (t >,<p) 
mi 

The angles {) . (p characterize the direction of the electron linear momenta in the 
laboratory frame, in which the statistical tensors of the decaying system, p kq ( aJ ), 
are given. 

The spin polarization of the ejected electrons can be nonzero only if the 
initial state is polarized (oriented and/or aligned). Remember that we consider the 
case where only the ejected electron is detected. Indeed, for the unpolarized initial 
state (k = q = 0), Eq. (3.25) simplifies considerably: 

p ks q s Q; n) = ^/-Voo(^)^ I (^9)E(-l) ;+1/2 ^ 1 ^(/0,/'0|/ :i O) 

/ /' k 1 

ii ! \(a f J f ,lj:J\\V\\ aJ)(a f Jf 1 l , j:J\\V\\ aJ)* (3.26) 

2 2 J J 

Polarization of the ejected electron is described by the components of the ten- 
sor (3.26) with the rank k s = 1. However, the value of k s - 1 is possible only if 
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/' = / ± 1, as follows from the properties of the Clebsch-Gordan coefficient with 
zero projections in (3.26), i.e., / and l' are of different parity. As discussed earlier, 
this is impossible for the level aJ with definite parity and assuming parity conser- 
vation in the decay; therefore the electron ejected from an isotropic target cannot 
be polarized under the usual conditions. The result is obvious from symmetry 
considerations. If the initial system is unpolarized, then only one vector (the lin- 
ear momentum of the ejected electron) characterizes the system, from which it is 
impossible to build an axial vector (polarization). 

If the initial state of the decaying system is aligned along some direction A, 
we can choose this direction as the z-axis. Then the general formula (3.25) can 
be applied with q = 0. Consider again the spin polarization, i.e., the tensor with 
k s = 1 . From parity conservation it follows that / and /' are of the same parity 
and ki is even. Now it is easy to show that the ’-component of the polarization 
p ! o ( o ) =0. Indeed, for the aligned initial state, k = even and the Clebsch-Gordan 
coefficient, (£0, k\ 0 1 1 0) is zero. Therefore, only components p 1±1 (^) ^ 0. Since 
k\ + k s + k = odd, the 9 /-symbol in Eq. (3.25) can be nonzero only if j ^ / [see 
Eq. (A. 121)]. Therefore the spin polarization in the case of an aligned decaying 
system also is a pure interference effect. It disappears in a single-channel decay. 

Finally, choosing the reference frame in such a way that the xz-plane con- 
tains both the alignment direction and the emission direction and using Eq. (1.95), 
connecting the statistical tensors p 1±1 (\ ) with the components of the polariza- 
tion vector, we obtain P x = 0 and the only nonzero component of the polarization 
vector is P y . Thus the spin polarization of emitted electrons is perpendicular to 
the plane containing the alignment axis and the direction of electron emission. 
Spin polarization of electrons emitted from the aligned decaying state is due to 
the dynamics of decay and is connected with the phase difference between the 
decay amplitudes (see also the discussion in Section 2.1.2). This type of spin 
polarization of emitted electrons is called dynamic polarization. 

In the case of an oriented target, the spin polarization of the emitted elec- 
trons can have x- and ’-components in the chosen reference frame. In this case 
(k = 1) a nonzero spin polarization can also exist in a single-channel decay inde- 
pendently of particular decay matrix elements. The spin polarization of the elec- 
trons emitted from an oriented decaying state basically exists because of the con- 
servation of the total angular momentum and its projection (or, equivalently, the 
conservation of tensorial components for statistical tensors of the whole system). 
Therefore, the corresponding mechanism of production of the spin polarization is 
called polarization transfer. 

After integration of (3.25) over the angles of ejection, one obtains an integral 
spin polarization of the total electron flux from the decay J — > Jj: 
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x(a f Jf,lj:J\\V\\ aJ)(a f J f ,lf: J || V || aj)* p kq (aJ) (3.27) 

Exactly the same formula for the integral polarization (3.27) can be obtained di- 
rectly from the expression (1.68), which relates the statistical tensor of one of 
the two angular momenta (in our case spin) with that of their sum (total angular 
momentum): 


P*(j) =E(-iy + ' + ‘ +1/2 i/|”,‘}ft, (/;.//) 0.28) 

Substituting Eq. (3.24) with (3.23) into (3.28), one gets Eq. (3.27). This more 
elegant approach is possible when we are not interested in the dependence of 
the spin polarization on the direction of ejection. We note that the net (integral) 
spin polarization of decay electrons (3.27) can exist only if the decaying state is 
oriented ( k = 1). The aligned (k = 2) state gives zero integral spin polarization. 
Formally it follows from the property (A. 99) for the second 6 /-symbol in (3.27). 

In this section we considered the spin polarization of the ejected electrons 
as a function of the ejection angle. On the other hand, it is sometimes necessary 
to consider the angular distribution measured by a detector sensitive to spin po- 
larization of the ejected electrons. For this purpose one can follow the procedure 
outlined in Section 3.1.2 with the use of Eq. (1.169) instead of Eq. (1.171) to 
calculate the efficiency tensor of the detector. 


3.2. Radiative Decay 

3.2.1. Angular Distribution of Emitted Photons 

Consider the angular distribution of photons radiated from an excited atomic 

state: 


A* (a J) — > A{a f J f ) + y (3.29) 

By analogy to the previous case of electron emission, we start from Eq. (3.7) and 
substitute Eq. (3.5) for the statistical tensor of the final system, taking into account 
that this time the decay is due to the electromagnetic interaction. Since the final 
system contains a photon, we use Eq. (1.174) for the efficiency tensor e k 
As a result we obtain 

Wa fJf = £ (-i)^+^|^'^| e * ? (^L,yL')p, 9 (a/) 
x ( 0 CfJf,pL : J || //in, || aJ ) (afJf,p'll : J ||//i n , || aJ )* 


(3.30) 
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where H{ nt is the interaction of an atom with the electromagnetic field, p kq (aJ) 
are the statistical tensors of the decaying state, and e kq (pL.p' L') are the efficiency 
tensors of the photon detector, pL characterizing the type and multipolarity of 
the photon. In Eq. (3.30) we assume that p kq (aJ) and e kcj (pL,p'L') are given in 
a common coordinate frame. If the detector cannot resolve several lines corre- 
sponding to different final atomic states, the angular distribution is an incoherent 
sum of several contributions: 


W=Y, W »fJf (3-31) 

CtfJf 

In the following paragraphs we consider only the allowed (electric dipole) transi- 
tions. In the dipole approximation (p = p' = 0, L = l! = 1), the reduced matrix 
element of electromagnetic interaction in the photon frame is proportional to the 
matrix element of the dipole operator [compare Eq. (2.6)]. To obtain the angu- 
lar distribution of the dipole photons, we also transform p kq ( aJ ) into the photon 
frame by using Eq. (1.44). The resulting expression for the dipole radiation can 
be cast in the form 


Wo 

W afJf (q>,0,v) = ^ 


1 + Vp E a l E« et )* E^'( a/ K'« (?> ^ v') 


*= 1,2 


(3.32) 


where the efficiency tensors of the photon detector, e^ £ , are given by Eq. (1.176) 
and the reduced statistical tensors \ q (aJ) are given in a laboratory frame. The 
Euler angles <p, #,!// characterize the rotation from the laboratory to the photon 
frame; they are shown in Figure 1.2 on p. 38. The intrinsic anisotropy parameters 
for photoemission are given by 

<=V / l /( - 1) " J/+t+, {^*} < 3 - 33 > 

Table 3.1 shows the constants al for different pairs J and .1 / connected by the 
dipole transitions. In contrast to the electron emission [compare Eq. (3.11)], the 
coefficients a k are independent of the decay matrix elements because in the dipole 
approximation the photon emission always proceeds through a single channel, p = 
0. L = 1. The coefficient Wo in Eq. (3.32) represents the total radiation probability 
for the transition aJ — » a/Jp. 

If the detector is not sensitive to the photon polarization, the angular distri- 
bution of photons can be obtained from Eq. (3.32) using the efficiency tensors 

e$=2/V3; £$=^2/3 


(3.34) 
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Table 3.1. Anisotropy Parameters aj ( k = 1,2) Characterizing the An- 
gular Distribution and Polarization of Emitted Photons [see Eq. (3.33)] 


J 

Jf 

a\ 

0 ’X 

J 

Jf 

aj 

aj 

0 

1 

0 

0 

1/2 

1/2 

l/y/3 

0 

1 

0 

l/v/2 

1//2 

1/2 

3/2 

-l/2\/3 

0 

1 

1 

1/2/2 

-1/2/2 

3/2 

1/2 

V / 5/2v / 3 

1/2 

1 

2 

-1/2/2 

1/10/2 

3/2 

3/2 

l/v/15 

-2/5 

2 

1 

/3/2/2 

/7/2/10 

3/2 

5/2 

-V3/2V5 

1/10 

2 

2 

1/2/6 

— /7/2/I0 

5/2 

3/2 

V1/2V5 

V1/5V2 

2 

3 

-1//6 

l/v 7 ™ 

5/2 

5/2 

l/\/35 

-4v/2/5v/7 

3 

2 

1//3 

V3/5 

5/2 

7/2 

-V5/2V1 

1/2/14 

3 

3 

1/4/3 

-V3/4 

7/2 

5/2 

3/2\/7 

/3/2/7 

3 

4 

-v/3/4 

1/4V3 

7/2 

7/2 

1/3V7 

-2//21 

4 

3 

/5/4 

vTT/4\/7 

7/2 

9/2 

-V7/6 

/7/10/3 

4 

4 

1/4/5 

-V77/20 

9/2 

7/2 

v^U/6 

/II/2/30 

4 

5 

-1//5 

^/5vTT 

9/2 

9/2 

1/3VTT 

-4/2//I65 


in accordance with Eq. (1.176): 


W afJf {0,q>) 


Wo 
4 n 


1 + (X-> 



■%-2q(<XJ)Y 2q (&,(p) 


(3.35) 


In the dipole approximation, the statistical tensors of the decaying atom of 
rank k > 2 do not affect the angular distribution. This is true both for polarization- 
sensitive and polarization-insensitive detectors, and it is the main qualitative dif- 
ference between the angular distributions in decay with ejection of a dipole photon 
and in decay with ejection of an electron. Other properties of the angular distribu- 
tion (3.35) are similar to those of the angular distribution of the ejected electrons 
discussed in the preceding section. In particular cases, expressions (3.1 6)— (3. 19) 
are valid for the photon emission as well, with the only restriction k < 2. Natu- 
rally, coefficients a/ c in those equations should be replaced by the coefficients a/' 
determined by Eq. (3.33). For example, if the decaying state is aligned along some 
direction (chosen as the z-axis of the reference frame), the angular distribution of 
the dipole photons has the simple form 

W afJf {-&) = ^ [1 + <4 X2o(ocJ)P 2 (cos 0)] (3.36) 

Anisotropy of the angular distribution for the polarization-insensitive detector ex- 
ists only if the decaying state is aligned, k = 2. Therefore, the angular distribution 
(3.35) is isotropic for J < 1. Orientation of the decaying state, i.e., the statistical 
tensors with odd ranks, does not affect the angular distribution. For a decaying 
state with axial symmetry, Eq. (3.36) gives the angular distribution of the type 
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W ~ a + b cos 2 $, which is axially symmetric with respect to the symmetry axis 
of the initial state and also symmetric with respect to reflection in the plane per- 
pendicular to this axis. 


3.2.2. Polarization of Emitted Photons 

To find the polarization of the photons radiated in a definite direction 
($,<p), we start from the photon density matrix in the helicity representation 
({$<p},A |p | { iT, <p} , A') . First we express this density matrix in terms of the 
statistical tensors of the photon. To do so we make a transformation to the repre- 
sentation of the total angular momentum: 

({t?,<p},A |p|{t?,<p},A') = £ ({t?<p},A| pLM) 

pLM 

p'l'm' 

x (pLM | p | p'L'M') (p'L'M 1 {t?<p},A'> (3.37) 

and use Eqs. (1.122) and (1.123) together with the summation formula for the 
product of two D-functions (A. 49). We obtain 

({t>,<p},A|p|{t>,<p},A') = E £ X P X' P ' LL'(—1) L ' +1 

67r pLp'L' 
kyqy 

x (LA, 7/ -A'|L r A-A')p Mr (pL,p'L')D^ r (0,t?,9) (3.38) 

We have taken into account in Eq. (3.38) that q 7 is even (see Section 1.3.5. 2). 
The statistical tensors P/,.^,, (pL.p'L') for the emitted photon can be found by 
using Eq. (1.68), which relates them to the statistical tensors of the entire system 
“atom + photon,” and further by using Eq. (3.5) connecting the latter with the 
initial state statistical tensors, as was done in the case of electron decay [see Eqs. 
(3.23) and (3.24)] with obvious changes in notations. The resulting expression 
for the density matrix is an incoherent sum of the contributions from different 
unresolved fine-structure levels, (XfJ f. 

({t},<p},A |p|{t?,<p},A'>= £ ({$,<?}, A |p| {P,<p},A') (3.39) 

CCfJf 


where 


<{t?,<p},A Ip | {d,(p},x') UfJf 

= ^ E X p X' pf LL'(-l) J+Jf+k+9+1 (LX,L' -x'\kq) 

pLp' l! 
kq 
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x { L J L J J } Pkq (a/) D k ;_ Vq (0, 0, (p) 

x(a f J f ,pL:J\\H int \\ aj) (a f J f ,p'L ' : J || H m || aJ )* (3.40) 

Here p kq ( aJ ) are given in the laboratory frame and ( l).(p) characterize the direc- 
tion of the photon in this frame. The problem is solved: the density matrix (3.40) 
defines all polarization properties of the ejected photon. For example, the Stokes 
parameters of the radiation can be found from (3.40) using the definition (1.106): 

(A = +1 |p | A' = -1) + (A 

1 (A = +1 |p | A' = +1) + (A 
_ . (A = -1 | p | A' = +1) - (A 

2 (A = +1 | p | A' = +1) + (A 
_ (A = +ijp|A' = +l)-(A = 

3 (A = +1 |p | A' = +1) + (A = 

The denominator in Eqs. (3.41)-(3.43), which is the trace of the density matrix 

(3.40) , normalizes the photon density matrix. We perform further analysis in the 
dipole approximation. We choose the photon frame z || k [i.e., $ = <p = 0 in Eq. 

(3.40) ], and write the tensor p kq ( aJ ) in the photon frame using Eq. (1.44). Then 
Eq. (3.40) for the dipole photon takes the form 

({t?,<p},A |p I {t>,(p},A') a/// = ^ I (oc/Jf || A || aJ) \ 2 

X 'LPkq'( aJ ) D %( ( P^^) 

1 2 

= g^l ( a f J f ll^ll ^>|/- I Poo(«/) 

hv + 'fc £ a\ (l A, 1 -A'| kq) 

*= 1,2 
q 

(3.44) 

where the coefficients a* are given by Eq. (3.33). The Stokes parameters of the 
emitted photon for the transition aJ — > a/7/ in the dipole approximation follow 
from Eqs. (3.41)-(3.44): 

\fl<4 LqAiqiaJ) f D 2 * 2 (<p, 0, y/)+Df_ 2 (<p, 0, y/) 

Pi = - 1 1 (3.45) 

1 + 4 V f ZqA 2 q(CCj)Y 2q (0, <p) 


£-%(aA)T>^(<p, &,V) 

n' 



= 1 I P I A = +1) 
= — 1 1 P I A' = -1) 
= +i Ip I A' = -l) 
= -i Ip I A' = -i) 
-i|p|A / = -i) 

— 1 I P I A' = -1) 
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Pi 


Pi 


I « 2 7 *2 q (aj) D 2 *_ 2 (<p , 0 , y/) - D]l (<p, 0 ,y/) 


l + « 2 r Vf 1,-^2 g (aJ)Y 2q (#,<p) 
a\ V4n'L q PL lq (ocJ)Y lq (0, <p) 

1 + a 2 r J^l. q Pk q (aJ)Y 2q (0, <p) 


(3.46) 

(3.47) 


The denominator in Eqs. (3.45)-(3.47) is a normalized angular distribution for the 
photon emission [see Eq. (3.35)]. 

The Stokes parameter P3 depends only on the direction of the radiation, 
whereas Pi and P 2 are also functions of an angle y/. This reflects the dependence 
of the latter two Stokes parameters on the orientation of the x and y coordinate 
axes in the photon frame, as was discussed in Section 1.3. 5.1. 

Now we illustrate how to derive the polarization of the emitted photon by an- 
other approach, starting from the angular distribution (3.32). To obtain the Stokes 
parameter P3, one can use Eq. (1.109). First we obtain the intensities W+i(0, <p) 
and W_i(0,<p) by substituting in (3.32) the corresponding values of £ d | ( for the 
right and left circularly polarized light, respectively [Pi = P2 = 0, P3 = ±1, see 
Eq. (1.176)]. Then we construct the ratio (1.109): 


P 3 (!?,<p) = P e (0,<p) 


W + i(0,<p)-W-i(0,<p) 

W+i(0,<p)+W_i(0,<p) 


(3.48) 


which now depends on the emission angles (0,<p). The dependence of the in- 
tensities on the angle y/ disappears because the efficiency tensor of the detector 
has only zero projection. The ratio (3.48) takes exactly the form (3.47). To con- 
sider Pi and P2, we first define somehow an x-axis of the detector (x det ), which 
is perpendicular to the wave vector of the photon k (s det || k), by the Euler an- 
gle y/ (Figure 1.2 on p. 38). Then we calculate the angular distribution (3.32), 
with the efficiency tensors (1.176) corresponding to the linear polarization along 
the axis x det , i.e.. Pi = +1, Pi = P3 = 0. Let us call this angular distribution 
W11 (7?, <p, yr). Next we calculate (3.32) for the direction of photon polarization 
along the axis y del (Pi = — 1, P 2 = P3 = 0) and call the corresponding angular 
distribution <p, i/r). 

Now we construct the ratio 


P L {i},(p,y/) 


W\\(-&,<p,y/) + W ± (i),(p,y/) 

^(*2 ZgAiqiaJ) \d% 0, 0, yr)+D 2 *_ 2 (<p, P, vO 


1 + a 2 7 V t L, Pk q {aJ)Y 2q (0, <p) 


(3.49) 
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This coincides exactly with Eq. (3.45) for the Stokes parameter P \ , as it should 
because of definition (1.114). Expression (3.46) for Pi can be derived in a way 
similar to that for P\ , but the easiest way is to replace in Eq. (3.49) or (3.45) y/ — > 
y/ + 45° in accordance with Eq. (1.115). Then Eq. (3.46) follows immediately 
from the explicit form of the Z)-functions (A. 44). 

General expression (3.49) is simplified considerably in one important par- 
ticular case when the decaying state is aligned along some direction which we 
choose as the ’-axis. In this case, only q = 0 components of the alignment tensor 
■^kq(ocJ) are nonzero. Usually the degree of linear polarization is measured in the 
direction perpendicular to the axis of the alignment (i.e., $ = 90°, <p = 0), and 
the intensities for two directions of a polarimeter axis: parallel (antiparallel) and 
perpendicular to the axis of the alignment (i.e., y/ = 0). Then it is easy to obtain 
the following relation from Eq. (3.49): 


W||— Wx 3 a,.%)(a/) 

W||+Wx aJtyoiocJ) -2 


(3.50) 


Comparing this equation with Eq. (3.36), we see that both the anisotropy and 
linear polarization of the emitted photon are determined by the same product, 
CXj -% 2 <i( ) = /3. Therefore the measurements of the angular distribution and po- 
larization are absolutely equivalent in this case. Combining Eqs. (3.36) and (3.50), 
one can express the polarization in terms of the anisotropy and vice versa: 


P = 


3/3 

P-2 


W(i?) 


Wo 

An 



2 P 
P-3 


Pl( COS l?) 


(3.51) 

(3.52) 


These, or equivalent, equations are used, for example, for correction of the cross 
sections in experiments on atomic excitation by a particle impact [25]. 


3.3. Polarization State of the Residual Atomic System after Decay 

Let us consider the residual atomic system, A + (a/7/) or A(afJf) in Eq. 
(3.6) or (3.29), after emission of an electron or a photon, and find the statistical 
tensors of this residual system provided the particle was ejected in the direction 
n. We concentrate first on the electron emission (3.6). To calculate the statistical 
tensors of the residual atomic system, one should take the trace over the spin 
variables of the ejected particle in the final-state statistical tensor of the whole 
system. The derivation is straightforward by applying a standard technique very 
similar to that used in the derivations of Eqs. (3.25) and (3.26). According to 



122 


Chapter 3 


definition (1.41), the statistical tensors of the residual atom can be expressed in 
terms of the density matrix of the final state: 

Pk m = E (-1 Y f ~ M ' f (■ -M' f \k f q f ) 

M f M' f n 

x (^UfJfMf, n^u |p | <XfJfM' f , n^u ^ (3.53) 

Using the partial wave expansion of the electron wave function, we obtain 

Pk fqf («/■//;") = E E -M' f | k f q f ) 

MfM'j/j ll'mm! 

x (a f J f M f ,lm, \p\p \ ^ 

(3.54) 


Here i} and <p are angles that determine the direction of the electron emission. 
The general scheme of further transformations can be as follows: coupling of the 
orbital angular momentum and spin of the electron to the total angular momen- 
tum j with the projection my, use of the expansion (A. 29) for the product of two 
spherical harmonics; summation over [Eq. (A.90)]; coupling of the an- 

gular momenta of the ion core Jf and the ejected electron j into the total angular 
momentum J, and projection M,; summation over mj,m'j,Mf,M'r [Eq. (A. 91)]; 
finally, transformation of the density matrix of the total angular momentum to the 
corresponding statistical tensors. After all of the transformations, the statistical 
tensor (3.54) takes the form 


p kf q f (a f Jf, n) = ^L £ {-l) k+kf+i ' +l,2 Jtf,kjfii' (/ 0, /' 0 1 k t 0) 

n'if 

[ Jf J Jt 1 

x < JfJ'J't <n\ k f<if) 

[kfk, k J 

X Pkq ( ctfjf , Ij ■ Jt ; (XfJf, l'f ■■ J',) Yk iqi (0, (p) 


j f k 1 
r I \ \ 


(3.55) 


The statistical tensor of the final state in representation of the total angular mo- 
mentum is connected to the statistical tensors of the decaying state p kq (aJ) by 
Eq. (3.5), which takes the form 

Pkq {^fJf >0 • Jt’WfJf il j -Jf) ^JJi^JJ^Pkqi^J) ~J2 

x ( afjfjj : J || V || aJ ) ( afJfj'j ' : / || V || aJ )* 


(3.56) 
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Equation (3.55) together with Eq. (3.56) gives the desired result, which expresses 
the statistical tensor of the residual system in terms of the statistical tensors of 
the initial decaying atom, decay matrix elements, and the direction of the electron 
ejection: 

pk f9f («/^/;«) = 7^ E (_ i ) k+k f + j' +] / 2 kjj , ii' (zo/o^o) | ] r J t *' | 

u'if 

( J fj J } 

{ kf k, k j qC “ 

x(a f J f ,lj:J ||V|| aJ)(a f Jf,l'j':J\\V\\ aJ )* (3.57) 

Two particular cases of the general expression (3.57) are of interest. For an 
unpolarized initial atom (k = q = 0), Eq. (3.57) takes the form 

Pk f q f n ) = ^/ _I Poo (<*J ) Y k f q f (#> <P) 

x £ ( _ i y+jf+j+/+\ / 2 jj r it kj . 1 (io/o\k f o) { J J ‘ k { ) 

IV if V 1 2 J 

x {j/jf k j } l ' afJf - l] ; / II y II aJ ) : J II y II aJ Y ^ 3 - 58 ) 

The direction of ejection is the symmetry axis of the residual ion: After putting 
if = 0 into the spherical harmonic in Eq. (3.58), only tensors with qf = 0 survive 
[see Eq. (A. 20)]. Moreover, the odd ranks kf are not possible for the residual ion 
[as follows from the properties of the Clebsch-Gordan coefficient in Eq. (3.58)] 
provided parity is conserved in the decay. Therefore, the residual ion turns out 
to be aligned along the direction of electron emission. For Jf < 1, the final ion 
is isotropic. 

Another important case is an ensemble of the residual ions corresponding to 
all possible directions of the ejected electrons. The integration of Eq. (3.57) over 
the angles of the electron emission gives 

Pkc, ( UfJf ) = Pkc, (a/) £(- \) J+Jf+i+k 

U 

x { ^ } | <«///, lj:J\\V\\aJ)\ 2 (3.59) 


The result (3.59) includes only a square modulus of the decay matrix element and 
is insensitive to the phase difference between the matrix elements. Naturally, the 
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residual ion is characterized by the tensors of the rank k, which is not higher than 
the rank of the decaying system. 

The statistical tensors (3.57)-(3.59) can be normalized in the standard way 
for the corresponding density matrices to have the unit trace. With the normalized 
statistical tensors of the decaying system, p 00 ( aJ ) = J 1 , one finds 

Pk q = E I ( a / 7 /’ l J : J ll y I! aJ ) 

\U 

x P kq («-/) £(- 1 ) J + J f+J+ k | J jf J jf k ^ \(a f J f ,lj : J || V || aJ) | 2 (3.60) 

We turn now to the radiation of a photon with a fixed wave vector k instead 
of ejection of an electron and derive equations similar to Eqs. (3.57)— (3.59). The 
starting point now is the relation 

p kfqf (a f Jf, k) = £ (-1 - M' f \k fqf ) 

MfM'f 

A=±l 

x (otfJfMf, kA |p | afJfMf, kA) 

= I I 

M f M' PLM L 

x ( a fJ f Mf , P LM h | p | a f J f M' f , pH M' l ) (3 .6 1 ) 

The order of the principal steps of further transformations can be as follows: cou- 
pling the angular momentum of the residual atom Jf and angular momentum of 
the photon L into the total angular momentum J t with the projection M,; transfor- 
mation from the density matrix of the total angular momentum J t to the statistical 
tensors; and summation over [Eq. (A. 91)]. Then the product of 

two Z)-functions in (3.61) is expanded in terms of Z)-functions according to Eq. 
(A. 48) and the summation over is performed. The result of these rear- 

rangements is the following expression: 

p k ( a f J f -k ) - -L= £ £ (-1 ) x+L 'mxr + r' (L 1 - A, LA |* L 0) 

2\/An k=±l pLp , L , 

kk L 

( JfL'J \ 

xljfLJ \Y,(kq-k L qL\ k f q,f) p kq {o.J) Y kjqj (P,<p) 

{kfk L k j qqL 
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x (a f Jf,pL:J\\H int \\ aJ) (a f J f ,p'L' : J \\H int \\ aJ )* (3.62) 

In the dipole approximation (L = L' = 1, p = p' = 0) this expression simplifies 
to the following: 


Pkfq f (OCfJfA) = II D II aJ ) | 

[Jf 1 A 

xL&(1 + (-1)* l )(11,1-11*l0) 

< Jf 1 J > 

kk L 

\kfk L k J 

x £ {k q ,k L q L \k f q f )p kq (aJ)Y£ LqL 

(0,<p) (3-63) 

ML 


Note that due to the factor (1 + (—1)^), k^ can be only even, i.e., k^ = 0 and 


2. In addition, the 9/-symbol in (3.63) has two identical rows and therefore it is 
nonzero only if kf + k^ + k is even [see (A. 121)]. Thus kf + k is even and hence 
kf and k are of the same parity. As a result of this analysis, we conclude that after 
emission of a dipole photon, an aligned atom can be only aligned, not oriented. 
Similarly, an oriented atom produces also an oriented residual atom. 

If the initial atom is unpolarized (k = q = 0), then k^ = kf = even and the 
statistical tensors of the residual atom after emission of a dipole radiation are 

Pk fqf (a///;k) = -j= | (afJf || D |j aJ) \ 2 J~ l p m (aJ) 

x (_!)//+/+! (1 1, 1 - 1 1* /0 ) | ■ J k | Y* fqf (A cp) (3.64) 

We see that in this case the residual atom can only be aligned along the direction 
of photon emission, which is similar to the case of electron emission. 

Finally, integrating Eq. (3.63) over all emission angles gives 

Pkq (UfJf) = | (a/// || D I! aJ ) | 2 p kq ( aJ ) 



This expression illustrates the obvious physical results: If the direction of the 
emitted photon is not detected, the residual atom can have only those statistical 
tensors that were present in the initial state. The absolute value of the final state- 
normalized tensor component cannot be larger than the corresponding component 
of the initial tensor. 
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3.4. Polarization in Cascade Decay 

When a highly excited atomic or ionic state is produced, such as a va- 
cancy in a deep inner shell of a many-electron atom, the following rearrange- 
ment of the excited electronic system usually proceeds through a stepwise se- 
ries of radiative and nonradiative decay processes known as a transition cas- 
cade. This complex process results in the emission of X-ray ( fluorescence) pho- 
tons and Auger (autoionization) electrons. The multitude of decay pathways and 
the variety of processes that can occur in a highly correlated many-electron sys- 
tem contribute to the complexity of the Auger electron and fluorescence spec- 
tra. 

To overcome the difficulties in the analysis of the cascade and the re- 
sulting spectra, various coincidence techniques have been exploited, includ- 
ing coincidence measurements of any two particles (photons) emitted from 
the cascade. The highly excited atomic and ionic states formed in var- 
ious atomic processes are generally polarized (oriented and/or aligned) ac- 
cording to the dynamics and symmetry conditions of the corresponding pro- 
cesses. Therefore, electron and photon emission during the cascade evolu- 
tion is, as a rule, anisotropic. A study of angular correlations between emit- 
ted particles in coincidence experiments shows great promise as a way of un- 
raveling the complex spectra and investigating the cascade dynamics in de- 
tail. 

In addition, the evolution of the polarization characteristics of atoms and 
ions in cascades of transitions from the initial states to lower-lying levels is 
important for modern studies based on recording characteristic X-ray radia- 
tion or Auger electrons at the lowest stages of the cascade. In particular, 
one needs this information to obtain total cross sections of the processes un- 
der investigation by measuring the yield of the radiations in some fixed di- 
rections, taking into account an anisotropy in their angular distribution caused 
by possible alignment of the emitting atomic or ionic states. In this section 
we consider two problems: the angular correlations between two successive 
particles and the evolution of the polarization characteristics of atoms in cas- 
cades. 


3.4.1. Angular Correlation between Two Particles Emitted 
Consecutively 

We consider first the most general case of two successive particles emitted 
from an excited atom (ion). Here and below “particle” means either an Auger 
(autoionization) electron or a (fluorescent) photon. We assume that the atomic 
transitions occur in steps and the atomic states involved at each stage have well- 
defined total angular momentum and parity. Then the process can be represented 
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as follows: 


Ao(ccqJq) — ► Ai(ai/i) +ai( i /i) 

^A2(a2/2) +02(72) ( 3 . 66 ) 

Here A ( (a,/,),t = 0, 1,2 is an atomic (ionic) state characterized by total angu- 
lar momentum J,, and the set of all other quantum numbers denoted as a,, 
Ok(jk)ik =1,2 applies to the particle, electron or photon, with total angular mo- 
mentum jk. The initial state with total angular momentum Jo may be oriented 
and/or aligned so that it can have a nonstatistical population of magnetic substates 
which is described by the statistical tensors Pk oqo (cxoJo)- In general, all compo- 
nents of the statistical tensors with ko < 2 Jo, —ko < qo < ko can be nonzero. 

The general expression for the angular correlation function for two particles 
emitted in succession from a polarized initial state can be easily obtained by com- 
bining the results obtained in Sections 3.1 and 3.3. Owing to the assumption of 
the stepwise character of the process, we can consider each decay in the cascade 
independently. We assume that the detectors are insensitive to the polarization 
(spin) of the particles. The statistical tensors of the residual atom (ion) in the 
first decay corresponding to the emission of the particle a\ in the direction ni are 
given by Eq. (3.57). These statistical tensors determine the angular distribution 
of the second particle a 2 according to Eq. (3.10). The resulting expression, which 
gives the angular correlation function for two particles, can be presented in the 
following form: 

W(ni,n 2 )= £ GJ, k 2 k 0 Pkoqo ( a oJ 0 ) { ^ ( n 1 ) 0 l)c 2 (n 2 ) } koqQ (3.67) 

koq 0 kik 2 

where {Y^ (ni) ® 1 ^( 112 )}^ is the bipolar spherical harmonic (A. 36). 

Each term in the sum (3.67) consists of three factors. The last two factors, 
the statistical tensor and the spherical functions, are determined by the initial con- 
ditions and the geometry of the experiment. The dynamics of the decay process 
determine the first factor, the generalized angular correlation coefficient Gk { k 2 k 0 - It 
contains the amplitudes of the decay processes and angular momentum coupling 
coefficients. Owing to the assumption of the stepwise character of the process, 
each of the coefficients Gk { k 2 k 0 may be further split into two factors, one of which 
depends entirely on the first transition and the other on the second: 

G k ] k 2 k{) ^ k\ k 2 k{) (7o, 7l )A k 2 (7] , J 2 ) 

These factors are given by 

B kl k 2 ko(Jo,Ji) = (-l)*‘-*«>/o _1 /i Lc^oC/t.ji) 

jij'i 


(3.68) 
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{ J 1 j 1 Jo ) 

Ji A Jo > (Ji,7i II t || Jo) (Ji , j\ II r II _/ 0 )* (3.69) 

k 2 k\ ko J 

A k2 (Ji,j 2 ) = (-l/'+^/r 1 y c* k20 (j2,/ 2 ) 

J'2/2 

x {\ Ji *2 } (-/2,;2 11 T 11 Jl) ( J2,j ' 2 11 T 11 ^ (3 ' 70) 

Here (Jb,j || T || J a ) denotes the decay amplitude which describes a transition from 
state J a to state J/, by emission of a particle with total angular momentum j; 
Cko(jJ') are the corresponding radiation parameters (see Section 1.3). For Auger 
electrons, the radiation parameters are given by Eq. (1.105) and for dipole photons 
they are given by Eq. (1.125) (after substitution L = L' = 1, p = p' = 0). 

Since the atomic states involved are assumed to have well-defined parities, 
and parity is conserved in the decay processes, it is easy to show that only even 
values of k\ and k 2 can occur in (3.67). The values of ko and ki are limited by the 
conditions 0 < k(^ 2 ) < 2/ 0 ( 1 ). In addition, the summation in (3.67) is limited by 
the ttiangle inequality \ko — ki \ <k\ < ko + k 2 , which follows from the properties 
of the Clebsch-Gordan coefficient in the bipolar spherical harmonics. 

In general, the angular correlation pattern (3.67) is complex and difficult 
to analyze. However, by selecting the initial conditions and the geometty of the 
experiment, it is possible to simplify the pattern and therefore its analysis. For ex- 
ample, if the initial state of the cascade is aligned along some direction, which we 
choose to be the s-axis of the reference frame, and if one of the cascade particles 
is detected along this direction, then detection of the second particle will be axi- 
ally symmeUical with respect to this axis. Therefore the angular correlation will 
depend on only one polar angle, 0. This result can be easily obtained from the 
general expression (3.67). In this case the angular correlation can be expressed as 

W(t?)= Y a k P k (cos$) (3.71) 

&=even 


where 


a k = q— Y (^iO,£0|£oO) Pk 0 o(ccQJo)G klkko (3.72) 

47r *0*1 


Another case is the geometry used in practically all experiments where both 
detectors are placed in a plane perpendicular to the symmetty axis of the initial 
state (z-axis). In this case, the angular correlation function can be expressed in 
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the form: 

W(i>i,i92) Y Y GhhkoPkooittoJo) (2- 8o q ) 

lK k 0 kik 2 9=0,2,. .. 

x {kiq,k 2 -9|^oO)P^(cos!>i)(-1) 9/2 P| 2 (cos!} 2 ) (3.73) 

Here and {h are polar angles of the particles; (cos lh) are normalized asso- 
ciated Legendre polynomials defined by Eq. (A. 9). 

If the initial atomic state is unpolarized, the general expression (3.67) sim- 
plifies. Then ko = qo = 0 and k\ = k 2 \ thus Eq. (3.67) takes the form: 

W(t?)= Y MJo,Ji)MJuJ 2 )Pk(cosd) (3.74) 

£=even 

where factor is defined by Eq. (3.70) while for A^(7o,/i) one obtains 

MM) = (-1 ) /l+7 °/, Y c *koUuA) 

jij'i 

x (_1)/l { /) h * } {Jl ’ h 11 T 11 Jo) ( Jl ’ j ' 1 11 T 11 J (3 ' 75) 

Now the angular correlation function depends only on one angle, f>, the rel- 
ative angle between two directions of particle emission. This fact has a simple 
physical explanation. The initial state is unpolarized; therefore the first particle 
is emitted isotropically. However, if we fix the direction of its emission and if it 
takes a definite angular momentum from the atom, then the intermediate atomic 
state will be aligned along the direction of emission of the first particle. The an- 
gular distribution of the second particle can be anisotropic, but it will be axially 
symmetrical about the direction of the first particle, k is even; therefore the dis- 
tribution is also symmetric with respect to reflection through the & = 90° plane. 
The degree of complexity of the angular correlation function is determined by the 
condition k < (2j\,2j 2l 2J\). From this result it is clear that if any of the parti- 
cles involved or the intermediate state have angular momenta equal to 0 or , the 
angular correlation disappears, W = const. 

If one of the particles is a dipole photon, then k <2 and the angular corre- 
lation takes a familiar form [see Eq. (3.36)]: 

W(t?) ~ l + o£^ J2 A2o(aiJi)P 2 (cosd), (3.76) 

where a 2 ' " Jl = A 2 (J\ 1 J 2 )/Aq(J\,J 2 ) is the intrinsic anisotropy parameter for the 
second decay and JA 2 o(a.\J\) = A 2 (Jq,J\)/Ao(Jo,Ji) is the alignment of the inter- 
mediate state along the direction of the first particle emission. 
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3.4.2. Evolution of the Spin Density Matrix of Excited Atoms in a 
Cascade of Electromagnetic Transitions 

As was pointed out in the introduction to this section, the problem of the 
evolution of the polarization characteristics of an atom (ion) in a cascade is im- 
portant for the interpretation of many modern experiments. Here we discuss this 
problem using as an example the cascade of electromagnetic transitions. The 
usual cascade equations for the total population of the levels involved in a cas- 
cade summed over all corresponding magnetic sublevels cannot be used for our 
purpose. The same approach extended to the space of magnetic sublevels of all 
levels in the cascade is very cumbersome and difficult for practical use because of 
the large dimension of this space. Moreover, it could lead to wrong results if it is 
applied to situations where the phase relations between the population amplitudes 
of different magnetic sublevels play a role. This is, for example, the case for the 
angular correlation between two emitted characteristic X-rays, which is used in 
modern experimental studies. The problem of the alignment transfer from the ini- 
tial states of a highly excited atom or ion to its lower-lying states in the course of 
an electromagnetic cascade can be solved in an elegant way by using the method of 
recurrence relations for the statistical tensors of the states involved in the cascade. 

Let us consider the cascade of radiative transitions J n — > J n i + y in the de- 
excitation process of a highly excited atom or ion with the initial distribution Cy 
for the total (summed over the magnetic sublevels) probabilities of populating the 
atomic levels that are proportional to the total cross sections of their formation: 


C Ji ~ cry, 


(3.77) 


Let TL® c/ (Ji) be the normalized statistical tensors for these states at the same initial 
moment of the cascade. Then the statistical tensors Tf q (J n ) for all lower-lying 
states during the cascade can be obtained from the recurrence equations 


A-kq (J II ) 


C Jn 

Pj„ 




E 

£'>£„ 


X R (j' n ^Jn) Pj' n 
A,ot (J'„) Pj„ 



(3.78) 


Here, TL kq (J n ) is a normalized partial statistical tensor of the level J„ that cor- 
responds to an unobserved spontaneous radiative transition from the level J' n and 
that can be expressed in terms of the normalized statistical tensors Tf q {J' n ) of that 
level according to Eq. (1.69): 


= (- l) J '" +J " +1+k fJn y^cf J’n) 


(3.79) 


A r(J'„ — > J„) is the rate of radiative transition from the level J' n to J n and At 0 t (J' n ) 
is the total rate of transition (including the rate of Auger transitions if they are 
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possible) from the level J' n . The quantity Pj n is a population of the level which 
is found from the well-known cascade equation: 


P Jn = C Jn 


E 

e'„>e„ 


X R (J' n -*Jn) . 


(3.80) 


Summation in Eqs. (3.78) and (3.80) expands over all levels of./' taking part in 
the cascade and having energies e' greater than £„. 

An important particular case of the process considered is a cascade of deex- 
citation of highly excited atoms or ions initially formed under conditions of axial 
symmetry. Here only the statistical tensors and hence only .%) with q = 0 (the 
axial symmetry axis being taken as the quantization one) enter the problem at any 
stage of the cascade. However, the situation changes and the symmetry of the sys- 
tem is modified as soon as the photon corresponding to some intermediate stage 
of the cascade J a — » J/, + Yab is detected and the location of the detector ($y, <p r ) 
is fixed. The system, as a rule, loses its axial symmetry and is characterized by a 
new set of parameters. These can be obtained by using the same equations (3.78) 
and (3.80) with 


Cj b = 1 ; c Wh = 0 (3.81) 

which contain now, for the statistical tensors \ q {Jb) for the state | b), 

which plays the role of the initial state for the next stage of the cascade after the 
photon Y a b is detected. The tensors can be calculated using Eq. (3.63): 

~ E-^oOOE t 1 + (- 1 )* 7 ] (n.!- 1 M 

k a ky 

[ 1 h Ja ] 

X< 1 Jb Ja > (ka 0, fcy q | k h q) Y^ q (r? 7 , <p 7 ) (3.82) 

^ ky kb k a J 

Here \ a o(J a ) are the statistical tensors of the upper state | J a ) in the detected 
transition J a —> Jb + Yab ■ 
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Resonant and Two-Step Processes 


4.1. Two-Step Reactions of Excitation and Radiation Decay of 
Discrete Atomic Levels 

4.1.1. Resonance Scattering of Photons 

Consider the angular distribution of photons emitted from an atomic discrete 
or autoionizing state excited by photon absorption (see Figure 4.1 for the scheme 
of the process under consideration): 

A(a 0 /o) + 7o — >A*(aJ) — >A{a f J f ) + y (4.1) 

The processes in Figure 4.1 are often lumped together as resonance scattering of 
photons (resonance fluorescence). The second and the third ones, displayed in 
Figures 4.1(b) and 4.1(c), respectively, are processes of resonance inelastic scat- 
tering. In molecular optics, resonance inelastic scattering is known as Raman 
scattering: Figure 4.1(b) corresponds to emission of the red component, while 


aJ aj aj_ 


7o 

a,J f 


5* 


7 7 0 

r a n J 0 
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SSiAa 


(Xq Jq 

a fjf 



(a) (b) (c) 

FIGURE 4.1. Schemes of transitions in resonant scattering of photons. 
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Figure 4.1(c) corresponds to emission of the violet component in the Raman spec- 
tra. A rigorous treatment of the resonance scattering of photons is performed in the 
second-order perturbation theory of quantum electrodynamics. In our approach, 
the phenomenon is treated as a pure two-step process. Within the dipole approx- 
imation the tensor structure of the transition operator for both steps, excitation 
and decay, is the simplest, and all angular momenta involved in the phenomenon 
are fixed in an ideal case. As a result, the angular distributions and polarization 
can be exhaustively described only by methods of the angular momentum algebra 
without any dynamical evaluations. 

Assume that the atom in the final state A(afJf) in Eq. (4.1) is not detected. It 
is assumed that the statistical tensors of the initial photons yo, the initial state of the 
atom A(ao7o). and the efficiency tensors of the detector are given in the coordinate 
systems S 1 *, S lab , and S det , respectively. Combining Eqs. (3.32), (2.12), (1.41), and 
(1.50) to calculate the parameters corresponding to the absorption and emission 
stages of the process, one can obtain the general expression for the intensity of 
the photon emission in an arbitrary geometry, including polarization features of 
the atomic target A (<XoJq), the incident photon yo, and the detector of the emitting 
photons y. We will not present this rather cumbersome but straightforward general 
formula. Instead we will consider some typical cases. 


4. 1.1.1. Unpolarized Target 

For unpolarized targets, the photon frame .S -ph is convenient to take as the 
laboratory frame S lab . The reduced statistical tensors of the photoexcited state 
follow from Eqs. (2.15) and (1.50). Substituting these tensors in Eq. (3.32), we 
obtain the intensity of scattered photons: 


W(#,(p,y/)= ^ 


i + U-i) Jo ~ J '(2J+i) £ { ' ' k . 
2 *= 1,2 K'* J If 




1 1 k 
JJJq 




(4.2) 


Here pj” are the statistical tensors of the incident photon yo presented in Table 1.1 
on p. 25 and £ d |, 1 are the efficiency tensors of the detector for scattered photons [see 
Eq. (1.176)]. Expression (4.2) for the intensity of the scattered photons depends 
on the three angles that determine the direction of the photon emission ( t). (p) and 
the orientation of the x-axis of the detector frame characterized by the angle y/ 
(see Figure 1.2 on p. 38). 

Equation (4.2) shows a remarkable symmetry: It remains unchanged after 
the permutation Jq <-> Jf. This means that all correlation and polarization features 
of the red and violet components in the Raman spectra are identical regardless of 
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Table 4.1. Parameters /3 and £ of Angular Distribution and Po- 
larization in the Resonance Scattering of Photons [Eqs. (4.4) and 
(4.12)] 


Jo 

J 

Jf 

1 

P 

Jo 

/ 

Jf 

$ 

P 

0 

1 

0 

1 

-1 

3 

4 

4 

1/8 

11/40 

0 

1 

1 

1/2 

1/2 

3 

4 

5 

-1/2 

-1/10 

0 

1 

2 

-1/2 

-1/10 

1/2 

1/2 

1/2 

2/3 

0 

1 

0 

1 

0 

0 

1/2 

1/2 

3/2 

-1/3 

0 

1 

1 

1 

1/4 

-1/4 

1/2 

3/2 

1/2 

5/6 

-1/2 

1 

1 

2 

-1/4 

1/20 

1/2 

3/2 

3/2 

1/3 

2/5 

1 

2 

1 

3/4 

-7/20 

1/2 

3/2 

5/2 

-1/2 

-1/10 

1 

2 

2 

1/4 

7/20 

3/2 

1/2 

3/2 

1/6 

0 

1 

2 

3 

-1/2 

-1/10 

3/2 

3/2 

3/2 

2/15 

-8/25 

2 

1 

2 

1/4 

-1/100 

3/2 

3/2 

5/2 

-1/5 

2/25 

2 

2 

2 

1/12 

-7/20 

3/2 

5/2 

3/2 

7/10 

-7/25 

2 

2 

3 

-1/6 

1/10 

3/2 

5/2 

5/2 

1/5 

8/25 

2 

3 

2 

2/3 

-6/25 

3/2 

5/2 

7/2 

-1/2 

-1/10 

2 

3 

3 

1/6 

3/10 

5/2 

3/2 

5/2 

3/10 

-1/50 

2 

3 

4 

-1/2 

-1/10 

5/2 

5/2 

5/2 

2/35 

-64/175 

3 

2 

3 

1/3 

-1/35 

5/2 

5/2 

7/2 

-1/7 

4/35 

3 

3 

3 

1/24 

-3/8 

5/2 

7/2 

5/2 

9/14 

-3/14 

3 

3 

4 

-1/8 

1/8 

5/2 

7/2 

7/2 

1/7 

2/7 

3 

4 

3 

5/8 

-11/56 

5/2 

7/2 

9/2 

-1/2 

-1/10 


the polarization of the incident beam. This symmetry is broken, in general, for 
polarized targets. 

The angular distribution of the scattered photons follows from Eq. (4.2) after 
substituting the efficiency tensors of the detector, which is insensitive to polariza- 
tion, Ejq 1 = a/2/3, and using Eq. (A. 51): 


where 




Wo 

An 



Ep2<, ¥ 2 q (#,<P) 


P 


3 (— l) 1+y °“ / / (27+ 1) 


1 1 2 
JJJf 


1 1 2 
JJ J Q 


(4.3) 


(4.4) 


The anisotropy coefficient /3 determines the angular distribution of the scattered 
photons for an arbitrarily polarized initial photon beam. The coefficient /3 depends 
only on the values of the total angular momenta of the three atomic states involved 
in the resonance scattering (see Figure 4.1): Jo , /, and Jf. Table 4.1 presents 
the values of /I for various combinations of these quantum numbers. The table 
includes only the cases Jf > Jq because the coefficient /3 is symmetric with respect 
to the permutation Jo <-> Jf. 
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The circular component in the polarization of the incident photons has no ef- 
fect on the angular distribution (4.3) because only the statistical tensors of the sec- 
ond rank p 2 ^ determine the anisotropy of the scattered photons y. For an unpolar- 
ized initial photon beam (Pi = P 2 = P 3 = 0), we may choose the z ph -axis along the 
beam. Substituting the value of the statistical tensor for this case, p 20 (yo) = 1 /a /6 
(see column S in Table 1.1 on p. 25) in Eq. (4.3), one obtains 

W(t>,<p) = ^(l-|p 2 (cost?)) (4.5) 


For linearly polarized incident photons (Pi = 1, P 2 = P 3 = 0), we choose the z ph - 
axis along the direction of the polarization vector. Substituting now pl° Q = — 2/a/ 6 
(see column S' in Table 1.1) in Eq. (4.3), one obtains 

Wn 

W(tf,<p) = /(l+/3P 2 (cost?)) (4.6) 

4 n 

Note that to get the simplest expressions for the angular distributions in the cases 
of unpolarized and linearly polarized initial photons, we choose different coordi- 
nate frames, and the angle $ in Eqs. (4.5) and (4.6) is counted from the direction 
of the initial photon beam and from the direction of its linear polarization, re- 
spectively. The angular distribution for arbitrarily polarized initial photons can 
be easily written using Eq. (4.3) and Table 1.1. For example, in the coordinate 
frame with the z ph -axis along the incident beam, one finds for arbitrarily polarized 
initial photons with the Stokes parameters Pi , Pi (the Stokes parameter P 3 does 
not matter): 


W(t?,<p) 


% 
4 n 
Wo 
4 n 


|| (3 cos 2 t? — 1 — 3 sin 2 1 } (Pi cos2<p + Pisin2<p)) 
^ (3 cos 2 t) — 1 — 3P/ cos2A sin 2 #) 


(4.7) 


where 


A = <p - <p 0 (4.8) 

and P/, <po are given by Eqs. (1.117) and (1.118). Equation (4.7) shows that the 
angular distribution in the azimuthal angle cp depends only on A, i.e., on the az- 
imuthal angle of the detector position relative to the principal axis of the polariza- 
tion ellipse of the incident photon beam. 

The degree of polarization of the scattered photons follows from the com- 
bination of Eqs. (3.48) and (3.49) with Eq. (4.2). In the case of an unpolarized 
target, the corresponding expression for the degree of linear polarization P/ (rel- 
ative to the direction .v det , see Figure 1 .2 on p. 38) as a function of the detector 
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position takes the form (the z ph -axis is along the incident photon beam): 
P L ($,(p,\l/)= 

sin 2 # cos 2 i/r — P/cos2A(l +cos 2 $)cos2t// + 2P/sin2Acos #sin2t// 

1 — | (3 cos 2 t) — 1 — 3P/cos2Asin 2 i?) 

(4.9) 


The degree of linear polarization (4.9) is expressed in terms of the anisotropy 
parameter /3, defined by Eq. (4.4). The direction t//o of the principal axis of 
the polarization ellipse of the scattered photon is defined by the requirement 
=0 with the result 


tan 2 1 i/o = Pi 


2 sin 2A cos $ 


sin" i} — Pi cos 2 A (1 + cos 2 7?) 


The degree of circular polarization, P c , is of the form 


Pc(&,(p) = 


P 3 COS $ 


2 1 — ^ (3cos 2 # — 1 — 3P/cos2A sin 2 #) 


(4.10) 


(4.11) 


Equation (4.11) shows that the degree of circular polarization needs one more 
parameter: 


Values of c, for different transitions are presented in Table 4.1. The parameter 
E, is symmetric with respect to the permutation 7o <-> 7/, which is similar to the 
coefficient /3 [Eq. (4.4)]. A regularity is seen in Table 4.1: For transitions with 
increasing or decreasing angular momentum (7— 1 —>./—>/+ 1 or 7+1 — > 7 — > 
7—1), the angular distribution and polarization of scattered photons are the same 
and independent of 7. This follows from the relation 


(27+1) 


r 1 1 k 

[777+1 


r 1 1 k 

[777-1 


(- 1 )* 


4 

(2-k)l{3 + k)l 


(4.13) 


which can be derived from expressions for 6 /-symbols with two pairs of equal 
momenta [see (A.l 1 1) — (A. 1 16)]. The corresponding values of the coefficients are 
ft = -1/10 and % = -1/2. 

Equations (4.11) and (4.9) also define the Stokes parameters of the pho- 
ton emitted in the direction $,<p [see Eqs. (1.109), (1.114), and (1.115) and the 
discussion in Section 3.2.2] in the coordinate frame S det : 


Pi($,<P,Y) =Pl($,(P,V) 
P 2 {d,(p,\lf)=P L (d,(p,\lf + 45°) 
P 3 ($,(p) = Pc($,(p) 


(4.14) 
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FIGURE 4.2. The geometry of an experiment on resonance photon scattering (see text). 


It follows from (4.11) that the circular component of polarization can exist 
for a scattered photon only if the initial photon has nonzero circular polarization, 
P 3 / 0. The circular component of the initial photon does not affect the degree 
of linear polarization of the scattered photon (4.9). Recall that these conclusions 
were derived for the case of an unpolarized target. For an unpolarized initial 
photon beam (P\ - !\ = P 3 0), only linear polarization of the scattered photon 
(4.9) is nonzero: 


P L {&,<p,V) 



sin 2 # cos 2 1 \! 

1 — |(3cos 2 7 ? — 1) 


(4.15) 


Naturally, due to the axial symmetry of the process, Eq. (4.15) does not depend 
on the azimuthal angle <p . 

To illustrate the application of the above formulas, let us consider in more 
detail the geometry of an experiment (Figure 4.2) where the detector is positioned 
perpendicular to the initial photon beam ($ = 90°). This geometry is often used 
in practice. From Eq. (4.1 1) one finds that the circular polarization of the fluores- 
cence vanishes at this angle. Nonzero P c in measurements can reflect, for example, 
the initial polarization of the target. Equation (4.9) simplifies to the form 


Pl(¥) 


3 

4 


P cos2t j! 


1 — Pi cos 2 A 
l + §(l+3P/cos2A) 


(4.16) 


The degree of linear polarization (4.16) depends on the angle y/, which charac- 
terizes the direction of the polarimeter axis x det with respect to z lab , as shown in 
Figure 4.2. One observes the largest degree of linear polarization for y/ = jn 
(n = 0, 1,2,3), that is, for measurements of the difference between intensities of 
the photon flux and the axis of the polarimeter along and perpendicular to the 
initial photon beam. The degree of linear polarization vanishes for the angles 
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y/=!«(n= 1,3, 5, 7). This means that the intensities are the same for angles 
of the polarimeter axis that are 45° and 135° with respect to the incident beam. 
Therefore, the direction of the principal axis of the polarization ellipse coincides 
with the direction of the incident beam. The same result follows directly from 
Eq. (4.10) after putting t) = 90°. Note that the linear polarization (4.16) vanishes 
for the incident beam, which is purely linearly polarized in the direction of the 
detector (Pi — 1, A = 0). For an unpolarized target and a linearly polarized ini- 
tial beam, the photons emitted in the direction of the initial polarization are not 
polarized (Pi = Pi = P3 = 0). 

The modulation of the intensity W(xf/) as a function of the angle y/ of the 
polarimeter for the geometry shown in Figure 4.2 follows from Eq. (4.2) after 
substituting particular parameters and angles: 

Wo 

W(\jf) = — - (a + bcosly/) (4.17) 

4 n 

where the coefficients a and b are given by the relations 
8 3 

a = 1 + ^(1 + 3P,cos2A), b = - /3 (1 - P, cos2A) (4.18) 

The intensity W (y/j shows the largest modulation when the incident beam is lin- 
early polarized perpendicular to the direction of the detector (P/ = 1, A = 90°), 
while there is no modulation when the incident beam is linearly polarized in the 
direction of the detector (P/ = 1, A = 0). 

4. 1.1. 2. Polarized Target 

We assume that the statistical tensors of the target and the incident photon, 
Pk oqo (ocqJq) and p^, are both given in the laboratory frame. For this choice, a 
generalization of Eq. (4.2) can be obtained directly from Eqs. (3.32) and (2.12). 
Owing to polarization of the target, an additional term appears in the intensity of 
photons in comparison with Eq. (4.2): 

W(#,<p,t//) = W <lso) (t?,<p, !//■)+ AW($,<p,t//’) (4.19) 

where W (lS0, (7?, 9, t //) is the scattered photon flux for an unpolarized target given 
by Eq. (4.2) and 

w(is°) 9 r 1 1 k ~\ 

A W(V,cp, V ) = — — -n E •%o9o(«o^o)E(- 1 ) /+// , , T \ 

L k 0 > 0 kyk k J J ) 

% 

X <U 1 4 E (4.20) 

[k 0 k r kj w'vy 
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where Pk oqQ (aoJo) are the reduced statistical tensors of the initial atomic state. 
Owing to the property (A. 121) of 9 /-symbols, ko + ky + k = even. This relation is 
useful for predicting general features of photon scattering from polarized targets. 
For example, if the target is aligned (ko = even) and the incident photon has no 
circular component (ky = even) the scattered photons also do not have a circular 
component, regardless of the geometry of the experiment. 

Consider a simple example of application of Eq. (4.19) to the forward scat- 
tering (t? = 0°) of unpolarized photons from a polarized target with Jo = 1 /2. The 
value of ko in the additional term (4.20) is then fixed: ko= l. Using values of the 
statistical tensors for unpolarized photons from Table 1.1 on p. 25 and Eqs. (A. 44) 
and (A. 54) for the Wigner Z)-functions, one obtains 

A1 x ir) = C ^io(ooTo) (efoT (4-21) 

where C depends only on the total angular momenta J and Jf. Equation (4.21) 
shows that AW ( 7 }, <p, t/r) is nonvanishing only if the target polarization possesses 
a component P z along the incident beam and the detector is sensitive to the circu- 
lar polarization component of the radiation. Higher ranks of ko > 1 are possible 
for polarized targets with Jo > 1 / 2. Then an additional photon flux (4.20) will 
occur as a result of the alignment of the target, even for a polarization-insensitive 
detector. 

Integration of Eq. (4.19) over the scattered photon angles ($,<p) gives the 
total scattered photon flux: 


W = W 0 


l + 3/ 0 (-l 


u-H/ 0+1 y J 1 1 k 

k~t.2 \ Jo Jo J 


Pk q {aoJo){pf q r 


(4.22) 


Owing to the polarization of the target, the full expression for the scattered photon 
flux includes three incoherent terms corresponding to an isotropic target (k = 0), 
the orientation of the target ( k = 1), and the alignment of the target (k = 2). 


4.1.2. Electron-Photon Correlations in Coincidence (e,e'y) 
Experiments 

Since the early 1970s [26] the most detailed results on atomic excitation 
by electron impact have been provided by investigations of the (e.e'y) process: 
measurements of coincidences between a scattered electron and a photon emitted 
in the process: 

eo + A(ocoJo) — >■ e + A*{aJ) 

I 

A(a f J f ) + y 


(4.23) 
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FIGURE 4.3. Kinematic diagram of the (e,e'y) experiment. 


Detecting the scattered electron e fixes the scattering angle and separates, within 
the energy resolution, the excited atomic level a/, while the angular distribution 
and/or the polarization of the emitted photon y carry information on the ampli- 
tudes of the transition A (ocoJo) — » A*(aJ) between different magnetic sublevels 
of the target atom A induced by electron impact. 

The geometry of the process ( e,e'y ) is displayed in Figure 4.3. Consider 
the excitation of a well-separated atomic state aJ with a sharp value of the total 
angular momentum. The angular distribution and polarization of photons emit- 
ted from polarized atoms were considered in Section 3.2. To obtain the angular 
correlation function between a scattered electron and an emitted photon, one has 
to put into Eq. (3.35) an expression for the reduced statistical tensors Shq(ocJ) 
of the atomic state aJ excited by electron impact. The tensors tyq ( <xJ ) depend 
on the particular conditions of the excitation [the first line of Eq. (4.23)]. These 
quantities can be expressed in terms of the transition amplitudes in the represen- 
tation of projections, 7’v/ 0/ , 0 .a/,, (po>p)> or in terms of the reduced amplitudes, 
(aJ, Ij : / 1| T || CCoJoJojo : /}, according to the general prescriptions of Section 
2.2.1. For example, using Eqs. (2.53) or (2.62), the reduced statistical tensors 
.% q{ocJ ) can be found for the case of an unpolarized electron beam and atomic 
target. More general expressions (2.39), (2.41) or (2.60), (2.61) should be used 
when considering reactions with polarized electrons and/or polarized target atoms. 
As a result, Eq. (3.35), which now includes the excitation amplitudes that depend 
on scattering angle, gives the electron-photon angular correlation function. 
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Polarization of the emitted photon in the process ( e,e'y ) is considered quite 
similarly. The only difference is that Eqs. (3.45)-(3.47) should be used for the 
Stokes parameters of the photon instead of Eq. (3.35) for the angular distribution. 

Although using the above prescriptions it is simple to write general expres- 
sions for the ( e,e'y ) angular and polarization correlations in terms of the ampli- 
tudes, a general problem is a convenient representation of the angular correlation 
function and the choice of physically meaningful parameters directly related to 
the quantities observed. 

Here the symmetry features of the excitation process and/or the symmetry 
features of the excitation amplitudes are of great importance. In the above discus- 
sion we used a general approach to parameterization based on the formalism of 
statistical tensors. The statistical tensors can be further related to other parameters 
convenient for particular reactions and particular transitions (see, for example. 
Ref. 9). 


4. 1.2.1. Unpolarized Initial Electron Beam, Unpolarized Target, Electron 
Detector Insensitive to Spin Polarization 

In this simplest case, the atomic excitation process is symmetric with respect 
to the scattering plane. Taking x- and z-axes in this plane of symmetry and using 
the results of Section 1 .4.3, we find that the polarization of the angular momentum 
J of the excited atomic state (with definite parity) is characterized by the indepen- 
dent statistical tensors presented in the second column of Table 1.2 on p. 30. As 
follows from Eq. (3.35) for an arbitrary value of / > 1/2, the angular distribu- 
tion of emitted photons is characterized only by the statistical tensors of the rank 
k = 2. Therefore, only three independent real parameters, J4.2q(ocJ), -%[ (ocJ), and 
Phiio.J), or some equivalent set of three parameters, describe the (e,e' y) angular 
correlation function for arbitrary J > 1/2 and arbitrary Jq. If the z-axis is chosen 
along the incident beam, the angular correlation function can be written using the 
explicit expressions for the spherical harmonics from Table A. 3 on p. 204: 


d 2 a . „ . 1 da 

-(0,<P) = 7^ 


d£l Kr dCl v 


4 n d£l„ 


1 + aJ (3cos 2 # — 1) 


[J o > 

— \/63?2i (ocJ) sin# cos $ cos <p+ y - lArn. (ocJ) sin 2 $ cos 2 <p 


(4.24) 


where coefficients a/ are given by Eq. (3.33). The right side of Eq. (4.24) is 
normalized in such a way that after integration over angles ($, <p), the differential 
excitation cross section do/d£l sc is obtained. The angular correlation function 
(4.24) is symmetric with respect to the scattering plane and its shape is described 
by only two parameters when the detector of photons moves in only one plane. 
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For example, in the coplanar geometry, i.e., when the detector of photons moves 
in the scattering plane (<j p = 0 ,n), Eq. (4.24) takes the form 


= l>+Cco s 2(» Tr ,] 


with 


A = l + ^a% ^20 {ocJ) + (aJ)^j 


\/6 v 

C = — od 
4 A " 


1 1/2 


tan2y = — 


4^2i(«/)+( \/ -Jho(ocJ) - J%22 (ccJ) 
2A 2 i (aJ) 


/ 


yJ\&2o{aJ) - A22(aJ) 


(4.25) 


(4.26) 

(4.27) 

(4.28) 


The minus and plus signs in Eq. (4.25) correspond to <p = 0° and (p = 180°, respec- 
tively, and angle y is defined in the interval (0°, 180°). The angle y is the angle 
of tilting of the symmetry axis of the angular correlation function with respect to 
the incident electron beam. 

In the above considerations we used the collision frame displayed in Figure 
2.1. Another coordinate frame convenient for analyzing collisions is a natural 
frame with the ’-axis perpendicular to the scattering plane and the v-axis along 
the incident beam. Both frames are shown in Figure 4.4. The collision frame 
is usually better for calculations of the excitation amplitudes, while the natural 
frame is often more convenient for a general analysis of parameterization. The 
collision frame transforms into the natural frame by means of the rotation ft) = 
(tt/2, n/2, n). Statistical tensors in collision and natural frames are related by the 
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expressions 


Pkf (ocJ.a'f) = i 9 £(-l ) q '(l k qq , (|) p$ (aJ,a'f) 
q' 

Pit (“-A «'/) = E r ' ?/ 4?' (?) Pkq’ ( a/ ’ a,/ ) ( 4 - 29 ) 

<?' 

where are small Wigner D-functions (see Section A.6). It follows from 

Section 1.4.3, as well as Eq. (4.29), that in the natural frame, the three real 
independent parameters describing the (e.e'y) angular correlation function are 
$h{)(o.J), ReJ% 22 (ocJ), and Im lAnio.J). A general form of the angular correla- 
tion function in the natural frame may be derived similar to Eq. (4.24) and is of 
the form 


d 2 a , „ . I do 


dCl^dCly 


1 + a J ( (3 cos 2 1 ? - 1) 


4 n dd*. 


3 , 

- sin"# (Re 33.22 («■/) cos2(p — lmJ+> 2 (ocJ) sin2<p) 


(4.30) 


where the angles l) and cp and the reduced statistical tensors are now given in the 
natural frame. 

Consider the polarization of photons in the process ( e,e'y ). From Eqs. 
(3.45) — (3.47) and from the plane symmetry of the excitation process, it follows 
that not more than four independent real parameters describe the (e.e'y) polariza- 
tion correlation function for arbitrary J > 1/2. In the collision frame, the corre- 
sponding statistical tensors are i+L\\(aJ), +t 2 o(<xJ), -#21 (ocJ), and -% 2 ( CcJ ) ; while 
in the natural frame, an equivalent set is +Lio((XJ), Abo(ccf). R eJl 22 (ccJ), and 
lm+L 22 (ocJ). Equations (3.45)-(3.47) show that independent of the geometry of 
the process, one should investigate the circular polarization of the emitted photon 
in order to obtain information on the statistical tensor of the first rank, +L\ q (aJ). 

The usual choice is observation of the Stokes parameters of the radiation 
emitted normal to the scattering plane. In this case the detector coordinate system 
coincides with the natural frame (Figure 4.4). Hence, there is no need for any 
rotation in Eqs. (3.45)-(3.47), provided the reduced statistical tensors +k q (aJ) of 
the excited atom are taken in the natural frame. Using Eq. (A. 53) we immediately 
obtain 


Pi 


P 2 = -i 



a\ (J+22(aJ) + +k-i(aJ)) 

1 + a / J%2o(aJ) 
a\ (+L22(uJ) -+L 2 -2 (uJ)) 
l + ajjho (aJ) 


^ a\ ReJ3 22 (aJ) 

l + aj -%)(«/) 

y- aJ \mSh_2(aJ) 

1 + a\ +ko(<^J) 


(4.31) 

(4.32) 
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ft = v/s 

1 + oq Jho(ocJ) 

A general relation holds 

P 2 

tan2y = — 


(4.33) 


(4.34) 


where y is the tilt angle in the (e.e'y) angular correlation function (4.25). To 
obtain Eq. (4.34) one can transform the reduced statistical tensors in Eqs. (4.31) 
and (4.32) into the collision frame by using Eq. (4.29), apply Table A. 6 on p. 21 1 
for the D-functions, use the relations (1.133), (1.134), and compare the result with 
Eq. (4.28). Within the L.S-coupling approximation, the angle y for the excited 
atomic P state may be interpreted as orientation of the electron cloud with respect 
to the incident electron beam [9]. 

In general, the three Stokes parameters (4.31)-(4.33) are not enough to ex- 
tract all information contained in the (. e,e'y ) process with an unpolarized incident 
electron beam and an unpolarized target atom. To obtain the fourth independent 
parameter (corresponding to a statistical tensor of the second rank), one has to 
invoke data on the angular correlation function, or move the detector of polarized 
photons to another position to measure the Stokes parameter Pi and/or Pi in this 
new position. For example, the Stokes parameter P\ in the scattering plane (a P4 
parameter) is measured for this purpose by a photon detector positioned 90° with 
respect to the incident beam when the angle 0° for the polarimeter in Eq. (1.1 14) 
corresponds to the initial beam direction. Taking the relevant angles <p = 3 tt/2, 
1 } = 7t/2, y/ = n/2 in Eq. (3.45), we obtain 

a\ (3 .%) (a/) — V& Re .#22 (a/)') 

P 4 = 7 " ^ 

2 - ( a\ R20 (a/) + V6 ReJZ 22 (ocJ) 



where the statistical tensors of the excited atom are taken in the natural frame as 
in Eqs. (4.31)-(4.33). 

The above analysis of the process ( e,e'y ) with unpolarized beams with an 
electron detector insensitive to the spin polarization is general for all values of 
initial and final total angular momenta of the target Jq and J > 1/2, when four 
independent dynamic parameters exist. Further restrictions on the number of in- 
dependent parameters can follow from model approximations for scattering am- 
plitudes, e.g., L.S’-coupling, plane-wave Born approximation, and so on. 


4. 1.2.2. General Case 

The same equations [(3.35) and (3.45)-(3.47)] are valid for the angular dis- 
tribution and the Stokes parameters of an emitted photon in more general cases 
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when the incident electron beam and/or target are polarized, including the case 
when the detector of scattered electrons is sensitive to spin polarization. However, 
the plane symmetry of the excitation part in Eq. (4.23) is generally broken by 
additional directions related to the polarization states of the electrons and/or the 
target. As a result, the symmetry relations between components of the statistical 
tensors Pl^ q {aJ) of the excited atomic state A* (aJ) which were discussed in Sec- 
tion 1.4.3 are not valid. The angular distribution of the emitted photon (3.35) is 
therefore determined (for / > 1 /2) by five real parameters related to the polariza- 
tion state of the excited atom, for example. RcJHo («./), lmJ^ 22 (ocJ), ReJTi (ocJ), 
(«/), and Pfoio.J). The above components can be taken in both collision 
and natural frames. 

The Stokes parameters (3.45)-(3.47) of the emitted photon are determined 
generally (for / > 1 /2) by eight real parameters related to the polarization state of 
the excited atom. In addition to the five parameters listed above, three parameters 
from the tensor of the first rank exist: ReJ4n(a7), Im J%n(aJ), and Plio(aJ). 
The latter three parameters govern only the circular polarization of the emitted 
light [see Eq. (3.47)]. 

The statistical tensors of the excited atom are expressed in terms of the exci- 
tation amplitudes, but particular expressions now depend also on the polarization 
states of the incident electron and the target and/or on the efficiency tensors of 
the detector of scattered electrons. This provides broad possibilities for using 
the (e,e'y) experiments with polarized electrons and atoms in very detailed (at 
a level of complete experiment or perfect experiment) investigations of electron 
excitation amplitudes. Prescriptions on how to calculate the tensors Pk q (aJ) in 
particular situations were provided in Section 2.2.1. 

4. 1.2. 3. Plane-Wave Born Approximation 

For an unpolarized initial atom, one can substitute the reduced statistical 
tensors (2.71) into Eq. (3.35) and with the use of Eq. (A. 32) obtain the angular 
correlation function in the PWBA for excitation with a single contributing mul- 
tipole A: 

W afJf {fi,q>) = ^(l+/3 B (A)P 2 (cost? re )) (4.36) 

where is the angle between the direction of the momentum transfer Q and the 
direction of radiation emission: 

^ W = V f(-l)^W ( ro,M|20){"^}{"; o } (4.37) 

is the anisotropy parameter in the PWBA. The angular correlation function (4.36) 
is axially symmetric with respect to the direction of Q and symmetric with respect 
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FIGURE 4.5. Kinematic diagram for the description of the (e, e'y) process in the PWBA. 


to the plane normal to Q. For the dipole excitation (A = 1), Eq. (4.36) exactly 
coincides with the angular distribution (4.6) and (4.4) of fluorescence after photo- 
excitation of an unpolarized atom by linearly polarized light: /3 B (A = 1) = /3. The 
only difference is that in the PWBA, the emission angle is counted from the di- 
rection of the momentum transfer Q, while for photoexcitation it is counted from 
the direction of linear polarization of the incident light. 

In particular, for transitions with Jq = 0, / = 1, Jf = 0 (a typical case for 
atoms with closed shells), Eq. (4.36) yields 

w n 3 

W(t?,<p) = — -sin 2 t? re (4.38) 

Any deviation from the shape (4.38) indicates a breakdown of the PWBA. 

The formula for Stokes parameters of the fluorescence in the (e,e'y) pro- 
cess can be derived in the PWBA from Eqs. (2.71) and (3.45)-(3.47) with the 
use of an additional formula (A. 46) and other properties of the D-functions (see 
Section A. 6): 

p 3 B sin 2 i}yQCOs2y/ r Q 

1 2 P A 1 + P B (A)P 2 (cos t? 7 g) 

p_ 3* sin 2 tiyQ sin2t//yig 

2 2 P A 1 + /3 s (A )P 2 (cos t? 7 g) 

Here t jfjQ is an angle between the axis x ph and a plane defined by the direction 
of the momentum transfer Q and the direction of the radiation emission, shown 
in Figure 4.5. The Stokes parameter P3 [Eq. (3.47)] is zero due to A\ q (aJ ) = 0, 
because in the PWBA, the atomic state being excited from an unpolarized atom is 


(4.39) 

(4.40) 
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aligned but not oriented (see Section 2.2. 1.3). For the usual set of Stokes param- 
eters, P\, Pi, and P 4 of the emitted radiation [see Eqs. (4.31), (4.32), and (4.35)] 
Eqs. (4.39) and (4.40) take the form 


Pi = 

P 2 = 
P 4 = 


3/3 fi (A) 

2-/3 B (A) 

3/3 fl (A) 

2-/3 B (A) 

3/3 B (A) 

2-j3 B (A) 


cos 2 tJq 
sin2t?,2 
cos 2 


(4.41) 

(4.42) 

(4.43) 


where Hq is the angle between the incident beam and the momentum transfer Q. 

The angular distribution (4.36) and the Stokes parameters (4.39)-(4.43) of 
the photons emitted in the reaction (e, e'y) are independent of an atomic model and 
are defined only by the geometry of the process and the values of the total angular 
momenta of the initial atomic state Jo, the excited atomic state J, and the final 
atomic state after radiative decay, Jf. This statement is general within a PWBA, 
provided only a single multipole A contributes to the excitation. Equations (4.36) 
and (4.39)-(4.43) remain valid for the case of several contributing multipoles, but 
the more general anisotropy parameter fi B should be used instead of /3 B (A): 


x E 'M' (A °v A' 1 0 1 : 2 1 °) { J X J X , j o } i V ~ X M B x {Jo - J)M$ (Jo - J) (4.44) 

The reduced multipole PWBA amplitude M b (Jq — > J) is defined by Eq. (2.67). 
Equation (4.44) can be obtained in a way similar to /3 B (A), Eq. (4.37). One need 
only find the reduced statistical tensors \ q ( aJ ;Q) using the general expression 
(2.66) instead of simplified expression (2.71) and substitute ko = 0 for the unpo- 
larized target atom. 


ZMVo^J) 

X 


4.1.3. Angular Anisotropy and Polarization of Fluorescence in 
Electron-Atom and Ion-Atom Collisions 

The measurement of photon emissions from collision-excited atoms is one 
of the oldest methods of investigating excitation cross sections. This process is 
represented by Eq. (4.23), but it differs from the reaction ( e,e'y ) considered in 
Section 4.1.2, since the scattered electrons are not detected. The energy loss in the 
collision is not fixed and in general the excited atomic level can be populated, not 
only directly from the ground state, but also indirectly via radiation cascades from 
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the higher-lying levels excited by the same incident beam. This cascade vanishes 
near the excitation threshold when the incident energy is not enough to excite 
higher-lying levels. In this section we neglect the cascades and consider a well- 
isolated atomic level aJ excited by a particle impact. The angular distribution 
and polarization of photons from the level aJ can be found from Eqs. (3.35) and 
(3.45) — (3.47) after substituting the statistical tensors of the excited atom from 
Section 2.2.1 in a form convenient for the particular calculations. 

The angular distribution and polarization of photons for an unpolarized tar- 
get and an unpolarized incident particle beam take on especially simple form. 
With the quantization axis along the incident beam, statistical tensors of the ex- 
cited state with only zero projection exist [see Eqs. (2.55) and (2.63)]. Then it 
follows from Eq. (3.35) that 


We, 

W afJf {&,(p) = — (1+/3 2 P 2 (cosj))) 


where 0 2 is the angular anisotropy coefficient: 


(4.45) 


)3 2 = a 2 7 ^2o(«T) 


(4.46) 


The anisotropy coefficient (4.46) is a product of the reduced statistical tensor of 
the excited atom _T 2 o(ct7), which depends on the excitation dynamics, and of the 
anisotropy parameter a 7 , a factor that represents the radiative decay part [in the 
dipole approximation, see Eq. (3.33) and Table 3.1 on p. 117]. 

Owing to the general relation between the threshold and high-energy limits 
of the reduced statistical tensors [see Eq. (2.86)], a similar relation holds for the 
anisotropy coefficient (4.46) (within the LS-coupling approximation and neglect- 
ing the effects of a cascade of radiation, as discussed in Section 2.2. 1.4): 

02 (E » E th ) = - 1 -p 2 (E = E th ) (4.47) 

It is implied that the PWBA is valid for high energies of the incident electron. It 
follows from Eq. (4.46) that the anisotropy coefficient as a function of the incident 
electron energy changes sign at least once. 

The Stokes parameters of the fluorescence follow from Eqs. (3.45)-(3.47): 


Pi 


Pi 


sin 2 # cos2t // 

(4.48) 

1+0 2 P 2 (cost?) 

sin 2 $ sin2t// 

(4.49) 

l+0 2 P 2 (cos$) 


(4.50) 


P 3 = 0 
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where ft is the angular anisotropy coefficient (4.46). The angle y/ defines the 
direction of the axis v det with respect to the reaction plane determined by the 
directions of the incident beam and emitted radiation, as shown in Figure 4.6. 

Equations (4.45), (4.48), and (4.49) are very similar to Eqs. (4.36), (4.39), 
and (4.40), respectively. This fact illustrates the common symmetry properties of 
the processes, the coincidence experiment on the ( e,e'y ) reaction treated within 
the framework of the PWBA, and the noncoincident process with detection of flu- 
orescence regardless of any approximation. The decaying state in both cases has 
a symmetry axis. In the first case, the decaying state is aligned along the momen- 
tum transfer vector Q; in the second case it is aligned along the incident beam. As 
a result, all relations between correlation and polarization characteristics of the 
decay products are identical, as well as the general parameterizations themselves. 

When the emitted photon is detected perpendicular to the incident particle 
beam ($ = n/2 and for x det j| z, one has to put y/ = n), only the Stokes parameter 
Pi [Eq. (4.48)] is nonzero: 


Pi 


3ft 
ft - 2 


(4.51) 


Equations (4.45), (4.48) and (4.49) show that the polarization and angular distri- 
bution of fluorescence are directly related to each other. To stress this fact, one 
can combine Eqs. (4.45) and (4.51), for example, in the form 

W(t?) =W(90°)(1-Pi cos 2 !?) (4.52) 


Relations similar to (4.51) and (4.52) are valid within the PWBA for the coinci- 
dence (e,e'y) process (see Section 4. 1.2. 3). In this case, however, the angle $ is 
counted from the direction of the momentum transfer Q instead of the direction 
of the incident beam. 



Resonant and Two-Step Processes 


151 



(a) (b) 

FIGURE 4.7. Kinematic diagrams and schemes of the transitions for inelastic (a) and corresponding 

superelastic (b) scattering. 

4.1.4. Superelastic Scattering on Laser-Excited Polarized Atoms 
A process 


e + A ( ccJ ) — > eo 4- A^ccqJq) (4.53) 

in which an incident electron gains energy from an excited target atom, deexciting 
the atom into its lower-lying state, is called superelastic scattering. Superelastic 
scattering can be considered as a process reverse to inelastic scattering: 

eo -l-A(cto/o) — * e 4- A (ocJ) (4.54) 

Figure 4.7 shows a scheme for both processes, (4.53) and (4.54), together with the 
collision coordinate frame. In practice, the excited polarized atomic targets for 
superelastic scattering experiments are usually prepared by laser optical pumping 
[27] (see Section 5.1). 

Since the Hamiltonian of the system atom + electron is invariant with respect 
to time reversion, the amplitudes of inelastic scattering (4.54) and superelastic 
scattering (4.53) are rigorously connected 

(ocqJoMo, -po p o\T\ aJM, p p ) 

= (-1/0+M0+1/2+P0+./+M+1/2+P (aj-M^-p \T\ aoJo-Mo,po-po) 

(4.55) 

Here po and p are linear momenta of the incoming and scattered electrons in the 
process (4.54), while — p and — po are those in the reverse process (4.53). Equa- 
tion (4.55) provides a basis for all further connections between the characteristics 
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of inelastic and superelastic scattering and shows that both processes can be, in 
principle, described by a common set of parameters. 

A general procedure for reducing the problem of superelastic scattering to 
the problem of reverse inelastic scattering is as follows: Let us write a detection 
probability after superelastic scattering in a standard form (1.141): 

W = Tr(p°e°) (4.56) 

Here p° is the density operator for the system atom + electron after superelastic 
scattering and e° is the efficiency operator of the detectors. Expressing p° in terms 
of the density operator p before superelastic scattering by Eq. (1.24), p° = T pT + , 
and using the time reversion relation (4.55) for the amplitudes and invariance of 
the density and efficiency operators with respect to inversion, we obtain 

^ Y ^0+^0+^- j'+Mq— m'q+m— m'+h Q—fj q +/i —fj ' 

o 
/ 

0 

xr\(aJ-M, p-p \T\ oqJo-M q ,po~po) 

x (a'J 1 -M', p-p' |r + | a' 0 J' 0 — Mq, po — p o)* 

x ( a' 0 J' 0 M' 0 ,poiu o | e° | a 0 J 0 M 0l p 0 p 0 > (4.57) 

where I] = n Q n' Q nn' is the product of internal parities of the corresponding atomic 
states. Normally rj = 1. All factors in Eq. (4.57) should be taken in the com- 
mon coordinate frame. General Eqs. (4.57) and (4.58) provide a basis for further 
simplifications. 

Consider, for example, the probability of the superelastic scattering of un- 
polarized electrons from a laser-excited polarized atom A* (aJ) when the detector 
of the scattered electrons eo in Eq. (4.53) is not sensitive to their spin state and 
the polarization of the final atomic state A(ocoJo) is not detected. Substituting into 
Eq. (4.57) the density matrices ( 1 .40) for unpolarized electrons and unpolarized 
atoms, we obtain 


E E 

aJMu Oq J 0 M t 
a'j'M'u ' , J 


w= V (-i y-f+M-M' 

act'jj' 

MM' 


E (Po , p) T Mm (Po ) P) 

. °0 J 0 


X 


aJ -M 


-las 


a'J’ -M') 


= E (aJM\p\ a'j'M')(aJ-M 

aa'jj' 

MM' 


-las 


a'J' -M') 


(4.58) 
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or, equivalently. 


W= E (4.59) 

aa'jf 

kq 


Here we used the short notation (2.40) for the transition matrix elements and ap- 
plied Eq. (2.44). The density matrix (aJM | p las | a'J'M ') and the corresponding 
statistical tensors pj_ as (aJ. a'J') describe the polarization of the laser-excited state 
A* ( aJ ) in the process (4.53) under the condition that neither the incoming electron 
nor the target atom A(ao/o) are polarized and the detector of the inelastically- 
scattered electrons is not sensitive to their polarization (this case was discussed 
in Section 2.2.1). We introduce the superscript “las” to distinguish the density 
matrix and the statistical tensors of the laser-excited state from the density ma- 
trix ( aJM |p | a'J'M’) and the statistical tensors p kq (aJ,a'J') of the same state 
A*(aJ) excited by electron impact in inelastic scattering (4.54). Introducing the 
reduced statistical tensors (1.50) and using the normalization of the probability 
(4.56) to the cross section, we obtain 

/VrrOso) 

= dn E (4-60) 

aa'JJ' 

kq 


Here the cross section do 1 '™ 1 /dCl corresponds to the superelastic differential cross 
section from an unpolarized (isotropic) atom, i.e., when only the monopole term 
with k = 0 contributes to the sum at the right side of Eq. (4.60). Equation (4.60) 
expresses the cross section of superelastic scattering in terms of the amplitudes 
(po,p) of the reverse inelastic scattering. 

From Eq. (4.60) it follows that only those tensor combinations kq of the ex- 
citation amplitudes contribute to the superelastic cross section which are contained 
in the laser-excited, polarized, initial atomic state. This opens up the possibility 
of measuring different bilinear combinations of excitation amplitudes by chang- 
ing the conditions of the laser optical pumping before the superelastic scattering. 
Equation (4.60) relates the differential cross section of the superelastic scattering 
from a polarized target to the reduced statistical tensors \ q (aJ ,a! J') observed 
in the coincidence ( e,e'y ) experiment (see Section 4.1.2), but with two impor- 
tant complements. First, owing to the dipole character of the emitted photon, the 
( e,e'y ) correlation experiment yields information for only a limited set of statis- 
tical tensors J^ q (aJ ,a' J') of the excited atom up to the rank k = 2 (see Section 
4. 1.2.2). Often this is not complete information on the polarization state of the 
collisionally excited atom and part of the information on the excitation amplitudes 
can be missed. In contrast, laser optical pumping with a large number of absorp- 
tion and radiation events overcomes this restriction, and tensors 2Ak q {aJ) with 
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much higher ranks of k can be in principle investigated. Second, the electron- 
atom excitation cross sections usually decrease rapidly with an increase in the 
scattering angle. Thus it is difficult to perform the coincidence (e,e'y) experiment 
in this kinematic region because of poor statistics. Superelastic scattering, which 
does not need the coincidence techniques, is a good alternative for this case. 

Although we implied that the angular momentum J in Eqs. (4.59) and (4.60) 
is the angular momentum of the electronic shell, it may be of an arbitrary na- 
ture. For example, for atoms with nonzero nuclear spin, laser optical pumping 
can select hyperfine levels. Then Eq. (4.60) is valid for the statistical tensors of 
the total angular momentum F = J + 1, where I is the nuclear spin. Neverthe- 
less, Eq. (4.60) still holds for the angular momentum of the electronic shell J if 
the transition operator T does not operate on the nuclear variables. [This can be 
shown rigorously, starting from the general Eq. (4.56) (where the trace over nu- 
clear quantum numbers is included) and using the conservation of the nuclear spin 
I and its projection during the excitation.] In the latter case, the statistical tensors 
Ptq ( <y -J ■ u'J') of the angular momentum of the electronic shell should be calcu- 
lated from the known statistical tensors of the hyperfine levels with the help of 
the trace procedure (1.69): 


p} a 9 s (a/, a'/) = £ (- 1 f+i+J+kpp, | ^ £ * | pi- (JIFJIF') (4.61) 

(we assumed that a certain isotope with nuclear spin I is excited by the laser 
optical pumping). 

For the case when the total spin S, of the system atom + scattering elec- 
tron is conserved during the collision (Percival -Seaton hypothesis) [28], one can 
make further simplifications of Eq. (4.60). Consider transitions between multi- 
plet atomic states with fixed orbital angular momenta Lq and L and spins ,S'o and 
S. Transforming the transition matrix elements in Eq. (4.57) to the representa- 
tion of the total spin S, and total orbital angular momentum L t , assuming that 
the T -operator conserves the total spin S t and its projection, and performing the 
necessary summations, we arrive at the expression 

^ (4-62) 

Here the statistical tensors of the orbital angular momentum L of a laser-excited 
atom can be found from the statistical tensors (4.61) of the angular momentum 
J by Eq. (1.69). 

Note that although the general form of the cross section for superelastic 
scattering looks similar in different cases [see Eqs. (4.60) and (4.62)], in fact, 
it can show very different behavior as a function of the polarization state of the 
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laser-excited target. This is because the largest rank k in the statistical tensors is 
determined by different triangle inequalities. 

Using Eqs. (4.56) or (4.57) and proceeding in analogy with the above deriva- 
tions, one can obtain more general relations for the cross section of superelastic 
scattering when the incident electron beam is polarized and/or a spin-sensitive 
detector is used. For example, within the Percival-Seaton hypothesis, the supere- 
lastic scattering intensity in the case of an incident polarized electron beam can 
be written in the form 


W = £ £(- 1 y+ s >+ s +' /2 jf 

JJ' kk s t 


sss , 


S S k, 1 
JJ'k\ 

LL t J 


x £ k s q s 1 1 t) p}* s ( aJ , a'J 1 ) p hqs - 

qq s t 



(4.63) 


where the statistical tensor p k ^ (^) characterizes polarization of the incident elec- 
tron e in the process (4.53). The statistical tensor pf T ( L ) describes polarization of 
the orbital angular momentum L of the atomic state A*(LS) excited by electron 
impact due to the scattering channel with the total spin S r [compare with Eqs. 
(2.46) and (2.44)]: 


p?>(L)=S} £ (-1)^' 
m l m' l 


'-(LM l ,L-M' l rr) £7) 


Mi 


L 0 


t rrSt* 

M La 


(4.64) 


Here a brief notation for the amplitudes is introduced: 
t m Lo ^m l = (oLMl, S t M s „ p | T | aoL Q M Lo , (s 0 ^J S t M s „ p<^ (4.65) 


4.2. Two-Step Reactions of Ionization and Decay 

4.2.1. Electromagnetic Radiation from Ions Produced in Direct 
Ionization Processes 

When an ion is produced in an atomic collision or by photoionization, it 
is usually excited and can subsequently radiate a photon. In this section we dis- 
cuss the angular distributions and polarization of emitted photons. If the ion is 
produced by particle impact, the entire process can be presented as 

Gi T A(ctQTo) — * a/ P A( 0:7) T e\ 

^A + (a f Jf)py 


(4.66) 
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If the primary beam is a photon beam, then the process is 

Yi+A(aoJo) — > A + (a7) + e ph 

UA + (a/7/) + y (4.67) 

A typical example of such processes is generation of X-rays in inner-shell 
ionization; another example is photon emission in ionization with excitation of 
the outer atomic shell. Usually the collision time is much shorter than the lifetime 
of the excited ionic state. Consequently, a two-step approach can often be used to 
describe the whole process. Within the framework of the conventional two-step 
model, the ion produced in the ionization step is in a well-defined quantum state 
that may be characterized by the density matrix or statistical tensors. The polar- 
ization state of the ion is determined by the preceding ionization process. In turn it 
determines the angular distribution and polarization of the decay products. Thus 
we can expect that the coefficients that determine the anisotropy of the angular 
distribution and polarization will depend on the characteristics of both the ioniza- 
tion and the decay. On the other hand, in the spirit of the two-step model, we can 
consider each step independently. In the following discussion we always assume 
that the target atom is unpolarized. 

4.2. 1.1. Angular Distribution and Polarization of Photons Generated by 
Particle Impact 

Consider the photon production in the ionization process (4.66) induced by 
an unpolarized particle beam. If only photons (for example. X-rays) are detected 
and the detector is not sensitive to their polarization, then the angular distribution 
is axially symmetric with respect to the initial beam (which we choose as the 
7-axis) and is determined by Eq. (3.36); 

W(t>) = ^[l + /3P 2 (cost>)] = ^[\ + al* 2 o(aJ)P 2 { C osn (4.68) 

where the intrinsic anisotropy parameters ai are determined by Eq. (3.33). The 
alignment parameter HzoiocJ) can be calculated as outlined in Section 2.4.3, 
Eqs. (2.194)-(2.196) or equivalently, Eqs. (2.199) and (2.200). Combining Eqs. 
(2.194)-(2.196) with the definition (1.50), we obtain 

-%)(«/)= £(-l) J - M ' ( JM , J ~ M '\20) 

MM’ 

xjdtlfj rffl! Y, 

Mon w ft* i 
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X / 





MQUiVfVlM 


-1 


(4.69) 


(The notations are the same as in Section 2.4.3.) The factorization of the 
anisotropy coefficient /3 is a direct consequence of the two-step character of the 
process. We see that the alignment parameter is determined only by the ionization 
step of the process, while the anisotropy parameter depends only on characteris- 
tics of the second (decay) step. 

From symmetry arguments (see the discussion in Section 3.2.2) it is clear 
that in the case considered the photons can be only linearly polarized. The general 
expression for linear polarization of the decay photons is given by Eq. (3.49). This 
expression simplifies considerably if one takes into account that in this case only 
a q = 0 projection of the alignment tensor can be nonzero. Then the degree of 
linear polarization measured in the direction perpendicular to the initial beam is 
determined by Eq. (3.50): 

r _ 7 II _ 3 a^2o(aJ) 

P\\+P± al&2o{aJ)-2 


Consider an experiment where the photons from the process (4.66) are de- 
tected in coincidence with either the scattered particle cif or the ejected electron 
e\. We assume that the initial particle beam is unpolarized. Then the experimental 
conditions are symmetric with respect to a reflection through the plane that con- 
tains the beam and the detected particle. It is convenient to choose the z-axis along 
the beam and the x-axis in the symmetry plane. Then the angular distribution of 
the emitted photons is given by Eq. (3.35). We note here that in coincidence mea- 
surements, the alignment tensor q which appears in Eq. (3.35) is differential 
with respect to the direction of the detected particle, -#29 (<*7; n); it is different 
from the integral alignment, which describes noncoincidence experiments. If we 
take into account that from symmetry considerations the relations Jhi = —33.2-1 
and A 22 = -# 2-2 follow [see Eq. (1.134)], then Eq. (3.35) can be reduced to an 
equation similar to (4.24). This general expression has an especially simple form 
if the angular distribution is measured in the symmetry plane: 

Wo 

W||(t?) = -^A[l+Ccos2(t}±y)] (4.71) 

or in the plane perpendicular to the beam: 

Wo 

Wj_(«p) = — — Ax[l +CxCos2<p] (4.72) 


where parameters A, C, and y in Eq. (4.71) are expressed in terms of the alignment 
parameters 2320. -# 2 i. and JTn by Eqs. (4.26)-(4.28), while the parameters A± and 
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C± in Eq. (4.72) are given by 


1 y 

A ± = 1 - -a 2 J?2 o(« 7; n) 

(4.73) 

V6alJA 2 2(ocJ-,n) 

X 1 — 2 aT-%)(o!/;n) 

(4.74) 


The differential alignment parameters & 2 q ( oJ ; n ) in coincidence experiments are 
expressed by the equation 

JhgiaJWf) = £ (JM,J -M'\2q) 

MM' 

X J dQ. 1 Y Tmw ffi 1 (Pi ) P/i Pi ) T Mm M'n f/j 1 (Pi> P / ’Pi) 


M 0 ViMfM 1 


xfifdQ.i Y l 7 Mop,^Aip/p 1 (P;,P/,Pi)| 2 ) 

\ MwuifiJiM ) 

when the scattered particle is detected and by 

&2q{aJ\n\) = Y (JM,J -M'\ 2 q) 


(4.75) 


x J dQ.f Y TM 0 itj^>M(iftn(Pi,Pf,Pi)T Moft . f/j \ (p/,p/.pO 

AfoPi VfM 1 

x / ( / d£l f Y I Tm w i (Pi, P/’ Pi ) I 2 ) (4-76) 

\' MomufHiM J 


when the ejected electron is detected in coincidence with the photon. 

The polarization of the photons is expressed by the general expressions 
(3.45)-(3.47). The linear polarization is determined by the same three parame- 
ters (M 20 , 3^21, and JT 22 ) as the angular distribution. However, in contrast to the 
noncoincidence measurement, in this case the photon can have a circular compo- 
nent that is connected to the first-rank statistical tensor p n ( aJ;n ). 

If we choose a reference frame with the z-axis along the incident beam and 
the x-axis in the symmetry plane, then it is easy to show from the general Eq. 
(3.49) that the following equation is valid for the linear polarization of photons 
measured in the plane perpendicular to the beam [$ = | and the definition (3.50) 
is used, i.e., y/ = 0]: 


p±(e n ) 


a\ (3Jho ( aJ;6„) + \/6Sb 2 ( a/; 0„ ) cos 2<p) 
a\ (& 2 o(aJ\ 0„) - \[b!A- 22 {aJ\ d„) cos2 yj - 2 


(4.77) 
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where 9 „ is a polar angle of vector n. In particular, the polarization of photons 
emitted along the x-axis (<p = 0) is 

al (l%)(a/; d„) + V6FL22 (aJ; 9 ,,)) 

P-M = M (4 ' 78) 

a[ [&2o{aJ\ 0 „) - V6R22 (aJ-, 9 n ) J - 2 

while the polarization of photons emitted along the v-axis (t p = n/2) is 

aJ, (3A20 (aJ-, 9 „) - V6A22 (a/; 0 ,,)) 

Py(9„) = sr~ (4.19) 

a[ (^20 ( ccJ; 9 n ) + V 6M 22 ( aJ; 9 n ) j -2 

4.2. 1.2. Angular Distribution and Polarization of Photons Following 
Photoionization 

Owing to the relative simplicity of the photoionization process in compar- 
ison with ionization by particle impact, it is instructive to consider the process 
(4.67) separately. First we consider experiments in which only emitted photons 
are detected. The angular distribution of the photons measured by a polarization- 
insensitive detector is given by Eq. (3.35). We recall that only a second-rank sta- 
tistical tensor of the ionic state FL2y(ocJ) influences the angular distribution. The 
most general expression for Jf> y(ocJ) follows from Eq. (2.161) for an arbitrarily 
polarized target atom and arbitrary polarization of the primary photon beam. Thus 
the two equations solve the problem in the general case. 

Consider a case of an unpolarized target atom and a linearly polarized pri- 
mary beam. It is natural to choose the ’-axis along the beam polarization, which 
is an axis of symmetry in this case. The angular distribution of emitted photons 
is described by the same equation (4.68) as in particle impact ionization, but for 
the alignment parameter we have from Eq. (2.163) and Table 1.1 on p. 25 the 
following expression: 

FL 2 o(aJ) = = -v'Sf/d \M,jj\ 2 )- 1 

A 000 1 jj 

x (-1 y+f+j+W+ijf { J f J J, 2 } { ), 1 2 } MijjMjjj, (4.80) 

For the photoionization of an atom with closed subshells (Jo = 0), one has 

-%) (aJ) = -Vd//(£|M 01 | 2 )- 1 £(-I )^/ +1 

ij ij 


(4.81) 
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This case is especially simple; the angular distribution of photons is determined 
by the ratios of the photoionization amplitude squared. The polarization of emit- 
ted radiation is described by Eq. (4.70) with the alignment parameters (4.80) and 
(4.81). 

Now turn to a case of an unpolarized or circularly polarized initial beam. 
Here we choose the ’-axis along the beam. It is easy to show from Eqs. (2.163) and 
(3.35), taking into account the symmetry conditions, that in this case the angular 
distribution can be written in the same form as earlier, Eq. (4.68): 

W(t>) = ^[l + aJ-%,(a/)/Mcost?)] (4.82) 

4 n 

but where the alignment parameter Jho (ocJ) is different from the previous case 
and it should be calculated in the reference frame with the z-axis along the beam. 
Using Eq. (3.35) we can show that numerically 

-%)(«/) = -*-%)(«/) (4.83) 

where JZbo((xJ) is given by Eq. (4.80) or (4.81). Thus the angular distribution for 
an unpolarized beam is often presented as 

W(V) = ^[1-^I5P 2 (cosV)} (4.84) 

where /3 is the same as for linearly polarized photons. 

Now we discuss an angle-resolved experiment in which fluorescence pho- 
tons are detected in coincidence with photoelectrons. The angular distribution of 
emitted photons is given by Eq. (3.35), which we rewrite here in terms of differ- 
ential cross sections. The double differential cross section for the photoionization 
of the atom that emits a photoelectron e and a fluorescent photon y (4.67) can 
be expressed as follows (we assume again that the detector is insensitive to the 
photon’s polarization): 


dr a 

d (7 1 1 ■/ 


d (7 . (Oy 

(n e ) — 

dQ.' e; 4 n 


1 + a 2 H ’ 


-T 29 (n y )7l2 ? (a-/;n e ) 


(4.85) 


where & 2 q((xJ\n e ) = p 2 q {ocJ\n e ) / poo{ocJ\n e ) is the differential alignment tensor 
that describes the ionic state J produced by photoionization with the photoelectron 
detected in the direction n e . Jjf-(n e ) ~ Poo{ocJ',n e ) corresponds to the photoion- 
ization cross section, (0-, is the fluorescence yield, n y determines the direction of 
the fluorescent photon emission, and aJ, is the anisotropy parameter (3.33). 

When the target atom is unpolarized, the differential statistical tensors of 
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FIGURE 4.8. Kinematic diagram of the photoelectron-fluorescence photon coincidence measure- 
ments. 

photoions are given by Eq. (2.169): 

Pkq(aJ; n e ) = 3 (2 /q +1 ) L 9 > \kq)Y^(n e )pl.B(^,k,k) 

(4.86) 

where coefficients B(k',k,k), determined by Eq. (2.170), contain bilinear com- 
binations of the dipole ionization amplitudes, and we recall that owing to parity 
conservation in photoionization, the value of k! is even. Thus, one can calculate 
the double differential cross section of Eq. (4.85) provided the dipole amplitudes 
are known, or alternatively, one can use Eqs. (4.85)-(4.86) to obtain information 
on the dipole amplitudes from the differential cross-section measurement. 

The degree of linear polarization of the fluorescence detected in the direc- 
tion n r = (# r ,<Py) is given by Eq. (3.49): 

-aZV6Z q A 2 c I {aJ\n e )[D%((p r ,$ Y ,y)+Dl*_ 2 (<p r ,i) r ,\i/)} 

P(cp 7 , & r , w) = 7 -= — s 

2 1 1 + a\ Zq yj ^Y 2q (n Y )& lq (.CLJ\n f ,) | 

(4.87) 

To illustrate the above equations, consider a particular geometry of the ex- 
periment presented in Figure 4.8. We choose the coordinate frame so that the 
y-axis is directed along the incident photon beam and the z-axis is along the prin- 
cipal axis of its linear polarization. Then the incident dipole photon statistical 
tensors in equation (4.86) can be expressed as 

7 1 7 r\ 1 .-P? 

Poo ~ PlO — 0’ Pl±l — ~ l y 
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P 20 — yfl+fsV ^i)> Pl±i — pl ±2 — ^(1 Pi) (4.88) 

where Pi and P 3 are the Stokes parameters that express the degree of linear and 
circular polarizations, respectively. The second Stokes parameter, P 2 , is zero be- 
cause of our choice of reference frame. 

From an experimental point of view, it is convenient to measure the angular 
distributions of electrons and fluorescent photons by rotating the analyzers around 
the incident photon beam direction so that the analyzers always view the same 
source volume. We thus assume that both the electrons and the fluorescent photons 
are detected in the xz-plane (<p e = <p 7 = 0). Then -# 21 ( 0 :/; t? e ) = — -%-i (ct/; t? e ) 
and .#22 t? e ) = -%- 2 (a/; t? e ) hold and thus the double differential cross sec- 
tion (4.85) can be expressed as 

d 2 a 

d Q =Ao(7?e)+A2(Pe)cos2P 7 -|-B2(Pe)sin2t? 7 = /(l? e ,l?y) (4.89) 

where 

Ao(#e) = ( ! + ^^20(a/: Pe) + t> e ) j 

A 2 (4) = dQ.J^4-TC a2 ^-^ 20 ( 0 :/; Pe)- ^/|^22(a/ ; Pe)^j 

B 2 ( 4 ) = ^(^)^ a 2 7 ^-^1^21 (a/;d e )^ (4-90) 

The statistical tensors p^(a/; t? e ) and therefore the alignment tensor components 
R 2 q(aJ- 0 e ) in (4.90) are expressed according to Eqs. (4.86) and (4.88) in terms of 
the dynamic parameters B(k' ,k,k) and the Stokes parameters Pi and P 3 . Equation 
(4.89) can be regarded as the expression for the angular distribution of the fluores- 
cent photons measured in coincidence with the photoelectron detected at a certain 
angle $ e . The distribution has the simple form 1 + a cos 2 O' tilted with respect 
to the z-axis with the tilt angle t/r = 5 tan -1 B 2 (B e )/A 2 (B e ). Measurement of the 
photon angular distribution gives two parameters a and t/r (or A 2 /A 0 and B 2 /A 0 ), 
which contain nontrivial information about the photoionization amplitudes. 

Using expression (4.86) for the statistical tensors pk q (aJ', $ e ), the same 
cross section can be presented in an alternative form that can be regarded as the ex- 
pression for the photoelectron angular distribution measured in coincidence with 
the fluorescent photon detected at a certain angle t>- ;/ : 

/( 7?e 7 By) = Aq ( 7? r ) + A' 2 ( 7> 7 ) COS 2 7> e + A 4 ( By ) cos 4$ e 
+ B '2 ( t? 7 ) sin 2 + B r 4 ( t? 7 ) sin 4 t? e 


(4.91) 
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where A'Afty) and B' k {By) are functions of the coefficients B(k' ,k,k) and the de- 
gree of linear Pi and circular P 3 polarizations. In general, the photoelectron distri- 
bution (4.91) has an asymmetric shape. Its analysis can provide four independent 
parameters that may be used (together with others) for a complete determination 
of the photoionization amplitudes. 

Consider the case when the fluorescent photons are detected in the x-axis 
direction in coincidence with the photoelectrons at an angle t) e and the polariza- 
tion is analyzed (see Figure 4.8). The degree of linear polarization is measured 
in the x direction and determined as P x ( t? e ) = (P — Iy) / (P + Iy) . P and I y are the 
yields of fluorescent photons polarized along the z- and v-axes, respectively, and 
in coincidence with photoelectrons detected at an angle t) e . P*( t? e ) can be ob- 
tained from the general expression (4.87) with <p r = y/ = 0, = tt/ 2, and the 

result can be cast in the form 


We) 


a\ ( 3 JZ 20 (ocj-, !?e) + \/6-T22(0!/; !?e)) 
a\ [AL 2 o{aJ-, t?e) - V6J%22{aJ-, t? e )) - 2 


(4.92) 


Note that the alignment tensor components .#20 (a/;t) e ), 3 ? 2 ±i (cU; i9 e ), and 
-^ 2 ± 2 ( 0 :/; tl e ) can be determined nontrivially from a combination of the measure- 
ments /(# e ,i?y) of Eq. (4.89) as a function of z?y and P v (t? e ) of Eq. (4.92) at 
t?y = k/2, provided cp is known. 

We finally consider the angular distribution of photoelectrons measured in 
coincidence with fluorescent photons for the chosen geometry. Substitution of 
i?y = n / 2 simplifies Eq. (4.89) to the following: 


d 2 a 

d cl II y 




. v -V 


This cross section can be presented in the form 


dr a 
( l .^C l — — 


= Aq +^2 cos 2 il e +A 4 Cos 4 il e + B' 2 sin2t) e = /(t? e ) 


(4.94) 


where Aq, A),, and A^ are functions of the coefficients B(k' .k.k) and the degree 
of linear polarization Pi, whereas B' 2 is determined by the product of B(2.2. 1), 
which is purely imaginary, and the degree of circular polarization, P 3 . 

Analyzing Eqs. (4.92) and (4.93), one immediately notices that both the 
angular correlation function (4.93) and the polarization of fluorescence (4.92) 
measured in coincidence with the photoelectron reveal circular and linear dichro- 
ism. For example, circular dichroism in the angular distribution of photoelectrons, 
which is determined as the difference in the intensities of photoelectrons ejected 
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by right and left circularly polarized photons, can be expressed as 

I(V e ,P 3 = l)-I(i} e ,P 3 = -l) 

= ( _ 2v^) fS ( 2 ’ 2 ’ 1 ) sin2l, e (4.95) 

Note that circular dichroism in the angular distribution disappears if the direc- 
tion of photon emission is parallel (antiparallel) or perpendicular to that of the 
photoelectron emission. This is a simple consequence of the symmetry of the 
experiment and parity conservation in photoemission. 

4.2.2. Angular Distribution and Polarization of Auger Electrons 
Produced in Direct Ionization Processes 

An alternative method of deexcitation of a highly excited state of an ion 
formed in an atomic collision or by photoionization is Auger electron emission. 
The Auger process generated by particle impact can be presented as 

cii +A(ao/o) — * af T A^(ctT) T e\ 

U A ++ (afJf) + e A (4.96) 

The photoinduced Auger process is presented as follows: 

y+A(a 0 To) — » A + (a/) + e p h 

^A ++ {afJf) + e A (4.97) 

In both cases the second row of Eqs. (4.96) and (4.97) represents the Auger decay 
of the ionic state with emission of the Auger electron, e,\ . In a great number 
of cases the Auger process can be considered in the two-step model since as a 
rule the lifetime of the ionic Auger state is much longer than the collision time. 
Thus the ionization step and the decay can be considered independently. In the 
next section we discuss the angular distribution and spin polarization of Auger 
electrons within the framework of the two-step model. 

4.2.2. 1. Angular Distribution of Auger Electrons in a Noncoincidence 
Experiment 

Consider first the process (4.96) when the projectiles and the target atoms 
are unpolarized. Suppose that only Auger electrons are detected and the detector 
is insensitive to their spin polarization. Then the angular distribution of the Auger 
electrons is axially symmetric with respect to the only direction that is fixed in 
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the experiment for the ionization stage of the process (4.96): the direction of the 
initial beam, which we choose as the ’-axis. According to Eq. (3.16), the angular 
distribution has the form 


W afJf ( 0 ) 


Wo 

An 


hna x 

1 + Yj a ^0 ( ocJ)P k (cos t? ) 


1 — 2 , 4 ,... 


(4.98) 


where the anisotropy parameters a k are given by Eq. (3.11), while the statistical 
tensors Pfo(aJ) are given by a simple generalization of Eq. (4.69) for arbitrary 
k or follow from Eq. (2.200) in the partial wave representation. The maximum 
value of k, k nwx < 27; therefore only Auger electrons from the states with / > 1 
can be emitted anisotropic ally. 

For a photoinduced Auger process (4.97), the angular distribution (4.98) 
simplifies to 


W af j f {0) = ^ [1 + a 2 Pko(ccJ)P 2 (cos i?)] (4.99) 

since in photoionization within the dipole approximation only the second-rank 
statistical tensors are nonzero. They are expressed in terms of photoionization 
amplitudes by Eqs. (4.80) or (4.81). (We recall that the z-axis is chosen along the 
linear polarization vector of the photon.) 

If the target atom is polarized, the angular distribution of Auger electrons is 
expressed in general by Eq. (3.10). The statistical tensors of even rank that deter- 
mine the angular distribution depend on the amplitudes of the ionization process 
and on the statistical tensors of the initial polarized state. For example, if the ion is 
produced by photoionization, the statistical tensors of the ionic state are given by 
Eqs. (2.161) and (2.162). Analysis of these expressions shows that the anisotropy 
of the Auger electrons can arise from the alignment of the target atom and/or can 
be induced by the linear polarized component of the photon beam. In addition, it 
can be induced by the orientation of the target, provided the photon beam is cir- 
cularly polarized. The latter indicates that there may be circular dichroism in the 
angular distribution of Auger electrons from oriented targets, i.e., the difference 
in angular distributions of Auger electrons generated by right and left circularly 
polarized light. 

4. 2. 2. 2. Spin Polarization of Auger Electrons 

In Section 3.1.3 we discussed the general problem of spin polarization of 
the electrons in nonradiative decay of an arbitrarily polarized state. Now we apply 
the results obtained to the process of Auger emission. We consider the case where 
only Auger electrons are detected by a spin-sensitive detector. As follows from 
the analysis in Section 3.1.3, spin polarization of Auger electrons appears when a 
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decaying ionic state is aligned and/or oriented. An unpolarized ionic state gives 
rise to unpolarized Auger electrons. The general expressions for the polarization 
characteristics (statistical tensors) of ions produced in the process of ionization 
by particle impact (see Section 2.4.3) or by photoionization (see Section 2.3.5) 
provide the means for analyzing any particular situation. 

Consider, for example, photoproduction of Auger electrons. In photoioniza- 
tion by unpolarized or linearly polarized light, the ion produced is aligned along 
the beam direction or photon polarization direction, respectively. As follows from 
the analysis of the general expression (3.27), the spin of the Auger electron in 
this case can only be oriented perpendicular to the plane containing the alignment 
axis and the electron emission direction. This is dynamic polarization (see Sec- 
tion 3.1.3). If the photoionization is produced by circularly polarized light, the ion 
produced is oriented. The oriented ion emits spin-polarized Auger electrons and 
the spin orientation direction depends on the emission angle. This is an example 
of the polarization transfer process. 

Let us consider both cases on a more quantitative basis. We recall that the 
components of the vector of spin polarization for an electron are connected to the 
first-rank statistical tensors [see Eqs. ( 1 .93)— ( 1 .95)] . If the initial photon beam 
is linearly polarized, we choose the 7 - ax is along the direction of its polarization, 
which is also the direction of the ion alignment (only tensors etc. exist 

in this reference frame). Choose the x-axis in such a way that the Auger elec- 
tron momentum lies in the xz-plane. Combining Eqs. ( 1 .93)— ( 1 .95) with expres- 
sion (3.25) for the statistical tensor of the Auger electron and using the known 
properties of spherical harmonics, we can easily show that in this case the spin 
polarization components P x = P z = 0. For the P y component, we obtain from 
(3.25), properly normalized according to condition (1.93), the following expres- 
sion: 


Efe 4 PMaJ)P l k (cost}) 

Py = , ’ ■ ' — — — (4. 1 00) 

1 + r k =2,4.... oc k ^ko(aJ)P k ( COS 7 }) 

where the alignment parameters ^ko(ocJ) can be obtained from Eq. (2.163); 
P k ( cost?) are the normalized associated Legendre polynomials (A. 10); t} is the 
Auger electron emission angle, <X k are the anisotropy parameters defined by Eq. 
(3.11); and parameters [5 k are expressed in terms of Auger decay amplitudes as 
follows: 


Pk 


-4x/3 / £ (-1 y-J-Jf-f 



x (a f J f ,lj : J || V || aJ) < a f J f ,l'j ' : J || V || aJ )* 
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x \ Z\(<Xf J f,lj-- J \\ v \\aJ)\ 2 j (4.101) 

We note that the denominator of Eq. (4.100) is the angular distribution of Auger 
electrons. 

We now point out the main properties of the dynamic polarization of Auger 
electrons, which follow from the general formulas (4.100) and (4.101). 

1. Dynamic polarization arises only when the alignment is nonzero. It thus 
appears that the Auger electrons of the K spectrum are unpolarized because 
the lsi /2 shell vacancy cannot be aligned. Of all the lines of the L spectrum, 
only the electrons corresponding to the L; vacancy decay can be polarized. 
For the latter case, J = expression (4.100) is simplified to: 

P 

where t, = and n = 

2. For polarization to arise, there must be interference by at least two decay 
channels (see the discussion in Section 3.1.3). If the selection rules admit 
only one channel, the dynamic polarization disappears. 

3. Auger electrons produced by linearly polarized light are transversely polar- 
ized. 

4. Polarization of Auger electrons vanishes if they are ejected at an angle of 
{} = 90° to the incident beam direction. 


<*Al2o(o:/)sin27? 

' 1 + a 2 X 20 (aJ)P 2 (cos t?) 


(4.102) 


5. The net dynamic polarization (integrated over all angles of ejection) is zero. 

If the ionizing photon beam is circularly polarized, the ion produced can 
be oriented [see Eq. (2.163)], i.e., the first rank statistical tensor of the ion can be 
nonzero. In this case it is convenient to choose the coordinate frame with the ’-axis 
along the beam. (The Auger electron momentum is again in the xz-plane.) Using 
the definition ( 1 .93)— ( 1 .95), the following expressions can be obtained from Eq. 
(3.25): 


_ 57i-Ti 0 (a/)sin27? 

1 + a 2 JZ 2 o{aJ)P 2 (cos i?) 

(4.103) 

p _ ^ 2 -& 2 o{(xJ) sin2$ 

v 1 + a 2 PL 2Q (aJ)P 2 (cos 7 ?) 

(4.104) 

p _ -%)(a/)[j3i + yiP2(cost?)] 

1 + a 2 A 20 (aJ)P 2 (cos t?) 

(4.105) 
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where 


0 . = ^V2j£(-i) i+j+j 'n 

yv Hi' 



j f 1 

1 I i 

2 2 ‘ 


x ( a f J f ,lj : J || V || aJ) < a f J f ,l'j ' : J || V || aJ )* 

7 i = i(-l) / +- / /+ 1 / 2 2v / 3/£ {-\) l ' +j '~ l/2 jfW (/ 0/0 1 20) 

N iv if 


x 


j j l 

J f Jf 


ill) 

I'kf \(a f JfJj:J\\V\\aJ) 


x («///,/'/ : / || V || a/)* 

A? =LK 0! / / /’ / ^ :/ ll y ii a7 )i 2 

ij 


(4.106) 


(4.107) 

(4.108) 


The component P y is the same as earlier [see Eq. (4.102)]; it describes the dynamic 
polarization. However, the components P x and P z appear as a result of polarization 
transfer; they are proportional to the orientation of the decaying ion. Note that in 
this case the net (integrated) polarization is not zero, it is determined by the ionic 
orientation and parameter /3i . 


4.2.2. 3. Angular Correlations between Photoelectrons and Auger Electrons 

Quite analogous to the photoelectron-fluorescence photon correlations con- 
sidered in Section 4.2. 1.2, there are angular correlations between photoelectrons 
and Auger electrons in the process (4.97) which are revealed by photoelectron- 
Auger electron coincidence experiments. Using Eq. (3.10) for the angular dis- 
tribution of Auger electrons and Eq. (2.169) for the statistical tensors of the ion 
following photoelectron emission in a certain direction, one can write the follow- 
ing relations which determine the angular correlation function: 

d 2 o _ da t ^ co A 
dQ. ph dQ. A ~ c/i2 p h " ph 4 tt 

x(l+ I a k 2 £ \j 2 k *+ i Yk ^ ( n 't )-%_ 92 («•/; n ph) j (4-109) 

where n p h and n,i are the directions of the photoelectron and Auger electron emis- 
sion, respectively, and 0 ),\ is Auger electron yield. The statistical tensors of the 
ion after the photoelectron emission are determined by Eq. (2.169) (we recall that 
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the target atom is assumed to be unpolarized): 

/ 47T 

Pk 2 q 2 ( a J- n ph) = E y 2k ,i {hqiMqx I kq) 

k\kqiq ' " 1 

x Yk l q l (n ph )pl i B(ki,k 2 ,k) (4.110) 

The coefficients B(k\,k 2l k) are defined by Eq. (2.170). 

Using Eq. (4.110), the double differential cross section (4.109) can be 
rewritten in the alternative form: 

SZa = E B(k u k 2 ,k)4K{Y ki (B u 9i)}k q pi q (4.111) 
dQ. ph dO. A k fc kq - ' 


where B{k\,k 2 ,k) = (k\k 2 )~ l &k 2 B(ki,k 2 ,k). The form of this expression coin- 
cides with that of Eq. (2.172), which describes the cross section of the direct dou- 
ble photoionization. This is natural since in both cases the angular correlations 
between two electrons emitted in one act of photoabsorption are considered. 

However, the two-step model used in the derivation of Eq. (4.111) for 
the resonant process imposes some additional restrictions that are absent in Eq. 
(2.172). In fact, our assumption that in the resonant case the process proceeds 
through a well-defined intermediate state with definite angular momentum and 
parity limits the possible values of k 2 : k 2 < 27; while in the case of direct pho- 
toionization, the value of k 2 is not limited. In addition, in the resonant case, both 
values of k\ and k 2 are even because of parity conservation in both steps of the 
process: photoionization and Auger decay. Therefore, the angular correlation pat- 
tern is always described by an even function with respect to the inversion of space 
coordinates. On the contrary, in direct double photoionization, it follows from 
parity conservation that only the sum of indices k\ + k 2 is even. Therefore, the 
correlation pattern can contain odd components with respect to the inversion. 

Similar to the case of photoelectron-fluorescence photon correlations, the 
general expression (4.109) simplifies for some particular conditions of experi- 
ment. For example, if the detectors of photoelectrons and Auger electrons are 
both in the plane perpendicular to the photon beam and the photons are linearly 
polarized, then choosing this plane as the xz-plane of the coordinate system (the 
Z-axis is along the linear polarization of the photon), we notice that the conditions 
of the experiment are symmetric with respect to the reflection through the xz-plane 
and therefore the relations (1.134) holds. If the photoelectron detector is fixed at a 
certain angle and the Auger electron detector is rotated in the plane perpendicular 
to the beam, the angular correlation function can be presented as follows: 


d 2 0 


E AfcCOS k $A+ E B kSin k P A 

k= 0 , 2 ,... k= 2 , 4 ,... 




(4.112) 
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FIGURE 4.9. Scheme of autoionization process in electron-impact ionization. 


where t},\ is the angle of the rotating detector. The coefficients A/ ; and B/ ; de- 
pend on the photon polarization and contain amplitudes of photoionization and 
Auger decay. The number of terms in the sums in Eq. (4.1 12) is restricted by the 
inequality k < 2 J. 


4.3. Polarization and Correlations in Autoionization Processes 

The excitation and spontaneous decay of atomic autoionizing states is 
known as an important contribution to various ionization processes induced by 
photoabsorption or by electron-atom and ion-atom collisions. Taking into ac- 
count that in these processes the excitation time of an autoionizing state is usually 
much shorter than its lifetime, one can consider the resonant ionization process as 
consisting of two independent steps. The first step is excitation of the target atom 
to an autoionizing state and the second one is its decay. If considered formally 
within this simplified picture, excitation mechanisms of a well-isolated autoion- 
izing state do not differ from similar processes of excitation of discrete atomic 
levels. For this reason, the same theoretical approach as that outlined in Section 
2.2.1 can be used to calculate polarization parameters of the autoionizing state 
and then to obtain the angular distribution and polarization characteristics of its 
decay products using the results of Chapter 3. However, in reality, the process 
is much more complicated because of an inherent interference between the two- 
step resonant ionization mechanism and the direct ionization mechanism when an 
atomic electron is ejected immediately to a continuum without the formation of 
any intermediate state of the target atom (Figure 4.9). 
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4.3.1. Parameterization of the Ionization Amplitudes in the Vicinity of 
an Isolated Autoionizing State 

Consider an ionization process in the vicinity of an isolated autoionizing 
state | a r J r ) at excitation energy CO = E r 

A(ooJq) > A + {a\J\) + e e j 

\ X (4.113) 

A*(a r J r ) 

Let T be a transition operator connecting the ground state | Ofo-Ai ) of the tar- 
get atom with the autoionizing state | a, J r ) and with a number of open chan- 
nels | ai/i,pi/r i ) in its vicinity where pi and p \ denote the linear momen- 
tum and the spin component of the ejected electron e e j. We do not spec- 
ify here the transition operator T . It can be, for example, either an opera- 
tor of electromagnetic interaction Hi nt in the photoionization case, or operator 
r(Q) = f/j e'^ r i with the transferred momentum vector Q — p, p/ used in 
the PWBA calculations of the electron-impact ionization process, or operator 
Tfai,p f ) = J Yp f)*( r )Hj |r- r | Vpt’ > ( r )d 3 r used instead of T(Q) in the distorted- 
wave Born approximation (DWBA) calculations of the same process. 

In the vicinity of the autoionizing state | a, J r ) , the ionization amplitude 
(c/.\J\ diji '■ JM | T | OqJqM 0 } can be presented as a sum of the direct and resonant 
terms: 


(aiJidiji ■ JM | T | ao/oMo) 

= («i/i,/i7i : JM | T | aoJ()M 0 } dir 
+ {a\J\dih JM \ T \ aoJoMo) ies (4.114) 


where J\ , j\, and J are the total angular momenta of the residual ion A + , the 
ejected electron, and the target atom in the final state, respectively; l\ is the or- 
bital angular momentum of the ejected electron [additional quantum numbers can 
characterize the amplitudes in Eq. (4.1 14), for example, the spin projections of the 
incoming and scattered electrons in the case of electron-atom collisions]. 

The first term in Eq. (4.114) is calculated within the standard channel- 
coupling procedures by prediagonalization of the Hamiltonian in the subspace 
of open channels. As for the second term, one can construct it following the pa- 
rameterization that was suggested by Fano [29] for a unified description of direct 
and resonant photoeffects and later extended to other ionization processes: 


{a\J\d\j\ '■ JM | T | ocqJqMq) res = 8jj r 


Vr{aiJid\ji '■ Jr) 
Vr 


i 

£ H~ i 


X 


(v r J r M I T I a 0 / 0 M 0 ) dir 



172 


Chapter 4 


(a r J r M | T | OqJoMo ) 1 

nV r e + 1 


(4.115) 


Usually it is written in a more compact form: 


{ociJuhji : JM | T | Ofo/oMo) = 5 //r ( Vr / r M | T \ a 0 JoM 0 ) dk 


V r 

q(aoJoMo — *■ a r J,-M) - i 
£4 - i 


(4.116) 


Here the dimensionless parameters 


q(aoJoMo — > a r J r M) = 


(a r J r M | T | YqJqMq) 
nVr ( v r J r M I r I ao/oMo) dir 


(4.117) 


depend generally on combinations of magnetic quantum numbers for the initial 
and final states. The number of parameters (4.117) can be reduced considerably 
with the use of particular approximations in calculating the transition amplitudes. 
For example, within the PWBA approach [see Eq. (2.64)], when the amplitudes 
do not depend on the spin quantum numbers of the fast scattering electron and 
owing to the specific axial symmetry inherent in this approximation, the isolated 
autoionizing state | a r J, ) can be specified by a single profile index q r (Q)- (It is 
implied that in the PWBA the quantization axis is chosen along the vector of the 
transferred momentum Q.) 

In Eqs. (4.116) and (4.117), | v r J r M) denotes a coherent superposition of 
the continuum state vectors | <X\J\ ,l\ j\ : JM): 


I VrJrM) = £ Vr{aiJuhji:Jr) | : J r M) (4.118) 


which embodies the whole interaction V between these continuum states and the 
autoionizing state | a r J,-M) of the same magnetic quantum number M. The values 
V r {a\J\fi\j\ : J r ) and V r are connected to the matrix elements of this interaction 
and the partial and total decay widths of the autoionizing state: 

V r (aiJi,hji : J r ) = {axhMh -l \V\a r J r ) (4.119) 

Vr=l £ \VriaxJuhji :/r)| 2 ] (4.120) 

Vai-Viii ) 

r{a l Juhji:Jr) = 2n\Vr(a l J u hji:Jr)\ 2 (4.121) 

T= £ r{aiJ u hji :J r )=2n\V r \ 2 (4.122) 

otiAhji 
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e is the reduced deviation of the excitation energy E from the resonance energy 


E-{E r + A) 

T/2 


(4.123) 


where A is a shift of the resonance position caused by the interaction between the 
autoionizing state and open channels. 

Being calculated according to Eqs. (4.1 14)— (4.1 16), the ionization ampli- 
tudes can be used to obtain any characteristics of corresponding ionization pro- 
cesses of interest in the same way as was done in Section 2 for direct ionization 
processes. 


4.3.2. Alignment and Decay Characteristics in the Pure Two-Step 
Autoionization Process 

There are a number of cases of practical importance where the direct ion- 
ization background for the autoionization resonances as well as the contribution 
of their interference to the cross sections and other characteristics of the ioniza- 
tion process turn out to be negligibly small. In such cases, the ionization can be 
treated as a pure two-step process in which the excitation of an autoionizing state 
is followed by the quite independent process of its spontaneous decay. Hence, 
all angular and polarization characteristics of the autoionization products are de- 
termined by polarization parameters of the autoionizing state formed at the first 
stage of the process, as well as by the corresponding decay amplitudes. A general 
theory of such a two-step process can be developed with the use of the results of 
Sections 2.1.1, 2.2, and Chapter 3. 

4. 3.2.1. Energy Dependence of the Alignment of Autoionizing States Excited in 
Electron-Atom Collisions 

Consider the alignment of an isolated autoionizing state | a, J r ) excited in 
electron-atom collisions when neither the target atom nor the electron beam are 
polarized and when the scattered electron is not detected. Owing to symme- 
try arguments (see Section 1.4), the only nonzero reduced statistical tensors are 
PL 2 o(<x r Jr), ALto (oc r J r ),..., with the rank k < 2 J r , which contain complete infor- 
mation about the polarization properties of the excited state. To calculate them, 
one integrates over dCl sc the statistical tensors of the excited state | a r J r ) corre- 
sponding to fixed directions of the scattered electron [see Eqs. (2.46) and (2.44)]: 

Pk 0 (0C,-Jc Ac, (psc) = £ (-1 ) J r~ M 'r ( J r M r ,Jr ~ M' r \ kO) 

M 0 ij i/j fM r M' r 


(p,-,P/) (4-124) 
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The behavior of the integrated statistical tensors considered as a function of the 
energy Eo of the incoming electron beam in the wide region from the excitation 
threshold Eo = E t h r to asymptotically high energies Eq £thr depends on the ex- 
citation mechanism of the state under consideration and the structural properties 
(wave functions) of both the ground and the excited states of the target atom. Nev- 
ertheless, it turns out that quite independently of these dynamic and structural fac- 
tors, the curve J^r>o(Eo) of the alignment parameter [and hence the curve ^(Eq) of 
the angular anisotropy coefficient of the ejected autoionization electrons] crosses 
the abscissa axis at some value of Eq. This universal behavior is valid for any 
state | a r J r ) at any mechanism of its excitation. This is the same effect which 
we considered in Section 2.2. 1.4 for the alignment of discrete levels of an atom 
excited by electron impact. 

4. 3.2.2. “Perfect Experiment” on Electron-Impact Excitation of Atomic 
Autoionizing States 

Coincidence (e, 2e) measurements [30] have become a powerful method for 
studying various aspects of the excitation and decay of atomic autoionizing states 
in electron-atom collisions. In this section we demonstrate the potential of this 
method used in combination with noncoincidence ( e,e ') measurements from the 
point of view of the concept of a perfect experiment. We consider the case of 
a pure two-step excitation-autoionization process and completely disregard the 
contribution from the direct ionization process and its interference with resonance 
ionization (Figure 4.9 on p. 170). The 2 S — > 2 L transition in a “one-electron” atom 
(such as Na, K, and so on) can serve as a convenient example: 

A( 2 S)+e-*A*( 2 L)+e sc 

LA + ( l S)+e ej (4.125) 

We consider a general case where both the target atom and the incoming beam can 
be polarized. No assumption is made concerning the electron-impact excitation 
mechanism besides conservation of the total spin of the A+e system. 

Here we use the L.S'-coupling approximation and denote the amplitude of 
electron-impact excitation of the target atom by (LM if Ms |r(p,-,p/) | SqMs 0 ) 
where p, and p f are electron linear momenta in the initial and final states and 
and LMi,SMs, and SqMs 0 are the total orbital angular momentum and total spin 
quantum numbers with their projections of the whole system (e + A) in the initial 
and final states. The spin density matrix pf of the total system in the final state 
A* + e sc is related to the density matrix p ( - of the system A + e in the initial state 
by Eq. (1.24): 


P.f = TpiT 


(4.126) 
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If the Percival-Seaton hypothesis (conservation of the total spin S = S,i ( 2 S) + s, = 
S a{ 2 L) +S/) is accepted: 

( LMlSMs | T (p,-, p/) | SqMs 0 ) = 8ss 0 8 m s m Sq Fsm l (p/ , P/) (4. 1 27) 

the density matrix can be presented as follows: 

(. LM l SM s \ p f \ LM' l S'M' s ) 

= F S M L (Pi,Pf ) (SM s | Pi | S'M' s )F s , m , l (p,-, P/ )* (4.128) 

where each of the amplitudes is a complex quantity: 

Fsm l (p,-, P/) = I Fsm l I e i5 ™L (4. 129) 

We denote as F^(p,-,pyj and F^j (p,-, p y) the excitation amplitudes Fsm l (p<,P/) 
with S = 0, 1 in singlet (s) and Uiplet ( t ) states, respectively. 

To consider how many independent parameters characterize these ampli- 
tudes, let us analyze the well known example of the transition 2 S — > 2 P. Owing 

(5 t ') 

to reflection symmetry [F Mj = 0 = 0 in the natural frame], one has only seven pa- 
rameters. Namely, these are two subsets of three parameters for the singlet and 
Uiplet cases: 

|F| S / ) |; IF^I; g0,0 = gM - 5^° (4.130) 

and the phase difference between the singlet and triplet amplitudes: 

A +1 = Sg-Sjj (4.131) 

Consider first an autoionization ( e,2e ) process when spin observables are 
not measured in the final state. The angular disttibution of electrons ejected by 
the autoionizing atom and measured in coincidence with the scattered electrons 
is given by the general equation (3.10), with alignment parameters of the decay- 
ing state dependent on p, and py. The singlet and Uiplet interactions conttibute 
additively to the statistical tensors p k ( L ) of the decaying state: 

P kq (F, #,q>)= wWpg (L- 0, q>) + w«pg (L; fi,q>) (4.132) 

where 

P&" <(>) = ^ + i^ir , i 2 ) 

p"'(L;9.rt=-)=(|F|r , l 2 + lC;' , | 2 ) 

Pit U; f>,9) = [pSI (<•:«.«>)] '= F±f ’ 


(4.133) 
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Equations (4.132) and (4.133) can be derived by taking the trace of the double 
statistical tensor pk iqi k s q s {LS) over the total spin S according to Eq. (1.69), where 
Pk,q L k s q s (LS) are expressed in terms of the amplitudes F$m l by Eqs. (4.128) and 
(1.62). Below we will consider the angular distribution of the elected electrons 
tin da as function of ejection angles d e j,(p e j at fixed i) sc . (p xc . Similar to Eqs. 
(4.132) and (4.133), the additivity of the singlet and triplet contributions takes 
place also for the distribution: 


d 2 a 

d£l sc d£l e j 


{ftejityej) 


dr o 

d 12y,,c/ 11, j 


{d-ej, (pej ) + 


c/ 2 (j( f ) 

d 11,, d 1 !,/ 


(ld e j,<Pej) 


(4.134) 


When either the target atom or the incoming electron beam is not polar- 
ized, then the weight factors are independent of the degree of polarization 
of the other partner; in such a case singlet and triplet contributions are weighted 
statistically; 

MS) = (4.135) 

In particular, the angular distribution of the autoionization electrons in the scatter- 
ing plane, W((p e j) = da (d e j = j,(p e j), at fixed p,,p/ can be parameterized 
as 


where 


W((p e j) = W^((p ej ) + W {, \(p e j) 


1 da W r 
4 dQ. sc l 
3 da W r 


1 -pj- s> COS 2 ((pej-y (S> ) 


-vW 


4 c/12,, 


1 ~P, COS2 {(pej-y (t) ) 


da (s.l) j ( V ) 2 

~di i27" |F+1 1 +|F - 1 1 


(4.136) 


(4.137) 


are the differential cross sections of the 2 S — P excitation due to the singlet and 
triplet interactions. 


= _I,5M 


(4.138) 


(■S' t ) 

are the phase differences, Eq. (4.130) and the factors P t " are 


(4.139) 
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Note that the latter are the same combinations of the excitation amplitudes as those 
that should determine the Stokes parameters P\, P 2 , and P 3 of the emitted light in 
the corresponding ( e,e'y ) case: 


P l +iP 2 = Pie 2iY (4.140) 

The partial angular distributions W^ s \(p e j) and W^\(p e j) display the shape and 
orientation of the charge clouds collisionally induced in the excited atom by means 
of singlet and triplet interactions. Generally they differ from each other as a result 
of exchange scattering. 

Using both a polarized target and a polarized beam (and combining such 
measurements with those performed with unpolarized particles), one can separate 
the singlet and triplet contributions in Eq. (4. 1 36). In particular, one suppresses the 
contribution of the singlet interaction completely by using the collinear polarized 
target and beam: 


W{(p ej ) ln= 


do^ 


1 — Pj r 1 cos 2 ((p e j — y^) 


(4.141) 


The measurements discussed here cannot provide the phase difference pa- 
rameter A + i. This can be obtained by spin-resolved measurements in the final 
state if, for example, one measures the depolarization of the incoming polarized 
electron beam after the scattering provided the other six parameters of the com- 
plete set (4.130) and (4.131) are obtained without spin-resolved measurements in 
the final state. As the depolarization factor one can use the ratio of the normal 
(to the scattering plane) components of the polarization vector P± of the scattered 
and incoming electrons: 


T($ SCl (Psc) 



Lm 

l4 ,) | 1 2 + 2-Re(4 S) 4°‘)' 

Lm 

i4 s) i 2 +3|4°i 2 " 



(4.142) 


To summarize, three steps can be suggested that lead to the “perfect ex- 
periment” in electron-impact ionization of a one-electron 2 .S’- atom via excitation 
and decay of the 2 P autoionizing state and that can provide the total set of the 
excitation amplitudes in a model-independent way: 


1 . Measurements of the angular distribution of autoionization electrons in the 
( e, 2 e ) experiment with an unpolarized target and an unpolarized beam by 

a detector insensitive to spin polarization. Here the shape and orientation 
of the electron cloud in the autoionizing state averaged over contributions 
from singlet and triplet interactions can be obtained. 



178 


Chapter 4 


2. The ( e , 2e) measurements when both the target atom and the incoming beam 

are polarized. Combined with step 1 this measurement provides information 
about separated charge cloud distributions induced by singlet and triplet 
interactions. In this case, an almost complete set of independent parameters 
of the excitation amplitudes ($ sc , (p sc ) can be obtained, but without the 

phase difference between the singlet and triplet amplitudes A + . 

3. Spin-resolved measurements in the final state (combined with steps 1 and 
2) complete the perfect experiment. 

In this section we considered a special case of 2 P autoionizing states de- 
caying to the l S state of the residual ion. Generally, beyond the 2 S — > 2 P — > '.S’ 
case, comparing the excitation of an autoionizing level and of a discrete one from 
the point of view of the general possibilities of coincidence methods ( e,e'y ) and 
(e,2e), one notes a fundamental advantage of the latter method. In the (e.e'y) 
case, only the dipole transitions play a role in photon decay at any value of the 
angular momentum of the discrete level formed. In contrast, the electron emission 
from an autoionizing state is free of this kind of limitation, the multipolarity of the 
emission being governed only by angular momenta and parity of the decaying and 
final states. This means that any observables related to the photon emitted in the 
process (e.e' y) are absolutely insensitive to any orientation and alignment param- 
eters of the emitting state if the rank of corresponding statistical tensors p kt} ( aJ ) 
exceeds k = 2. This is not so in the autoionization (e,2e) case. 

4.3.3. Resonance Profile of Correlation and Polarization Parameters in 
the Vicinity of an Isolated Autoionization State 

In this section we consider three examples of application of resonant param- 
eterization of the ionization amplitudes given in Section 4.3.1. 

4. 3. 3.1. Resonances in Coincidence ( e,2e ) Spectra 

Consider a general case of electron-impact ionization of an unpolarized 
atom A from its initial state | (XoJq ) in the vicinity of an isolated autoionizing 
state | a, J r ) at the excitation energy E = E, provided that the incoming electron 
beam is not polarized nor is the detector of ejected electrons sensitive to their po- 
larization. We denote as (X\J\ the total set of quantum numbers characterizing the 
ionic state that can be populated in the process under consideration: 

A(ocoJq) + eo — > {^A + {(X\J\) -\- e e j^ e sc (4.143) 

Similar to Section 4.3.1 the state vectors | C/.\J\ .l\j\ : JM) specify the ionization 
channels where l\j\ denote the orbital and total angular momenta of the ejected 
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electrons. Let 7 ’m 0iU ,- + m a , / (P/,P/) = '■ JM, p f p f \T\ aoJ 0 M 0 , Pt/J ,) be the 

ionization amplitude of the electron-scattering process where p and p/,p /■ 
are the linear momenta and spin components of the scattered electron in the initial 
and final states, respectively; pi will stand for the linear momentum of the ejected 
electron. No special approximation concerning the atom-elecUon interaction and 
therefore no special form of the transition operator T will be accepted in this 
section. 

One can derive equations for all angular correlation and orientation charac- 
teristics of the ionization process in the standard manner starting from the density 
matrix (or, equivalently, statistical tensors) of the entire system A + + e e j in the 
final state: 


Pkq{ 0 = 1 /l {h j t )/; a[J\ ( /j j\ )J‘ 

1 


2(2 Jn + 1) ^ (JM,J' —M'\kq) 

zyz.j o-l- rj MofJQM/jM i 

X j—>M/A / (Po P/ ) P Mq/j / (Po P/ ) 


(4.144) 


The angular distribution of electtons ejected to a particular ionization chan- 
nel A + + e e j (with the excitation energy ft)) and observed in coincidence with 
the scattered electtons is given by partial triple-differential cross sections (TDC) 
of the process, which can be calculated by convoluting statistical tensors (4.144) 
of the system A + + e rj in the final state and the efficiency tensors of the detec- 
tor: 


c/ 3 tf 

dCl sc d{A e jd(0 


— Y* Pkq{&\J\ J\j\ '■ : /) 

Pi hhl'ifiJJ'kq 


X e* kq (a A J\d\j\ : :/) 


(4.145) 


When the detector is not sensitive to spin polarization of the ejected electrons, the 
efficiency tensors take the form [see Eq. (1.171)]: 


£kq(ociJi,hji :J-,a 1 J u l[j[ :/) = ' ( _ ] y+A +k- 1 p , ; , ■, } jf ’ 

V47r k 



(4.146) 


Combining Eqs. (4.144)-(4.146), one obtains the TDC as a bilinear com- 
bination of the ionization amplitudes with its coefficients depending on discrete 
quantum numbers only. Note that contributions from the channels with different 
J are not additive here. Then applying the general equations (4.1 14)— (4.1 16) for 
the ionization amplitude one obtains the TDC as a sum of contributions from pure 
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direct and pure two-step (via autoionizing states) processes plus an interference 
term. In the Shore parameterization [31], the TDC has the following form: 


d 3 a 

dCl sc dQ. e jd(0 


> Pi) 

Q(« 1 j 1 )(Pf 1 P/ 1 Pi)e + ^(«iJ 1 )(P/ ; P/ ; Pi) 
e 2 + 1 


(4.147) 


The coefficient a in this formula is the profile asymmetry parameter showing the 
asymmetry in the shape of the resonance. The asymmetry originates from inter- 
ference between the direct and resonant ionization amplitudes and vanishes after 
averaging of the cross section over an excitation energy range A E much wider than 
the resonance width r, . The other coefficient, b, can be considered as a resonance 
yield parameter showing an excess of the averaged resonance curve for the cross 
section over the direct ionization background. 

The Shore parameterization (4.147) can be given an equivalent form of the 
Fano formula 


d 3 a 

d£l sc d£l e jd(0 


d 3 a \ 

dQ. sc dQ. e jd(0 J j 


/ d 3 a \ (, g r + e ) 2 
\dQ. sc d£l e jdco ) 2 e 2 + 1 


(4.148) 


where q r is the profile index of the resonance which is a function of the directions 
of both the scattered and the ejected electrons. 


4. 3. 3. 2. Resonances in Energy Dependence of Polarization of Excited States of 
Residual Ions 

Consider the effects of the autoionizing resonances in coincidence exper- 
iments of the type ( e,e'y ) where the fluorescence radiation from an ionic state 
| (X\J\ ) in the process (4.143) is detected in coincidence with the scattered elec- 
tron. Here we assume that the ejected electrons are not observed and the directions 
of p, and p f are fixed. We ignore here the population of the state | C/.\J\ ) via ra- 
diative cascade from higher-lying levels. 

The angular distribution of fluorescence emitted by an ion in the transition 
I Ct| J| ) — > | (XfJ f ) as well as its polarization is determined by the reduced statisti- 
cal tensors \ q {a,iJ\), k< 2 (see Sections 3.2.1 and 3.2.2). Corresponding statis- 
tical tensors pi (q (aiJ\) of the excited ionic state follow from the statistical tensors 
(4.144) of the entire system A + + e e j and are calculated according to Eq. (1.69): 

p«, («,/■)= I <-i /«.«.*// P; ■'; *} 

JPhn VJ J n\ 

x Pkq{ct\J\ihj\ '■ : J') 


(4.149) 
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With the statistical tensors [see Eq. (4.144)] and the ionization amplitudes 
7 m 0 p,— »M py(p/)P/) parameterized according to Eqs. (4. 1 14)— (4. 1 16), the align- 
ment parameters J^q{a\J\) of the excited ionic state | a\J\ ) can be presented as 
a fraction, with both the numerator and the denominator written in the Shore pa- 
rameterization: 

ml t\ ( jr i + I ( ,■ . Cld£ + bd\ 

^kq(aiJi) - yfn + e 2 +1 J j \ fd + £ 2 + j J (4.150) 

Here the parameters f n c i , a, h d , and b n .j are smooth functions of the electron energy 
loss in the vicinity of the resonance; their dependence on the electton scattering 
angle t> V(; is determined by the ionization dynamics. 


4. 3. 3. 3. Angular Distribution and Polarization of Photoelectrons in Resonant 
Photoionization Processes 

In Section 2.3 we inUoduced the partial angular correlation and polarization 
characteristics of photoionization of an unpolarized atom A(aoJo) corresponding 
to a definite final state | O.fJf ) of the residual ion ,4 f . Consider now their energy 
dependence ( resonance profile) in the vicinity of an isolated autoionization state 
| a,/,-) of the target atom at excitation energy E r . We discuss the anisoUopy coef- 
ficient p af j f (E ) of the angular disttibution of photoelectrons [see Eq. (2.133)]: 

= a ^{l+Pa f J f (m(™s» e )) (4.151) 

and the parameter E, af j f (E), which determines their spin polarization [see Eq. 
(2.154)]: 


J^(E)sin2t9^ 
A ^ l+/3(£)P 2 (cost> e ) 


(4.152) 


For the direct photoionization, their general expressions were given by Eqs. 
(2.135) and (2.155) where the symbols Mjjj = (otfJf, Ij : J \\D\\ OqJq) were used 
for partial amplitudes of the photoionization process. We can use the same equa- 
tions for our purpose, combining them with the general Fano parameterization 
(4.1 15)— (4. 1 16) of the photoionization amplitude in the vicinity of an autoioniz- 
ing state as a sum of the direct and resonant terms: 


( otfJf Jj : J 110)1 ocoJo) = (oc/Jffj : J ||D|| OqJq) 

i^ll «0^o) dir 


V r ((XfJf,lj : Jr) . 

+ °JJr T, \ V r J r 


dir 

q r -i 


£ H - i 


V r 


(4.153) 
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Here the continuum state vector | v,-J r ) is constructed according to the general 
formula (4.118) and 


{a r Jr |l£> || apJo) 
nVr(v r Jr ||D|| a 0 /o) dir 


(4.154) 


is the photoabsorption profile index, which is a common parameter for the whole 
set of the partial amplitudes of photoionization. It determines the profile of the 
total photoionization cross section in the vicinity of E r \ 


°{E)= E \(<XfJf,lj--J\\D\\aoJo) dil \ 2 

afjfjij 


+ 1 (VrJr ||£>|| a0^0) dir | 2 


(e + q r ) 2 
e 2 + 1 



(4.155) 


Substituting Eq. (4.153) into (2.135), one can parameterize the energy de- 
pendence of the angular anisotropy coefficient for photoelectrons in the vicinity 
of an autoionizing state by the following form: 


m 


Xe 2 + Ye + Z 
Ae 2 + Be + C 


(4.156) 


where the quantities A, B, C, X, Y, and Z do not depend on the energy. Inserting 
Eq. (4.153) into (2.154), the similar form can be obtained for the energy depen- 
dence of the polarization parameter £,(E) with new coefficients X, Y , Z but the 
same coefficients A, B , and C. 


4.3.4. Polarization Characteristics of Negative Ion Resonances in 
Electron-Atom Collisions 

The formation and decay of negative-ion resonances in electron-atom col- 
lisions can be considered as a kind of autoionization process. Using the Feshbach 
approach, the amplitude of excitation of an atomic state | n ) 

A + e — ► A* + e sc (4.157) 

in the vicinity of an isolated negative-ion resonance with energy E r and with an 
internal wave function 'Y r can be presented as the sum of direct and resonance 
terms: 


^«o(Pi,P/) = ^„o r (PoP/) +^„ r o s (PoP/) (4.158) 

The first term is calculated using standard methods of the theory of direct inelas- 
tic scattering in electron-atom collisions by either taking into account channel 
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coupling in a corresponding subspace of open channels or, more approximately, 
applying the DWBA or even PWBA approaches if the incoming electron energy 
is high enough to rely on these approximations. The second term can be param- 
eterized in the vicinity of E r according to the general prescriptions of the unified 
theory of direct and resonant reactions: 


«PoP/) 


1 (<p^|V|yr)(yr|V|< p ;) 

2k E — (E r + A) + 


(4.159) 


where v pj^ / and v Pq |) ! are generally multichannel wave functions of the whole sys- 
tem A -\-e in the initial and final states. The resonance width r, and the resonance 
shift A are determined by the interaction V coupling the negative-ion resonance 
state with the continuum: 


r r = 27r£/|('Pi iP ) / |V|T', 


A = — 


£p/ dE' 


n.p/ \V\^, 


E-E' 


pn{E)d£l n 
2 

-p n {E')dti n 


(4.160) 

(4.161) 


where, as usually, the density of the continuum states p„ (E) depends on the choice 
of the normalization of the final state wave function 

Here we give a schematic presentation of the theory of inelastic electron- 
atom scattering via formation of negative-ion resonances, concentrating on a pure 
two-step resonance process and disregarding the direct excitation mechanism. Our 
aim is to investigate the general features of the process concerning alignment and 
orientation characteristics of the negative-ion resonances formed, the mechanism 
of their transfer to discrete or autoionizing states of the target atom, and the angu- 
lar anisotropy and polarization parameters of the decay products. 

Consider a general case of the excitation of a polarized atom A(a,/,) to a 
state A*(<XfJf ) induced by a polarized electron beam via formation of an isolated 
negative-ion resonance A^(acJc)' 


A(<XjJj) + e ^ A ( OcJc ) 

I (4.162) 

A (<XfJf) + e sc 

The statistical tensors of the negative ion resonance ( acJc ) are calculated 

according to Eq. (2.32) with j x = ^ for the electron. 

Generally one can be interested in alignment and orientation parameters of 
the negative-ion resonances for different purposes. These parameters determine 



184 


Chapter 4 


the angular distribution of the scattered electrons, the polarization parameters of 
the atomic state produced (angular distribution and polarization of the decay prod- 
ucts), and various correlation characteristics important for coincidence measure- 
ments of the scattered electron and the decay product of the excited target atom 
in the final state. 

The angular distribution of electrons scattered via formation and decay of 
negative-ion resonance to a channel A*(<XfJf ) + e sc and detected in a one-arm 
(noncoincidence) experiment ( e,e' ) is determined by alignment parameters of the 
decaying state [i.e., by its statistical tensors pf c9c ( 0! C^c) of even rank] and the 
corresponding decay amplitudes ( ctfjfjfjf :Jc || V|| CCcJc )• 

Alignment of the negative-ion resonance is partially induced by the incom- 
ing electron and is partially due to the initial alignment of the target atom. The an- 
gular distribution of the scattered electrons produced in the decay of the negative- 
ion resonance is not sensitive to statistical tensors p^ cqc ( OCcJc ) of odd rank, as was 
discussed in Section 3.1.2. In the case of a one-arm (e,e') experiment, the odd- 
rank tensors p^ cqc (acJc) determine the spin polarization of the scattered elec- 
trons. Taking into account that the state | (XcJc) is of definite parity and any spin- 
1/2 particle cannot be aligned, the negative-ion resonance state A~(<XcJc ) can be 
vector polarized ( kc = odd) only if at least one of the colliding objects (the target 
atom A and/or the incoming electron beam) is vector polarized. 

The statistical tensors ^ ( acJc) of both even and odd ranks determine the 
corresponding statistical tensors of the residual excited atom after the decay of the 
negative-ion resonance. This question was considered in a general form in Section 
3.3. We give here the final equation connecting the reduced statistical tensors of 
the decaying state | OCcJc ) and the final atomic state | (XfJf ) [see Eq. (3.59)]: 

= Ak q (aeJ c )JfJc ( Y '■ J c II V || acJc) | 2 

\ l fif 

x V(_i y c + j f+jf+k[ JcJc k 
If if 

x \ ( a fJfilfjf • J c IIV'II acJc)Y (4.163) 

No interference between the decay amplitudes takes place in the alignment and 
orientation transfer from the negative-ion state to the final atomic state until the 
scattered electron is detected. 

The polarization parameters of the atomic final state in the case of observed 
scattered electrons are given as a function of the scattering direction ( 7 %c<Psc) 
[see Eq. (3.57)]: 

Pk fqf (0CfJf,^sc,(psc) = -J= £ Y ( — 1 ) kc+kf+J f + 1 j d kc 

V4k kck , if 
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x (l f 0,l' f 0\ki0) 


JfJ'f */ \ 
If h 1/2 J 


J r if J c ) 

Jfj'fJc \ 

kf k/ kc J 


x 52 (kcktckiqi | kfqf)p kcqc (acJc)Y k i q i(Ac, (psc) 

qcu 

x ( otfJf,lfjf : Jc || V || acJc ) ( a fJfJ'fj'f '■ Jc II V || acJc )* 


(4.164) 


Contrary to Eq. (4.163), the statistical tensors of the final atomic state related to 
a fixed direction of scattered electrons are sensitive, in principle, to the phase 
relations between the decay amplitudes : Jc || V || OlcJc)- The fi- 

nal atomic state | ttfJf ) can be vector polarized even for an aligned negative- 
ion state provided the decay proceeds via several channels with the amplitudes 
(afJf,lfjf : Jc || V || a c Jc)- 
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5.1. Polarization of Atoms by Laser Optical Pumping 

The creation of lasers stimulated the rapid development of many new direc- 
tions in atomic physics. In a number of them, the role of laser radiation is restricted 
to “preparation” of the polarized excited target. Consider the main features of the 
density matrix and the statistical tensors of the excited atomic state after optical 
pumping by a laser within the two-level approximation. Each of the two levels, the 
ground state ocqJo and the excited state (X\J\, includes, generally, a set of sublevels 
with different projections of the total angular momentum: Mq = -Jo, ... ,Jo and 
M\ = —J\ , . .. ,J\ . Assume that the laser field is weak and does not split the sub- 
levels. In practice, the laser radiation in experiments has a high degree of linear or 
circular polarization and we consider here laser pumping by linearly and circularly 
polarized light. For pumping by linearly polarized light, the stimulated transitions 
C/.o Jo — ' a | ./ 1 and 0\J\ — > O.oJo proceed only between magnetic sublevels with 
Mo = M\ (the quantization axis along the polarization vector of the laser field), 
while for pumping by circularly polarized light, the stimulated transitions pro- 
ceed between the sublevels with M\ = Mo ± 1 (the quantization axis along the 
laser beam; the plus and minus signs are for right and left circular polarization, 
respectively). The quantization z-axis in this subsection will always be chosen as 
stated above. So the stimulated transitions take place only within definite pairs of 
magnetic sublevels, while transitions between sublevels from different pairs occur 
only as a result of spontaneous photoemission. 

Let us write the rate equations for an arbitrary pair of magnetic sublevels 
M] and Mo connected by the stimulated transitions: 

M 0 


dW^ 

dt 
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aW M n v-i 

- Wm 0 Bm 0 m,Iv ( 5 . 1 ) 

aT 

Here Wm is the number of atoms in the substate with the projection M, I v is the 
spatial density of the laser radiation with a given polarization v, and Am { m 0 = 
A (Afi — > Mo) and BmiM 0 = B{M\ — > Mo) are the rates of spontaneous and stimu- 
lated transitions. The validity of (5.1) needs a special justification that is outside 
the scope of this book. Particular expressions for and will not be 

important here; all that is important is their proportionality to the absolute square 
of the matrix element of the dipole operator (2.10). 

Consider the spin density matrix of the target. Suppose that it is diagonal at 
t = 0; (or example, the atoms are unpolarized and all the atoms are in the ground 
state. During the stimulated transitions and the spontaneous photoemission, the 
density matrices of the atomic angular momentum for the ground and excited 
states keep the diagonal form (provided the emitted photon is unobserved). This 
is clear from the conservation of the projection of the statistical tensor of the to- 
tal angular momentum [see Eq.(1.58)] of the system atom + photon and is due 
to our special choice of the z-axis. Therefore, the populations of the magnetic 
sublevels in the ground and laser-excited states, Wm 0 (Mo = —Jq, ■■■ ,Jo) and Wm { 
(Mi = —J \ , . . . ,J\ ), respectively, present all nonvanishing elements of the density 
matrix of the ground and excited states. We will not analyze the time evolution of 
the density matrix, but find the density matrix of the excited state in a stationary 
regime when dynamic equilibrium is reached. Taking the time derivatives in Eq. 
(5.1) equal to zero and applying the Wigner-Eckart theorem (A. 62) for factoriz- 
ing magnetic quantum numbers in the coefficients Aa^a/o- one obtains a system 
of equations for the diagonal elements Wm { of the density matrix of the excited 
state; 

=£(-/oMi-A,1M, -Mi + X\JiMi) 2 W Mi 

Mi 

= (5.2) 

where X- +1, 1.0 for right circularly, left circularly, and linearly polarized laser 

beams, respectively. The system of equations (5.2) always has a nontrivial solu- 
tion if /i / Jq. Solving it together with the normalization condition £ M| Wm, = 1, 
one finds the desired density matrix. 

Consider the important particular case J\ = Jq + 1 in more detail. The solu- 
tion of the system (5.2) for a circularly polarized beam (X = ±1) gives 

= (aiJiMi | p (±) | ai/iMi) = S±j lMl (5.3) 

This equation shows that all excited atoms accumulate in the magnetic substate 
with the largest absolute value of the projection M\ in the direction of the laser 
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beam, while the sign of M\ coincides with the sign of circular polarization (or the 
sign of the Stokes parameter P$). From Eq. (5.3) one obtains for the statistical 
tensors (1.41) the following expression: 

Pfa/ ( a i^i) = -y (Ji ±/i,kO |/i ±/i) 5 9 o 
J l 

= (±l) k k(2J l )\[(2J 1 -k)\(2J l +k+ 1) !]~ 1/2 cty) (5.4) 

An explicit expression for the Clebsch-Gordan coefficient is used in Eq. (5.4). 
The relation follows: 

P&Wi) = (-l)*P&Wi) (5.5) 

which shows that switching from right to left circularly polarized laser light leads 
to a change in the sign of the statistical tensors with an odd rank, while those with 
an even rank remain unchanged. The changing of sign for tensors with an odd 
rank is a source of the “circular pumping dichroism,” which can manifest itself in 
changes in different observables, such as the angular distribution and polarization 
of the products of atomic reactions with laser-excited targets. 

The solution of Eq. (5.2) for a linearly polarized laser beam (A = 0) can 
be found by using explicit expressions for the Clebsch-Gordan coefficients of 
the form 


W$ = (aiJiMi \p \ = (J Q M u Ji ~M X |/ 0 + /iO) 2 (5.6) 

The sublevels with M\ = ±/i are not populated (this is a direct consequence of 
the equality J\ = Jo + 1). Substitution of Eq. (5.6) into (1 .41) and summation over 
the projections with the use of Eq. (A. 89) gives for the statistical tensors: 

p 1 ,(a,7 1 ) = (-l)‘i^y„ + 2y, + l{ 7o ^ i } 

x(7o + /iO,kO|yo+/iO)5, /0 (5.7) 

From the property of the Clebsch-Gordan coefficients (A. 94), it follows that the 
tensors (5.7) with odd rank vanish. Therefore, a state excited by pumping with 
linearly polarized light is aligned, but not oriented. For both types of pumping, 
circular and linear, only tensors with zero projection occur for the excited atom 
(recall the special choice of the coordinate frames). Note that statistical tensors of 
the excited atom of a rank higher than 2 have their origin in the multiphoton nature 
of the pumping process. This is impossible when only one photon is absorbed by 
an unpolarized target. 
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5.2. Time Evolution of Statistical Tensors and Depolarization of 
Atomic Angular Momenta 

Consider the following typical situation: At time t = 0, the polarization 
state of an atomic multiplet 2S 1 L is described by the double statistical tensors 
Pk L q L k sqs [LS'.t = 0 ). L and 5 are not conserved due to the spin-orbit interactions. 
The problem is to find the polarization of orbital angular momentum L , spin S 
and total angular momentum J at time 1. This can be done by applying Eq. (1.56) 
and the results of Section 1 .2.4. A new feature that should be taken into account 
is a finite lifetime, or, equivalently, nonzero decay widths of the excited atomic 
levels. The decay of a level aJ can be incorporated phenomenologically into 
the theory by introducing a decay width Y a j and multiplying the corresponding 
time-dependent eigenfunction by the factor exp (— \T a jt) . As a result, Eq. (1.56) 
becomes 


Pk q = p kq = 0) exp (icojj't - Y Jf t) (5.8) 

where e&jjt = Ej — Ejt ; Yjjt = (r,/ + Tjt ) /2; we omit the state index a for brevity. 
Applying Eqs. (1.64), (1.65), and (1.69) leads to the following expression for the 
time-dependent statistical tensor of the orbital angular momentum: 

Pkq (E t)= Y (~ 1 ) S+k+L+f (k L q L ,ks qs\kq) 

jj 1 

k L1L k S1S 

L S J \ 

L S / > exp^m^r - Yjj,t}p kjqjksqs (LS;t = 0) (5.9) 

k L k s k J 

Equation (5.9) shows that the evolution of polarization of the orbital angular mo- 
mentum L of the multiplet depends on fine-structure splitting, decay widths, and 
quantum numbers of levels, and on the initial polarization of orbital and spin an- 
gular momenta described by the double statistical tensor. An important particular 
case is an initially unpolarized spin of the excited state just after excitation. Sub- 
stituting ks = qs = 0 into Eq. (5.9) [see Eq. (A. 122)] gives the product form 

p kq (L-t)=G k (L,t)p kq (L;t = 0) (5.10) 

where 

G k (L,t) = S- 2 YJ 2 T 2 { ^ 5 } ex P \ ia >JJ’t - Tjj’t ] 

= S- 2 yr 2 { J L J L k s\ exp(— Ty/f) cos (Ojjit (5.11) 


JJ’k 

LLS 
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Equations (5.10) and (5.11) define a depolarization factor Gk(L,t) for the orbital 
angular momentum. The factor Gk(Lf) is always no larger than unity [see Eq. 
(A. 131)]. The reduced statistical tensors of the orbital angular momentum take 
the form 




Gk(L;t) 

Go(L;t) 


fk q (L,t = 0) 


^/expf-iy) 


Z 2 £/7' 2 

jj' 


j f k) 
LLSj 


x exp ( Tyy/ 1 ) cos(0jjit #tq(L,t = 0) 


(5.12) 


Equation (5.12) shows that observables that depend on the statistical tensors 
%k q (L,t) in general oscillate with time due to spin-orbit interactions. These quan- 
tum beats originate from the interference terms with J in Eqs. (5.9) and (5. 1 1). 
The quantum beats can be observed if the time resolution of the detector is high 
enough. Since the interference terms do not contribute to J%oo(L,t), the quantum 
beats cannot exist for the observables described by the statistical tensors of zero 
rank, like cross sections. For a discussion of the theory of quantum beats, we refer 
the reader to Ref. 8. 

An equation analogous to (5.9) can be obtained for statistical tensors of spin 
S. The depolarization factor for spin, Gi<(Sf), can be introduced in the same man- 
ner as for L , but since the orbital angular momentum L is almost always polarized 
after the collision, the factorized form (5.10) for spin S is practically useless. In 
general, analysis of the statistical tensors of the orbital angular momenta is of 
greater importance for studies of polarization and correlation phenomena because 
operators describing the decay of atomic states (for example, the dipole operator 
or the Coulomb operator) act only on the spatial variables. 

The time evolution of the statistical tensors of the total angular momentum 
J of the electronic shell due to the hyperfine interactions can be considered in 
analogy with the previous case. The analogue of Eq. (5.9) has the form 


Pk q ( J ’t)= E (-i) 


FF' 

k m k iii 


, . „ 1 

f / / F 1 


7 / F' 1 

1 j j n | 

[ kj kj k J 


l+k+J+ F'F 2 F' 2 k J k J ( kj qj,kf qi \kq) 


•Vp[i(OFF't -^FF'tjPkjqjlqq, ( Jl 'd = °) (5.13) 


Here I is the nuclear spin and F = J + 1 is the total angular momentum of an 
atom, including the nucleus. The value of I is fixed. For a mixture of isotopes, 
the summation over I in (5.13) has to be incorporated. When the nuclear spin is 
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initially unpolarized, one obtains 


P kq (J't) — G k (J,t)p kq (J’,t = 0) (5.14) 


where the depolarization factor is of the form 

{ F F^ k 1 ^ 

j j jj exp [i( 0 FF it — T FF it] (5.15) 

In a general case when both fine-structure and hyperfine interactions are 
important, the statistical tensors of three angular momenta, L, S, and /, should 
be considered. Applying Eqs. (1.64), (1.65), and (1.69) twice, we arrive at the 
expression 


Pkqfot) 


Y (-1 y+J'+L+S+t+F' jlp 2 jrpr 

JJ'FF' 


LLk ) 
J'JS) 


J J’k ) 
F' F I J 


( L S J ) ( J I F 1 

x exp(ia>j F jr F it — r JFJ i F it) Y kiAs'kjh < L S J' > | J' I F' > 

kLkskjkl { k L k s kj ) { k, k, k J 


X E ( k LqL,ksqs\kj qj) (kjqj,k iqi \k q) p kiqL k sqs k, q , ( LSI ; t = 0) 


(5.16) 


where COjfj'f' = Ejp — Eji f i; Tjfj'f' = (T/p + Tjip 1 )/!. We consider the sharp 
values of the nuclear spin I and of the electronic spin 5. In the derivation of Eq. 
(5.16) the following approximation was used: We considered the angular momen- 
tum J as being a good quantum number even though the hyperfine interaction 
was present. Equation (5.16) is a generalization of Eq. (5.9). Assuming that the 
nuclear spin I and the spin of electronic shell S at time t = 0 are unpolarized 
(ks = qs = ki = qi = 0), we obtain 


p kq (L-t)=G k (L,t)p kq (L-t = 0) (5.17) 


where the depolarization factor now has the form 


G k (L,t) = (IS)- 2 Y F 2 PF' 2 J' 2 

JFJ'F' 

x exp [i(OjF ji F it — TjFjF't) 


LLk ) 
J'JS) 


F F' k\ 
J' J I) 


(5.18) 
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5.3. Influence of Time Evolution of Statistical Tensors on Angular 
Distribution and Polarization of Decay Products 

Throughout this book situations are considered where an atomic level with 
the total angular momentum J is well isolated fit is implied that J is the total 
angular momentum of the electronic shell). Here we discuss a modification of 
the formalism developed, allowing for the influence of the hyperfine splitting of 
the decaying level aJ on characteristics of the decay products. Similarly, this 
modification can be used to treat the influence of the fine splitting of the multiplet. 

Assume that a well-isolated atomic level aJ , where J is the angular mo- 
mentum of the electronic shell, is a hyperfine structure multiplet and that in an 
experiment all the hyperfine structure levels are excited at time t = 0. In prac- 
tice, this describes a coherent excitation, when the spectral width of the impact 
is much larger than the hyperfine splitting, or, equivalently, the time of the exci- 
tation is much shorter than the period of precession of the angular momentum J 
due to the hyperfine interaction. The collision time is almost always short enough 
for excitation of an atom by a particle impact to use an assumption of instant ex- 
citation. (The same is often true for excitation of an atomic beam in beam-foil 
experiments, but less often in laser-pulsed excitation.) Any polarization or cor- 
relation characteristic measured for the decay products can be expressed in terms 
of the probabilities (1.151) and (1.152), which for the case of hyperfine structure 
can be written in terms of the statistical and efficiency tensors of the total angular 
momentum F: 

W= E PkqiaD ■ Pa'JI : F') £* kq (aJI : F,a'JI : F') (5.19) 

aa'FF' 

kq 


or in terms of double statistical tensors of the electronic J and nuclear I angular 
momenta: 


W= E Pk jqj k, q , (alb a'Jl) 4 jqjkjqi (aJI, a'Jt) (5.20) 

*ju k m 

act' 

The statistical tensors in Eqs. (5.19) and (5.20) describe the decaying system in the 
final state. We consider sharp values of J and I (the latter corresponds to an iso- 
topically pure target); otherwise one should introduce nondiagonal terms in Eqs. 
(5.19) and (5.20) with J . J' and /,/' and sum up over J ,J ! .1 . 1' . Suppose that the 
polarization state of nuclei is not directly measured by the detector. Substituting 
Eq. (1.159) into Eq. (5.20) gives the relation: 

W= E Pkq ) a 'j) £ kq ( a J ) a 'j) 
aa'kq 


(5.21) 
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[which coincides with Eq. (1.151) for sharp j], Now assume that the decay op- 
erator T does not act on the nuclear degrees of freedom. The vast majority of 
operators in atomic physics fulfill this condition. Then the statistical tensors 
p kq (aJ,a'J) of the final state can be expressed in terms of the statistical tensors 
of the decaying excited state by Eq. (3.5) (with obvious extension to the decay 
of a state with unfixed quantum numbers), which evolves in time in accordance 
with Eq. (5.13). Consider a usual situation when the detector of the decay product 
has been switched on at time t = 0 and has a resolution time At. Collecting Eqs. 
(5.21), (3.5), and (5.13), and integrating over time from 0 to At gives 


W= £ £l q {otJ , oc'j) J~ 2 {otJ || T || pj) {a'J || T || /3'/) 

aa'Pfi' 

kq 


x £ ( - 1 ) ,+k+J+F ' F 2 F ,2 kjk, (kjqj, k, q, \ k q) 
ff' 


FF'Jt) 
J J I J 


r At 

X Pkjqjk,q, P'JI; t = o) / 0 exp {i(0 FF 't - r FF ,t)dt 


J I F 
J I F' 


kj kj k 


(5.22) 


A simple result follows for the case when just after excitation the nuclear spin I 
is not polarized (kj = qi = 0). Usually this condition is fulfilled for targets with 
nuclei unpolarized before the excitation. Then Eq. (5.22) gives 


W = £ Gk(J,At)p kq ( aJ , a'Jj = 0) el q ( aJ , a'J) (5.23) 

aa'kq 


where 


G k (J,At) = 1~ 2 £ f 2 f' 2 
ff 1 


F F' kY 1 1 

j j i j r FF , 



X 



^ cos(co FF iAt ) 


^^j F j F ^ i 

— — sin(oj FF /Af) exp(— T FF iAt) 

r ff 1 J 


(5.24) 


A comparison of Eqs. (5.23) and (1.151) (the latter is taken for fixed angular 
momentum) results in the conclusion that under rather general assumptions one 
can treat the two-step process of the excitation and decay of the fine structure level 
equivalently, whether or not it is a hyperfine structure multiplet. The only differ- 
ence is a depolarization factor Gk(J,At) before the statistical tensors of the excited 
state. This allows for the time evolution (precession of the angular momentum of 
the electronic shell) due to the hyperfine interactions. In particular, within the 
above assumptions, all expressions for correlation and polarization characteristics 
of the decay products containing the reduced statistical tensors Fk q (aJ) are valid 
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also for the case when the level aJ is the hyperfine structure multiplet; one should 
only make a replacement: 

Akq(aJ) =► Akq{aJ) (5.25) 

where G k (J,At) are given by Eq. (5.24). 

Consider the extreme cases of Eq. (5.24). We assume that the decay widths 
of the hyperfine levels are equal: T = T/. = r F '. When At ^ T (i.e., the observa- 
tion time is much longer than the lifetime of the decaying level), the factor (5.24) 
takes the form 


G k (J,At)=r 2 '£F 2 F ' 2 

FF' 


7,"FK 1+ ^) 


(5.26) 


In particular, Eq. (5.26) is valid for the case when the time of the instant excitation 
is not fixed, as in noncoincidence experiments. When the hyperfine splitting is 
negligible ((Off' ‘C O, the summation over FF' in Eq. (5.26) [see Eq. (A. 131)] 
gives G k (J,At) = 1/r and the reduced statistical tensors (5.25) do not change. 
This result is obvious, since for (Off ' <Twe again have the single isolated level 
aJ. When the hyperfine levels do not overlap ((Off' ^ O, the diagonal terms 
with F = F' dominate the sum in Eq. (5.26); interference terms are negligible, 
and Eq. (5.26) takes the form 


G *( y - A » = F / "T # 4 {y "} 2 (527 > 

A similar approach can be used for treating the fine structure of the excited 
multiplet 2S+l L within the LS-coupling approximation. Consider the decay of 
an isolated level with a total orbital angular momentum L. We assume first that 
spin-orbit interaction can be neglected and that the decay operator conserves spin 
(for example, the Coulomb operator or the dipole operator). If the polarization of 
the spin of the system after the decay is not directly observed, one can express 
observables related to the decay products of the state L in terms of probabilities: 

w = E Pkq{ aL - a ' L) e kq {aL,a' L) (5.28) 

CCCC'kq 


Now consider the case of a decaying multiplet 25+1 L accounting for the fine- 
structure splitting of the energy levels. Repeating the above derivation with re- 
placements 


(5.29) 
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Chapter 5 


we find that one can treat the case of an isolated level with orbital angular mo- 
mentum L and the case of the LS-multiplet equivalently, provided the spin S of the 
excited decaying multiplet is not polarized just after the excitation at time t = 0 
and depolarization factors are introduced: 


W = Y, Gk(L,At)p kq (aL,a'L-,t = 0) e^ q (aL,a'L) (5.30) 

aa'kq 


where 


G k (L,te)=S~ 2 Y,J 1 J' 2 

jj' 


Jfk ) 2 1 

L L S) Tjj, 


r w 


x 



^cos(fi)j/Af) 


^ sinfffl/j'A/) ) exp(-r^Af) 
1 jj’ J 


(5.31) 


Equation (5.31) is a counterpart of Eq. (5.24) with the replacements (5.29). Equa- 
tions (5.25)-(5.27) for the hyperfine structure are also transformed directly to the 
case of fine structure, for example, equation 

GKM0-i*-’y{£“} 2 (5-32) 


is valid for well-separated fine-structure levels of the multiplet ((Ojj> T). Note 
that the assumption T = Tj = Fji is often not a good approximation and one has 
to use the more general Tjj> instead of T. 



Appendix 


There are many books in which the properties of spherical harmonics, n /-symbols, 
etc. are presented exhaustively. Here only those equations are given that are nec- 
essary and, we believe, sufficient to perform all the angular momentum algebra 
in the book. 


A.l. Pauli Matrices 


A. 1.1. Explicit Form 


Three Pauli matrices cr, (i = x,y,z ) correspond to the operators of projec- 
tions of the angular momentum J = 1/2: 


J, 



(A.l) 


o x = 


0 

1 





(A. 2) 


A. 1.2. Main Properties 

1. Hermiticity: cr/ = cr, . 

2. Unitarity: cr,cr, + = I, where I is the unit matrix. Therefore, 

a; = g] = g\ = 1 (A. 3) 

3. Anticommutativity 

a,Gj = - OjOi , ( i A j ) (A .4) 
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4. Product of two Pauli matrices 

(T^-CXy — / (7 . . CT CT — iCTy, . (T-CTy — / CT. f A.5) 

Equations (A.3)-(A.5) can be unified by the expression 

OiOj = 1 8ij + i £ s ijk o k (A.6) 

k 

where e,-^ is the absolutely antisymmetric tensor with e AV , = 1 which change 
sign under permutation of any pair of indices. Thus: 

! 0, if at least two of the indices are equal 

+ 1 if the indices form a cyclic permutation of x,y,z 
— 1 if the indices form a noncyclic permutation of x,y,z- 

(A.7) 

5. Commutative relations follow from Eq. (A.6): 

[0,0,] = 2i'£ l £ lJ k Ok (A. 8) 

k 


A. 2. Legendre Polynomials and Associated Legendre Polynomials 

A.2.1. Definition of Associated Legendre Polynomials 


If (cos t?) = sin'" r) 


d{ COS !?) 


Pf (cos d) 


(A.9) 


where P f (cos d) is the Legendre polynomial. Sometimes the associated Legendre 
polynomials with another normalization are used 


P? = 


'(2/+1 )(Z-m)! 
2 {l + m)\ 


Pf (cos i?) 


(A. 10) 


A.2.2. Tables 

Associated Legendre polynomials (A.9) for small l are given in Table A.l 
on p. 199 and some of their numerical values in Table A. 2 on p. 199. 
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Table A.l. Associated Legendre Polynomials for / = 0, 1,2, 3,4 


l 

m 

P' l 

■* m ' 

Jcos$) 

0 

0 


1 

1 

0 

COS $ 

1 

1 

sin $ 

2 

0 

\ (3cos 2 d - 1) 

\ (1 + 3cos2d) 

2 

1 

3 cos $ sin d 

\ sin 2d 

2 

2 

3 sin 2 d 

|(1 — cos 2d) 

3 

0 

j (5 cos 3 d — 3 cos d) 

g (3cosd + 5cos3d) 

3 

1 

1 sin d (5cos 2 d — 1) 

| (sind + 5sin3d) 

3 

2 

15 cos dsin 2 d 

(f (cos d — cos 3d) 

3 

3 

15 sin 3 d 

(f (3 sin d- sin 3d) 

4 

0 

g (35cos 4 d - 30cos 2 d + 3) 

(9 + 20cos2d + 35cos4d) 

4 

1 

| sin d (7 cos 3 d — 3 cos d) 

A (2sin2d + 7sin4d) 

4 

2 

If sin 2 d(7cos 2 d — 1) 

(3 + 4cos2d — 7cos4d) 

4 

3 

105 sin 3 dcos d 

^ (2sin2d — sin4d) 

4 

4 

105 sin 4 d 

^ (3 — 4cos2d + cos4d) 


Table A.2. Numerical Values of Pj n (cos d) for Particular Angles 


/ 

m 

0° 

90° 

180° 

45° 

135° 

magic angles 

magic angles 








(54.7°) 

(125.3°) 

0 

0 

1 

1 

1 

1 

1 

1 

1 

1 

0 

1 

0 

-1 

1 

1 

1 

1 

V2 

V2 

\/3 

\/3 

1 

1 

0 

1 

0 

1 

1 

V2 

V2 

V2 

y/2 

V3 

V3 

2 

0 

1 

1 

2 

1 

1 

4 

1 

4 

0 

0 

2 

1 

0 

0 

0 

3 

2 

3 

2 

V2 

my/2 

2 

2 

0 

3 

0 

3 

2 

3 

2 

2 

2 

3 

0 

1 

0 

-1 

1 

4y/2 

1 

4y/2 

2 

3\/3 

2 

3V^ 

3 

1 

0 

3 

2 

0 

9 

4\/2 

9 

4\fl 

V2 

V3 

V2 

\/3 

3 

2 

0 

0 

0 

15 

15 

10 

_iO 


2^2 

2^2 

V3_ 

y/3 

3 

3 

0 

15 

0 

15 

15 

10\/2 

10V2 

2^2 

2V2 

v/3 

V3 

4 

0 

1 

3 

1 

13 

13 

7 

1 


8 

32 

32 

18 

18 

4 

1 

0 

0 

0 

5 

8 

5 

8 

>nl 

1 

5V2 

9 

4 

2 

0 

15 

2 

0 

75 

8 

75 

8 

20 

3 

20 

3 

4 

3 

0 

0 

0 

105 

4 

105 

4 

10V2 

3 

10\/2 

3 

4 

4 

0 

105 

0 

105 

4 

105 

4 

140 

3 

140 

3 
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Spherical Harmonics 

Definition 




(A.11) 



(A. 12) 

®/mW = (-l )"'( 

/%+V ) ' r<cos ' ,) ( " ,io) 

(A. 13) 


0 / _ w (t>) = (-l) m 0, H (t>) 

(A. 14) 


where P'" (cos l)) is the associated Legendre polynomial defined by Eq. (A. 9). 
A.3.2. Useful Symmetries 


Y l M<p) = {-l) m Y l *_ m {V,<p) (A. 15) 

Yi„(n-0,<p) = (—l) l+m Yi m (i3, (p) (A. 16) 

Yim($,7t+(p) = ( — l) m F; m (t>, «p) (A. 17) 

Inversion: 

P r Y lm (ti,<p)=Yi m (K-$,K+(p) = (-l) l Y lm ($,(p) (A. 18) 

Rotation: 

Spherical harmonics are covariant components of the irreducible tensor operator 

and are transformed during the rotation of the coordinate system S — —> S' by 
the law 

F /m ,(t>V) = IXm'(«,J3,y) Y lm {0,q>) (A.19) 


where D l mm , (a. /3, y) is the Wigner D-function (Section A. 6), IK <p and (}' . <p' are 
the spherical angles of a given vector in the initial frame S and the new rotated 
frame S', respectively. The Euler angles a,/3,y characterize the rotation of the 
frame S to the frame S' . 
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A. 3. 3. Particular Angles 


i'lm ijP) &mO 


2/+1 

471 


Yim(-,(p)=0 (l + m = odd) 


F /m(f,p) = (-l) (;+m)/ V' m * 


/2/+1 (/ + m— 1)!! (/ — m— 1)!! , 

Xu — rry — “ — tt rrf- (/ + »! = even) 

1/ 471 (/ + m)!! (/ — m)!! 


A.3.4. Orthonormalization and Completeness 


Y i imi ($,<p)Yi* 2m2 (d,(p) 

z' 27T /> 7T 

/ d(p dd sin 7, (i?, <p) Y,* m2 (d, <p) = 5/ lfe 5 m , m2 

^ n n 


E E F /m(^l- < Pl) F /m(^> < P2) = 5(«Pl-(p2)5(cOS7> 1 -COSl92) 


1=0 m=— I 


A. 3. 5. Selected Formulas 


[d,q>\lm) = Y lm (d,q>) 


E |y /m (i?,<p)| 2 = 

m=—l 


2 2/ + 1 
471 


(A. 20) 

(A.21) 

(A. 22) 

(A. 23) 

(A. 24) 

(A. 25) 

(A. 26) 


[ d <pY lm (d, <p) = * ^471(2/ +1) 5 m0 P/ (cos i?) 
^0 2 


(A.27) 
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J d£lY hmi (0, (p) Y hmi (0, <p) (0, <p) 


'( 2/1 + 1 ) ( 2/2 + 1 ) 


V 47r(2/ 3 + 1 
The Clebsch-Gordan expansion 


(/l 0, h 0 1 /3 0) (/] mi, h m 2 \ h m 3 ) 


(2/i + l) (2/2 + 1) 

4tt(2L+1) 
x (/i 0,/20|L0) (/imi,/2»i2|LM)F £M (i>,<p) 


Ew 47r(2L+ 1) 


A.3.6. Connection with Legendre Polynomial 


Y io (&,<P) = \J~^r p i ( cos d ) 

A. 3. 7. Scalar Product of Spherical Harmonics 
Definition 

(Yi (01, <pi) Y, (02, <P2)) = E^m (#1 ’ <Pl) (02, <P 2 ) 

m 

Relation to Legendre polynomials 

(^(0i,<Pi)^/(02,<P2))= 7 ^f- p i (cos ®1 2 ) 

where (»i2 is an angle between the directions 0i , <p i and 0i • <p 2 '■ 

COS (0\2 = COS 01 COS 02 + sill 01 sin 02 COs(^Pi — (p2 ) 

A. 3. 8. Multipole Expansions 
Plane wave 

exp(/kr) =4nJ^i‘ ji(kr)Y,* m (^ k ,(p k ) Y lm (A,(pr ) 

lm 

= ^i l ji(kr) {Y t (0a-, (p k ) Y, (0 r , <p r )) 

1 

= E' ; (2/ + l)ji(kr)Pi (cos (Orf) 
i 


(A. 28) 


(A. 29) 


(A. 30) 


(A. 31) 


(A. 32) 


(A. 33) 
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where j) (x) is the spherical Bessel function; 
Coulomb interaction 


1 


7 1 ) Y. Y i m ^U^) Y ,M,(p2) 


Ti — r 2 


4 n ^ 1 

r> Y (2/+1) \r> 


1 


r> 


= r-E( 't ) p /( cos ® 12 ) 


r> 


(A. 34) 


where r < = r 2 , r> = r \ if r\ > r 2 and r< = ri, r> = r 2 if ri < ry. 

Delta function 

5(ri -r 2 ) = -i 5(ri — r 2 ) 5(cos Ai — cos 7 ) 2 ) <5((Pi -<p 2 ) 

r i 

= 5(n - r 2 ) -i £f T m (^i, <Pi) y /m (^ 2 , <p 2 ) (A.35) 

1 1 /m 


A. 5. 9. TAA/e 

Spherical harmonics for small / are given in Table A. 3 on p. 204. 

A. 4. Bipolar spherical harmonics 

A.4.1. Definition 


{Yi 1 (Ai,<pi)®F /2 (t92,92)} iM 

= E (/iwi,/ 2 m||LM)y, imi (Ai,(pi)Y, 2m2 (t92,<P2) (A.36) 

m[m2 

where (A, (p) are the spherical harmonics (see Section A. 3). The bipolar spher- 
ical harmonics (A.36) form the irreducible tensor of rank L with components M. 

A.4.2. Relation to Scalar Product of Spherical Harmonics 


0/(Ai,<pi) T / (A 2 ,9 2 )) = (-1 ) / v / 27TT{T/(Ai,9i)®T/(A 2 ,^ 2 )} 00 (A. 37) 
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1 m 
0 0 
1 ±1 
1 0 

2 ±2 

2 ±1 

2 0 

3 ±3 

3 ±2 

3 ±1 

3 0 

4 ±4 

4 ±3 

4 ±2 

4 ±1 

4 0 


Table A.3. Spherical Harmonics for / = 0, 1,2, 3, 4 




Zeroes (deg) 


=F j sin 

i \/l^cos !? 




j|(l — cos2$)e 


±2/<p 


0; 180 
90 

0; 180 


=F I cos i? sin ?>e ±!<p 

=F I \/^i sin2i9e ±!< P 

iyf(3cos 2 t?-l) 
iyf( 1 +3cos2j>) 
g \/^f sin 3 i?e ±3 " ! ’ 


T 32 V f ( 3si nt?-sin3j>)e ±3, '’ > 
? \/W^ cos $ sin 2 f>e ±2i<1 ’ 

YS $ - cos3f>)e ±2, '1’ 

=F g sj ^ (5 cos 2 - 1 ) sin iV ±i 1’ 
^ sx/^f(s i ni? + 5si n3 i>)<? ± ' , P 
\ ^/|-(5cos 2 i? - 3) cos & 

— -4 \/|( 3cos i? + 5cos3$) 


^V^l|sin 4 ^ ±4i<p 


3 

128 


€(3 


4cos2t? + cos4!?)e ±4 " 1 ’ 


0; 90; 180 

54.7; 125.3 

0; 180 

0; 90; 180 

0;63.4; 116.6; 180 

32.9;90; 140.8 

0; 180 


=F | sin 3 & cos t>e ±3,<p 
=F |f (2sin2i>- sin4#)e ±3i 1’ 

I si " 2 ^( 7cos2 $ - 1 )e ±2f,p 

H l/a 1 ( 3 + 4cos2# - 7cos4i?)e ±2 ">’ 
=p| y^| sind(7cos 3 i> — 3 cos 
=F p J\ (2 sin2j> + 7 si n 4.i>)<?= tl ' , P 
^^i(35cos 4 $ — 30cos 2 i? + 3) 
j|g *J\(9 + 20 cos 2 # + 3 5 cos 4 # ) 


0; 90; 180 

0;67.8; 112.2; 180 

0;49.1;90; 130.9; 180 

30.6; 70.1; 109.9; 149.4 



Appendix 


205 


Table A.4. Solid Spherical Harmonics for / = 0, 1,2, 3, 4 



A. 4. 3. Ortho gonalization and Completeness 


I j dOid0 2 {Y h (??i,<Pi)®T/ 2 (#2,<P2)} LM ($1 ) *Pl ) ® ^ (pl) } L , Ml 

= ^/,/J (A.38) 

I ’ {I'll (#1 , (pl ) ® (^2, 92)} lm {fy (i?J , <p'l) ® ^(^2, <Pl) }Lw 

l\hLM 

= S(0 l -0[)S(0 2 -0! 2 ) (A. 39) 

where 8(0. — O') = 5(cos # — cos d')8((p — (p 1 ). 

A.5. Solid Spherical Harmonics 
A.5.1. Definition 


<y lm (r) = r J Y lm (V,(p) (A .40) 

where Y,m (i 9,<p) is the spherical harmonic (see Section A. 3). 

A. 5. 2. Table 

Solid spherical harmonics for small l are given in Table A. 4. 
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A.6. Rotations and Wigner D-Functions 

A.6.1. Rotations and Elder Angles 

We use the right-handed coordinate systems. An arbitrary rotation ft) of the 
system of coordinates S{x,y,z} — > S' {x' .y' : z!} can be executed by three succes- 
sive rotations: 

1. Rotation through the angle a around the ’-axis (0 < a < 2n) 

2. Rotation through the angle /3 around the new y-axis (0 <P<n) 

3. Rotation through the angle y around the new ’-axis (0 < y < 2k) 

The angles a, /3, and y are called the Euler angles. An angle of rotation about an 
axis is positive if, looking along the direction of the axis, the rotation is clockwise. 
In other words, the rotation through the positive angle about the directed axis leads 
to the movement of the axis in the positive direction in accordance with the right- 
handed screw. 


A.6.2. Definition of D-Functions 

Let | jm ) be a state vector of a physical system with fixed angular momen- 
tum j and its projection in on the ’-axis of the coordinate system S. Let jm) 
be another state vector (of the same physical system) that is characterized by the 
same j and the same projection m , but on the ’-axis of another (rotated) coordinate 
system S. Let D(a, /3 , y) be an operator that transforms the state vector | jm) into 
the state vector jm): 


I jm) =D(af 3, y) | jm) (A.41) 

The Euler angles a, /3, and y characterize the rotation S — > S. Then the state 
vector | jm ) is expanded in terms of the state vectors | jm ) (in = — j,... ,+j) as 
follows: 

I jm ) = E D 'm'm ( 1 a ’P I y) I jm' ) (AA2) 

m! 

where D J m , m (a.(5,y) is called the Wigner D-function. It is defined as the matrix 
element of the rotation operator in the representation of the state vectors | jm): 


(jm \D(a,p,y) | j'm) = 8jfD J mm , (a,j3,y) 


(A. 43) 
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A. 6. 3. Explicit Form 

D mm' 7) = exp (-ima) d J mm ,{fi) exp (-im'j) (A.44) 

where dj , (0) is a real function that can be expressed in terms of polynomials in 
cos(/3/2) and sin(0/2) (see Table A. 5 on p. 210). 

A. 6.4. Useful Symmetries 

= (-1 ) M '- M D J f M _ M ,(a,l5,Y) = {—\) m '- m D ] m , m (7,0, a) 

= (7,0, a) = D j *, m (-y, -0 , - a) (A.45) 

A.6.5. Formula of Addition 

Consider two successive rotations of the coordinate system S — ^ S 1 — =-> S ", 
where the first rotation, <X)\, is characterized by the Euler angles (X\ , 0i, and 71 and 
the second rotation fth is characterized by the Euler angles O.i, 0?, and 72 in the 
intermediate system S' . Let the resulting rotation S — > S" be characterized by the 
Euler angles a, 0, and 7 . Then 

E D L" («2, (at = D J mm , («,0,7) (A.46) 

m"=—j 

A.6.6. Unitarity 

E (« - z 3 . r) ( a ^-y) = (a.47) 

m=—j 

A.6.7. Selected Formulas 

D JI ,(a.p.y)D j2 , (a, 0,7) 

mimj v ’ ^ / m2m.2 v ~ ’ 1 ' 

J 1+./2 

= E E C/i - 22 m 2 1 jm) (ji m \ , 72 | J m') D ' inm ' («> P, 7) (A.48) 

7 = 171-721 » w >' 
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A. 6. 8. 


E D 


j\ 

m\m'\ 


(a , /3 , y) (a, J3 , 7) (71 m \ , j 2 m ' 2 \ j m) 

= (71 mi , 72 m 2 1 7 m) ZV m , (a, /3 , 7) 


"27T 


m 


c2k 


./ () da j 0 d $ s ' n P ./ 0 ^ 2 ; m ,(a,/3,7)^ im; («,/3,7) 

8 ^ 2 c e e 

2jy _|_ j °jlj2 l m 2 °m' l m' 2 

(71 +72 = integer) 


Connection with Spherical Harmonics 


(A. 49) 


(A. 50) 


D i«0 (?> VO = (-1)" ^ l/-m (0.9>) = (A - 51 > 

DL (9, $,Y)=\I VO = (- 1 )'" y F /m(^ VO ^ A - 52 ) 
A. 6. 9. Particular Arguments 


d L / (0,0,0) = Sw (A. 53) 

DL(a ) 0 1 7) = W" ( “ H1,) (A.54) 

Di m ,(0,^0)=di m ,(P) (A.55) 

OL (0,±2n?r,0) = S mm , (-l) 2 ”^ (A.56) 

^ (0,±(2n+ 1 )tt, 0) = 5_ mm / (— l) ± ( 2n+1 )7+ m (A.57) 

A.6.10. Connection with Legendre Polynomials 


Doo((p,&,v)=Pi( cosA) 


(A. 58) 
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A.6.11. Tables 

The functions d t („„/($) are given in Table A. 5 on p. 210 and numerical val- 
ues of d J MM ,( ?) for small J in Table A. 6 on p. 211. 


A.7. Irreducible Tensor Operators 

A.7.1. Definition 

One calls the irreducible tensor operator of the rank k a set of 2k -f 1 oper- 
ators T kq (q = k.k — 1 . . . . , k), which transform under the rotation of the coordi- 
nate frame S — > S by the law 

r7 g ' = S k k'Z Dk gq '^T kq (a.59) 

where (co) is the Wigner D-f unction (see Section A. 6). 

A.7.2. Irreducible Tensor Product 

The irreducible tensor product, or simply the tensor product, of two irre- 
ducible tensor operators, U kl and V kl , with the ranks k\ and /c?, respectively, is a 
new irreducible tensor operator of the rank k: 

l^'i — 1 < k < k\ +k2 

the components of which are defined by the relation: 

{U kl ®Vk 2 } kq = Y <pMq2\kq) U hcn V kiqi (A. 60) 

c n c n 

A particular case of the tensor product is the scalar product of two irreducible 
tensors: 

(U k V k ) = {-l) k V2k+l{U k ® V A -} 00 = £(-l ) q U kq V k - q (A. 61) 

q 

A.7.3. The Wigner-Eckart Theorem 

Let T kq be a component of an irreducible tensor operator. Then 

(ccjm | T kq | a'j'm ') = {f n P k q \ J m ) (j II T k II /) (A.62) 

The theorem factorizes the dependence of the matrix elements on the projections 
and serves as a definition of the reduced matrix element { j || T k || /). 
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d l/2 ,w 

mm' v > 


Table A.5. Functions 

d l ,(&) 

mm 1 v > 


m' —* 



m 

1/2 

-1/2 

1 



1/2 

COS Y 

— sin j 

-1/2 

sin j 

cos -j 


m' — > 

m 

i 

1 

0 

-1 

i 

j(l +COS t?) 

-i sin,? 

j(l - COS I?) 

0 

Jjsintf 

cos $ 

-^sind 

-1 

j(l — cos $) 

-72 sini? 

j(l +COS I?) 


m' —> 

m 

i 

3 

2 

1/2 

-1/2 

-3/2 

3/2 

cos 3 y 

— \/3 sin y cos 2 y 

\/3 sin 2 y cos y 

— sin 3 y 

1/2 

\/3 sin y cos 2 y 

cos y (3 cos 2 y — 2) 

sin y (3 sin 2 7 — 2) 

\/ 3 sin 2 y cos -j 

-1/2 

\/3 sin 2 y cos y 

— sin y (3 sin 2 § — 2) 

cos (3 cos 2 y — 2) 

— \/3 sin y cos 2 y 

-3/2 

sin 3 y 

\/3 sin 2 y cos y 

\/3 sin y cos 2 y 

cos 3 y 


d 2 /($) 

mm ' ' 

in' — > 

m 

1 

2 

1 

0 

2 

|(1 +COS I ?) 2 

— | sin #(1 +cos i?) 

Z V/2 s ' n2 ^ 

1 

2 sin $(1 +cos d) 

2pcos 2 U + cos t? — 1) 

— sin # cos $ 

0 

Jy/fsin 2 # 

sin () cos 7} 

j(3cos 2 !? - 1) 

-1 

j sin $(1 — cos $) 

— j(2cos 2 $ — cos 1? — 1) 

sin i? cos $ 

-2 

j(l - cos t?) 2 

j sin $(1 — cos 1?) 

j sin 2 # 


d^nm'iP) (continued) 


m' — ► 

m 

i 

-1 

-2 

2 

— 2 sin i?(l — cos i?) 

^(1 - cos I ?) 2 

1 

— * (2 cos 2 & — cos & — 1 ) 

— 2 sin $(1 — cos $) 

0 

— yj sin 7} cos 1? 

2 \J\ sin 2 7} 

-1 

2 (2 cos 2 1? + cos $ — 1 ) 

— 2 sin $(1 +cos 7}) 

-2 

* sin !?(1 +cos 7}) 

}(1 +COS I ?) 2 
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Table A.6. Numerical Values of d J MM , ( j ) for J = 1/2, 1,3/2, 2 

d 1 <(f) 

mm ' 2 > mm' v 2 > 

ml — » m' -> 


m 

{ 

1/2 

-1/2 

m 

i 

i 

0 

-1 

1/2 

1 

\/2 

1 

V 2 

i 

1 

2 

1 

y /2 

1 

2 




0 

72 

0 

72 

-1/2 

1 

1 

y /2 

-t 

1 

2 

1 

V2 

1 

2 


J 3 / 2 , f 5 ) 
U mm v 2 ' 


m 

i 

3/2 

1/2 

-1/2 

-3/2 

3/2 

l 

73 

73 

1 

272 

272 

272 

272 

1/2 

73 

272 

1 

2V2 

1 

iSpS 

73 

272 

-1/2 

73 

271' 

1 

272 

1 

2.72 

75 

272 

-3/2 

1 

73 

73 

1 

272 

272 

272 

272 


m' — > 






m 

2 

1 

0 

-1 

-2 

i 






2 

1 

1 

73 

1 

1 


4 

2 

272 

2 

4 

1 

2 

— 2 

0 

2 

— 2 

0 

a /3 

0 

1 

0 

\/3 

2 V 2 

2 

2 V 2 

-1 

2 

2 

0 

“2 

~2 

_2 

1 

1 

73 

1 

1 


4 

2 

272 

2 

4 


A. 7.4. Algebra of Tensor Operators 

1 . If irreducible tensor operators {/* and V/ 2 operate in a common subspace, 
then 

(a/ || {U h ®V k2 } k || a'f) = {-iy + i' +k V 2 k+I 

x E { k l h 1 ) (<*J II U kl || a"j") (a" j" || V kl || a'f) (A.63) 
a " jn L .1 J J ) 

2 . If t/ operates in a subspace of functions relating to the angular momentum 
j i and V operates in a subspace of functions relating to the angular momen- 
tum 72 (for example, orbital angular momenta of a particle and its spin), 
then 

(ujijij || {U kl ® Vk 2 } k || oc'j[j' 2 f) = s / (2 j + 1)(2/+ 1)(2 k+ 1) 

! ji h j ) 

j\ fi f \ E ( a -A II U h II «"/i> ( j 2 II II a'A) (A. 64) 
Jti fe k j a " 

The sum over a " is included to account for a case when both operators, U 
and V , act on the quantum number a. 
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3. Replacing the operator V by unity, one obtains from Eq. (A. 64): 

(ajij 2 j |! U k || a'j[j' 2 f) = S j2j , (-i)Ji+h+f+k \/ (2j + 1 ) (2/ + 1 ) 

X {^ //,} < aj ' l|t4l|a ' 7 '} (A ' 65) 

4. Replacing the operator U by unity, one obtains from Eq. (A. 64): 

(ccjdij II V* II a'MJ) = S hA (-1 )A+h+J+k yj (2j + 1 ) ( 2 / + 1 ) 

j/j,} (ah \\ Vk \\ a' fi) (A.66) 

A. 7.5. Examples 
Unity operator: 

(j\\I\\f) = S Jf y/2j+l (A. 67) 

Spherical harmonic: 

(/ lift II l’) = y (2/,+ 1 4 ^ 2fe+1) - (/'0)fc0|/0) (A. 68) 

Angular momentum: 

<7 II j II /> = 5 7/ \/ j(j + l)(2j+ 1) (A.69) 

Operator of unity vector: 

</ || n || l 1 ) = V21+1 (/0, 1 0 1 Z'O) (A. 70) 


A. 7.6. Reduced Matrix Elements in the LS-Coupling Approximation 

The following expressions are written for an arbitrary spin s of the outgoing 
particle. For an electron, one must put s = j. The reduced matrix element of 
the decay operator V in the case when the total spin and the total orbital angular 
momentum are conserved during the decay and the operator V does not act on 
spin variables is 

( a f(L f S f )J f , ( ls)j : J || V || 0 Ci(LjSi)Ji) 

{ L f s f J f 1 

= Jj jSji < / s j > (ajLf.l : L || T || a,T,-) 

{ E Si Ji J 


(A.71) 
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Reduction of the dipole matrix element for excitation: 

{a(LS)J ||D || a^LiS^Ji) 

= Ss Si JJi(-l ) L+s+Ji+1 1 j j/ L | (aL |! D I! a,Li) (A.72) 

Reduction of the dipole matrix element for ionization: 


(a f (L f S f )J f , ( ls)j : J || D || afL^Ji) = £ 8 SSi ffjjf i SL(-l) L+s+J < +l 

LS 


fSL J 
1 1 Ji U 


L f s f J f 1 

l s j > (afLf,l : L\\D\\ 0 CiLi) 

L S J J 


(A. 73) 


where 


£> = E r " 

n 

Reduction of the plane-wave Born multipole amplitude for excitation: 

(a{LS)J || T% || cctiLiSiU) 

= 8s Si Jfi(-l) L+s+Ji+X | J Lj } (aL || T% |j a,Li) 


(A. 74) 


Reduction of the plane-wave Born multipole amplitude for ionization: 

(a f (L f S f )J f , 0 ls)j : J || T» || a, -(LjS, ■)/,■> = E 5 ^//7-M^(- 1) L+S+J ‘+* 

LS 


I S L J 
\ A Ji Li 


L f s f J f 1 

l s j \(a f Lf,l:L\\T%\\aiLi) 
L S J ) 


(A. 75) 


where rf = I„ jx(Qr n )Y x (8„,(p n ). 

In practice, a unity operator which operates in the spin subspace is implied 
sometimes in the reduced matrix elements at the right side of Eqs. (A.71)-(A.75). 
In this case the right side of Eqs. (A.71)-(A.75) should be multiplied by in 
accordance with Eq. (A. 67). 


A. 7. 7. Transformations of Scattering Amplitudes 

Consider three coupling schemes of the total atomic angular momentum J 
with angular momenta of the scattering particle: jj-coupling [(J+ (l + s)j = J], 
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//-coupling (called also //(’-coupling) [(J + l)K + s = J], and the channel spin 
representation [(J + s)S + 1 = J]. 

Transformation from j /-coupling to //-coupling 

(aJ, (ls)j : J || T || aoJo, {ks)jo ■ J) 

= (-l) 2f+2s+l o +J o+ l+J jj 0 £ kkJ JlK \[ h) l0K ° ) 

KK 0 U J J J l * J JO J 

x (a, (Jl)K,s : /|| T || ao,(J 0 lo)K 0 ,s : J) (A.76) 

Transformation from the j /-coupling to the channel spin representation 
( ocj , (ls)j :J\\T II a Q Jo, (/os)/'o : J ) 

x (a, ( Js)S,l : /|| T || ao, (7os)5o,(o : J) (A. 77) 

Transformation from the channel spin representation to the //-coupling 


(a, ( Js)S , / : / 1| r || ao, (Jqs)Sq, h ■ J) 

- In ( H\V “ 


(A. 78) 


The above equations are the recouplings of three angular momenta with the help 
of 6/-symbols [see Eqs. (A.96)-(A.98)]. Reverse transformations are obtained in 
the similar way. 

The amplitudes in uncoupled representation | aJM . p/j ) can be related to 
the three above representations with the use of Clebsch-Gordan coefficients, the 
Wigner-Eckart theorem (A. 62) for the transition operator T (which is a scalar 
in the total space of variables atom + particle), and Eq. (A. 25) [in which ($,<p) 
shows the direction of the linear momentum p of the particle]. For example, 
transformations (direct and reverse) between the j /-coupling representation and 
the uncoupled representation are of the form 


( aJM,p/j | T | (XoJoM().po/j 0 ) = Y J ( aJ , Ij :J\\T || a 0 7o, hjo ■ f) 

hjoUJ 

x Y (JMJmj\JM)(JoM 0 ,jomj 0 \JM)(lmi,sn\jmj) 

'-mum j^rriim jM 

x (l 0 mi 0 ,sno\jom jo ) (? %,<po)Y lmi (&,<p) ( A.79 ) 




Appendix 


215 


( ocJJj : JM | T | aoJo,lojo ■ 7 M) = J ■ /|| T || ao/0,^070 : J) 

= Y j d£1 o j dQ.(aJM,p/Li |T| a 0 /oM 0 ,p 0 ( uo) 

MM 0 fifi o 

Y (JM,jntj\JM) (JoM Q J 0 m jo \ JM) (lmi,s/j \ jmj) 

m, 0 m j 0 m l m j 


X (, lomi 0 ,S 0 /J 0 I ,/0'H/o) Y l 0 m, n (^o, <Po) ^/rn, (#> <P) 


(A. 80) 


Another type of transformation accounts for internal atomic couplings of 
angular momenta. For example, if atom is characterized by the total orbital 
angular momentum L and total spin S, one can transform from //-coupling 
(L + S = J, 1 + s = j, J+j = J) to L5-coupling (L + l = L, S + s = S, L + S = j): 

( a(LS)J , (7s) / : /|| T || <xq(LqSo)Jo, (kso)jo ■ J) 
r L5/1 r LoSoJo 

= Y JojoJ jLoSoLS < / s j > < lo so jo 

SlSoLq [l5/J [ L 0 S () I 

x(a,(Ll)L,(Ss)S:J\\T\\ a 0 , (L 0 Z 0 )7o, (S 0 s)S Q : J) (A.81) 

Equation (A.81) is a recoupling of four angular momenta with the help of the 
9/-symbols [see Eq. (A. 117)]. 


A. 8. Clebsch-Gordan Coefficients 

The Clebsch-Gordan coefficients form the matrix of unitary transformation 
from the representation \j\m\ j 2 m 2 ) to the representation \jijijm), and the re- 
verse: 

(ji m i,j 2 m 2 \jm) = (j\m\j 2 m 2 \ jxjipn) = (jij 2 jm\j 1 m l j 2 m 2 ) (A.82) 

We use the standard phase convention when the Clebsch-Gordan coefficients are 
real. 


A.8.1. Restrictions on the Arguments 

The Clebsch-Gordan coefficients are zero if at least one of the following 
rules is not fulfilled: 

1 . 71 , 72,7 are integer or half-integer nonnegative numbers 
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2. 1111 , 1112,111 are integer or half-integer positive or negative numbers 

3- \mi\ < j i, \m 2 \ < j 2 , \m\ < j 

4. j i + mi , j 2 + m 2 , j + m, j i + j 2 + j are integer nonnegative numbers 

5. The triangle inequality: |/, - j 2 \ < j < j\ + j 2 

6. mi+m 2 =m 

A. 8. 2. Relation to 3jm-Symbol 

(aa,bf3\cy) = (-l) a ~ b+r c ^ ^ * _ C y ) (A.83) 

(a \ y ) =(^l) c+r+2a c‘ 1 (a-a,b-p\cy) (AM) 
A. 8. 3. Main Symmetry Relations 

(, aa,bp\cy ) = (- \) a+b ~ c (a - a,b - p\c - y) = (-l) a+fo ' c (l bp,aa\cy ) 

= (-l) a ~“ i (aa,c — y\b - /3) = (-l) fc+ ^ ^ (c — y,bp\a - a) (A.85) 
b a 

A.8.4. Formulas of Summation 

We present only the relations most often used. If some practical expres- 
sion shows another order of the angular momenta, one should use the symmetry 
relations (A.85) to rearrange the coupling. 

^(aa,bO\aa) = a 2 8bo (A. 86) 

a 

^(aa,bf5\cy) (aa,bf}\c' y 1 ) = 8 cc '8 7 y (A. 87) 

a/3 

J^(aa,bp\cy) ( aa',bp'\cy ) = 8 aa >8pp> 

CJ 


(A. 88) 
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£ (aa,fo/3 |cy) {d8,bfi \ee) (aa,f(p \dS) 
apS 

= (-1 ) b+c+d+f £d (cy,/<p|ee)|“^| (A.89) 

(-l) a ~ a (aa,b[i \cy) (dS,bji\ee) (d 8,a - a\f (p) 

apd 

= {-\) b+c+d+f cf {cy,f(p\ee) (A.90) 

Yj ( bp,cy\aa ) (ee,/<p|J5) (ee,/?/3 rj) (/<P,cy|./>) 

pyetp 

= {-l) a ~ b+c+d+e - f agYs 2 

[ c a | 

= adgj'Y(.g r lJv \tt)(d8,aa\tt) l f ed\ (A.91) 

,T i j 8 t J 

A.S.5. Zero Values of Arguments 


(aa,00|cy) = 8 ac 8 a7 (A.92) 

(aa,bj5 1 00) = (-l) a -“<r' S a i,S a ,-|3 (A.93) 

(a0,Z?0|c0) = 0 (a + b + c = 2n+ 1) (A.94) 

f_l Y~ c crd 

(<j0./)0|c0) = (f; _ c)! 

' (2n - 2a) ! (2n - 2b) ! (2 n - 2c) ! ] 1/2 
X L (2n + l)! . 

(a + /? + c = 2n) (A. 95) 


A. 8. 6. Tables 

We give Clebsch-Gordan coefficients (a a, bf3 \ c a + /3) for c = 1/2, 1,2,3 
and a,b < 3 in terms of simple fractions in Table A. 7 on pp. 218-220. 
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Table A.7. Clebsch-Gordan Coefficients 
Z = (a a, b[} 1 1/2 a + j3) 


a 

a 

b 

j3 

Z 

a 

a 

1) 

/3 

Z 

1/2 

1/2 

0 

0 

1 

5/2 

3/2 

2 

-1 

-2/v 1 t 5 

1 

1 

1/2 

1/2 

x/2/ \/3 

5/2 

3/2 

2 

-2 

l/>/3-5 

1 

0 

1/2 

1/2 

-1/V3 

5/2 

1/2 

2 

0 

l/x/5 

3/2 

3/2 

1 

-1 

l/x/2 

5/2 

1/2 

2 

-1 

-V2/V3^5 

3/2 

1/2 

1 

0 

— i/%/3 

3 

3 

5/2 

-5/2 

V2/V1 

3/2 

1/2 

1 

-1 

l/x/2 - 3 

3 

2 

5/2 

-3/2 

-v/5/\/3f7 

2 

2 

3/2 

-3/2 

V2/V5 

3 

2 

5/2 

-5/2 

l/x/3^7 

2 

1 

3/2 

-1/2 

-x/3/%/2/5 

3 

1 

5/2 

-1/2 


2 

1 

3/2 

-3/2 

l/x/2 - 5 

3 

1 

5/2 

-3/2 

-y/l/y/3^1 

2 

0 

3/2 

1/2 

l/x/5 

3 

0 

5/2 

1/2 

-1/V7 

5/2 

5/2 

2 

-2 

l/x/3 






Z = ( aa,bp\ 1 a + /3) 


a 

a 


P 

Z 

a 

a 

b 

p 

z 

1/2 

1/2 

1/2 

1/2 

1 

5/2 

3/2 

3/2 

-3/2 

l/x/5 

1/2 

1/2 

1/2 

-1/2 

1/V2 

5/2 

1/2 

3/2 

1/2 

V3/(2V5) 

1 

1 

0 

0 

1 

5/2 

1/2 

3/2 

-1/2 

-/3//21 

1 

0 

0 

0 

1 

5/2 

1/2 

3/2 

-3/2 

1/(2V5) 

1 

1 

1 

0 

l/x/2 

5/2 

5/2 

5/2 

-3/2 

l/%/7 

1 

1 

1 

-1 

l/x/2 

5/2 

5/2 

5/2 

-5/2 

V5/V2T7 

1 

0 

1 

0 

0 

5/2 

3/2 

5/2 

-1/2 

-2V2/V5 t 7 

3/2 

3/2 

1/2 

-1/2 

x/3/2 

5/2 

3/2 

5/2 

-3/2 

-3/V2-5-7 

3/2 

1/2 

1/2 

1/2 

-1/2 

5/2 

1/2 

5/2 

1/2 

3//57 

3/2 

1/2 

1/2 

-1/2 

l/x/2 

5/2 

1/2 

5/2 

-1/2 

l/x/2-5-7 

3/2 

3/2 

3/2 

-1/2 

/3//25 

3 

3 

2 

-2 

V^/Vl 

3/2 

3/2 

3/2 

-3/2 

3/(2x/5) 

3 

2 

2 

-1 

-V2/V1 

3/2 

1/2 

3/2 

1/2 

-V2/V5 

3 

2 

2 

-2 

l/x/7 

3/2 

1/2 

3/2 

- 1/2 

— l/(2v/5) 

3 

1 

2 

0 

V2-3/V5^1 

2 

2 

1 

-1 

V3/V5 

3 

1 

2 

-1 

-~2s/2/V5^1 

2 

1 

1 

0 

-V3/\/2^5 

3 

1 

2 

-2 


2 

1 

1 

-1 

/3//25 

3 

0 

2 

1 

-V3/Vyi 

2 

0 

1 

1 

l /%/ 2 A 

3 

0 

2 

0 

3/V5^f 

2 

0 

1 

0 

-V2/V5 

3 

3 

3 

-2 

^3/(2^7) 

2 

2 

2 

-1 

1/V5 

3 

3 

3 

-3 

3/ (2\/V) 

2 

2 

2 

-2 

V2/V5 

3 

2 

3 

-1 

-V5/(2Vl) 

2 

1 

2 

0 

-V3/V2H 

3 

2 

3 

-2 

-1/V7 

2 

1 

2 

-1 

: 1 / v 2 • 5 

3 

1 

3 

0 

V3/V2^r 

2 

0 

2 

0 

0 

3 

1 

3 

-1 

1/(2V7) 

5/2 

5/2 

3/2 

-3/2 

1/V2 

3 

0 

3 

0 

0 

5/2 

3/2 

3/2 

- 1/2 

-v/3/\/2A 
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Table A.7. (continued) 


Z = (aa,b P\2a + p) 


a 

a 

b 

P 

Z 

a 


b 

p 

z 

i 

i 

i 

1 

1 

5/2 

1/2 

3/2 

1/2 

— 5/(2v/T7) 

i 

i 

i 

0 

l/%/2 

5/2 

1/2 

3/2 

-1/2 

-1/V^7 

i 

i 

i 

-1 

l/v/2A 

5/2 

1/2 

3/2 

-3/2 

3/2(77) 

i 

0 

i 

0 


5/2 

5/2 

5/2 

-1/2 

75/2(77) 

3/2 

3/2 

1/2 

1/2 

1 

5/2 

5/2 

5/2 

-3/2 

75/72^7 

3/2 

3/2 

1/2 

1/2 

1/2 

5/2 

5/2 

5/2 

-5/2 

5/(2777) 

3/2 

1/2 

1/2 

1/2 

v/3/2 

5/2 

3/2 

5/2 

1/2 

— 3/(277) 

3/2 

1/2 

1/2 

1/2 

1/V2 

5/2 

3/2 

5/2 

-1/2 

-1/V7 

3/2 

3/2 

3/2 

1/2 

l/%/2 

5/2 

3/2 

5/2 

-3/2 

1/(2777) 

3/2 

3/2 

3/2 

1/2 

1/V2 

5/2 

1/2 

5/2 

1/2 

0 

3/2 

3/2 

3/2 

-3/2 

1/2 

5/2 

1/2 

5/2 

-1/2 

-2/777 

3/2 

1/2 

3/2 

1/2 

0 

3 

3 

1 

-1 

75/77 

3/2 

1/2 

3/2 

-1/2 

1/2 

3 

2 

1 

0 

-75/777 

2 

2 

0 

0 

1 

3 

2 

1 

-1 

72-5/73-7 

2 

1 

0 

0 

1 

3 

1 

1 

1 

1/777 

2 

0 

0 

0 

1 

3 

1 

1 

0 

-272/777 

2 

2 

1 

0 

VZ/yft 

3 

1 

1 

-1 

72/77 

2 

2 

1 

-1 

1/V3 

3 

0 

1 

1 

1/77 

2 

1 

1 

1 

-1/V3 

3 

0 

1 

0 

-x/3/v/7 

2 

1 

1 

0 

r/v2-3 

3 

3 

2 

-1 

75/777 

2 

1 

1 

-1 

1/V2 

3 

3 

2 

-2 

75/777 

2 

0 

1 

1 

-l/v/2 

3 

2 

2 

0 

-75/777 

2 

0 

1 

0 

0 

3 

2 

2 

-1 

0 

2 

2 

2 

0 

V2/V1 

3 

2 

2 

-2 

75/777 

2 

2 

2 

-1 

Vi/Vi 

3 

1 

2 

1 

73/777 

2 

2 

2 

-2 

V2/V2 

3 

1 

2 

0 

-l/v/7 

2 

1 

2 

1 

-V3/V7 

3 

1 

2 

-1 

-1/77 

2 

1 

2 

0 

-1 /x/2^7 

3 

1 

2 

-2 

73/777 

2 

1 

2 

-1 

1/V2T7 

3 

0 

2 

2 

-1/777 

2 

0 

2 

0 

-V2/V1 

3 

0 

2 

1 

72/77 

5/2 

5/2 

1/2 

-1/2 

\f5/\f2T3 

3 

0 

2 

0 

0 

5/2 

3/2 

1/2 

1/2 

-I/V2T3 

3 

3 

3 

-1 

75/7777 

5/2 

3/2 

1/2 

-1/2 

V2/V3 

3 

3 

3 

-2 

5/(2777) 

5/2 

1/2 

1/2 

1/2 

-l/v/3 

3 

3 

3 

-3 

5/(2777) 

5/2 

1/2 

1/2 

-1/2 

l/%/2 

3 

2 

3 

0 

-75/777 

5/2 

5/2 

3/2 

-1/2 

/M//32 

3 

2 

3 

-1 

-75/(277) 

5/2 

5/2 

3/2 

-3/2 

V5/V21 

3 

2 

3 

-2 

0 

5/2 

3/2 

3/2 

1/2 

-2v/2/v/A7 

3 

1 

3 

1 

72/77 

5/2 

3/2 

3/2 

-1/2 

1/Vt^7 

3 

1 

3 

0 

l/y/1^7 

5/2 

3/2 

3/2 

-3/2 

V3/V7 

3 

1 

3 

-1 

-73/(277) 

5/2 

1/2 

3/2 

3/2 

1/V7 

3 

0 

3 

0 

2//37 
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Table A.7. ( continued ) 


Z = (aa.bfi 1 3a + p) 


a 

a 

b 

J 8 

Z 

a 

a 


P 

z 

3/2 

3/2 

3/2 

3/2 

1 

5/2 

3/2 

5/2 

- 1/2 

1 / 72 - 3-5 

3/2 

3/2 

3/2 

1/2 

1/72 

5/2 

3/2 

5/2 

- 3/2 

7 /( 2 - 375 ) 

3/2 

3/2 

3/2 

1/2 

1/75 

5/2 

1/2 

5/2 

1/2 

- 2/775 

3/2 

3/2 

3/2 

- 3/2 

1 /( 275 ) 

5/2 

1/2 

5/2 

- 1/2 

- 2 /( 375 ) 

3/2 

1/2 

3/2 

1/2 

75/75 

3 

3 

0 

0 

1 

3/2 

1/2 

3/2 

- 1/2 

3 /( 275 ) 

3 

2 

0 

0 

1 

2 

2 

1 

1 

1 

3 

1 

0 

0 

1 

2 

2 

1 

0 

1/75 

3 

0 

0 

0 

1 

2 

2 

1 

-1 

1 / 73-5 

3 

3 

1 

0 

73/2 

2 

1 

1 

1 

72/ 75 

3 

3 

1 

-1 

1/2 

2 

1 

1 

0 

272/75 35 

3 

2 

1 

1 

- 1/2 

2 

1 

1 

-1 

1/75 

3 

2 

1 

0 

1/73 

2 

0 

1 

1 

73/75 

3 

2 

1 

-1 

75 /( 273 ) 

2 

0 

1 

0 

73/75 

3 

1 

1 

1 

- 75 /( 273 ) 

2 

2 

2 

1 

1/75 

3 

1 

1 

0 

1 /( 273 ) 

2 

2 

2 

0 

1/75 

3 

1 

1 

-1 

1/72 

2 

2 

2 

-1 

73 / 72-5 

3 

0 

1 

1 

- 1/72 

2 

2 

2 

-2 

l / v / 2 A 

3 

0 

1 

0 

0 

2 

1 

2 

1 

0 

3 

3 

2 

0 

75 /( 273 ) 

2 

1 

2 

0 

1/75 

3 

3 

2 

-1 

75 /( 273 ) 

2 

1 

2 

-1 

73/75 

3 

3 

2 

-2 

1/773 

2 

0 

2 

0 

0 

3 

2 

2 

1 

- 75 /( 273 ) 

5/2 

5/2 

1/2 

1/2 

1 

3 

2 

2 

0 

0 

5/2 

5/2 

1/2 

- 1/2 

1 / 72-3 

3 

2 

2 

-1 

1/2 

5/2 

3/2 

1/2 

1/2 

75/7323 

3 

2 

2 

-2 

1/75 

5/2 

3/2 

1/2 

- 1/2 

1/73 

3 

1 

2 

2 

1/773 

5/2 

1/2 

1/2 

1/2 

75/ 75 

3 

1 

2 

1 

- 1/2 

5/2 

1/2 

1/2 

- 1/2 

1/75 

3 

1 

2 

0 

- 73 /( 275 ) 

5/2 

5/2 

3/2 

1/2 

75 /( 273 ) 

3 

1 

2 

-1 

1/7775 

5/2 

5/2 

3/2 

- 1/2 

75 /( 275 ) 

3 

1 

2 

-2 

72/73 

5/2 

5/2 

3/2 

- 3/2 

1 /( 272 ) 

3 

0 

2 

2 

i /73 

5/2 

3/2 

3/2 

3/2 

- 73 /( 275 ) 

3 

0 

2 

1 

- 1 / 72 - 3-5 

5/2 

3/2 

3/2 

1/2 

1 /( 273 ) 

3 

0 

2 

0 

- 2/7325 

5/2 

3/2 

3/2 

- 1/2 

7/(2v/2^T5) 

3 

3 

3 

0 

1/773 

5/2 

3/2 

3/2 

- 3/2 

73 / 752~5 

3 

3 

3 

-1 

1/73 

5/2 

1/2 

3/2 

3/2 

- 1/75 

3 

3 

3 

-2 

1/75 

5/2 

1/2 

3/2 

1/2 

- 1 /( 27525 ) 

3 

3 

3 

-3 

1/773 

5/2 

1/2 

3/2 

- 1/2 

1/75 

3 

2 

3 

1 

- 1/73 

5/2 

1/2 

3/2 

- 3/2 

3 /( 275 ) 

3 

2 

3 

0 

- 1/773 

5/2 

5/2 

5/2 

1/2 

75 /( 3 - 75 ) 

3 

2 

3 

-1 

0 

5/2 

5/2 

5/2 

- 1/2 

x / 5 / ( 2 x / 3 ) 

3 

2 

3 

-2 

1/773 

5/2 

5/2 

5/2 

- 3/2 

1/73 

3 

1 

3 

1 

0 

5/2 

5/2 

5/2 

- 5/2 

75 /( 2 - 3 ) 

3 

1 

3 

0 

- 1/773 

5/2 

3/2 

5/2 

3/2 

- 2/3 

3 

1 

3 

-1 

- 1/773 

5/2 

3/2 

5/2 

1/2 

- 1 /( 273 ) 

3 

0 

3 

0 

0 
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A. 9. 6 j -Symbols 

A.9.1. Recoupling Coefficients 


( {j\h)inhjm | j i , ( 7273 ) 723 /™' ) 

= S jf S rnm i {-\)h+h+h+j ; i2 / 23 | ■'> - /2 { 12 \ (A. 96) 

l 73 7 723 J 

( (7172)712737™ I (7173)71372/™' ) 

= S jf 8 mm , (- 1 ) 22 + 13 + 712+713 ; I2 / 13 ( n J \ Jn \ (A. 97) 

1 73 7 713 J 

( 71 , (7273)7237™ | (7173)713727'™' ) 

= Sjj' &mm! (~l) jl+j+j23 713723 { ^ ^ { 13 1 (A.98) 

1 72 7 723 J 


A. 9.2. Triangle Rules 


gle 


The 6 7 -symbol 
rules is not satisfied: 


f a b c 1 

lrfe/J 


vanishes when at least one of the following trian- 


a + b + c = 0, a + e + f=0, d + b + f=0, d + e + c = 0 (A.99) 


A. 9.3. Relation to Other Coefficients 


W(abed-cf) = (_1 y+b+d+e 


fliicl 
d e f) 


(A. 100) 


U (abed;cf) = (-l) a + b +*+ e £f 


(A. 101) 
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A.9.4. Classical Symmetry Properties 

The value of 6 /-symbol does not change under: 


1 . arbitrary permutation of columns: 


a b c 
def 


b a c 
edf 
b c a 
e fd 


cab 
fd e 
c b a 
fed 


a c b 
d f e 


(A. 102) 


2. permutation of two arbitrary elements from the first line with the two corre- 
sponding elements from the second line, for example. 


a b c 
def 


dec 

abf 


dbf 
a e c 


(A. 103) 


A. 9.5. 6 j -Symbol with Zero Element 


a b c 
d e 0 


a c b 
d 0 e 
dOb 
ace 


cab 
Ode 
db 0 
a e c 


0 db 

c a e 


1 


(-1 ) b+c+e ifS bd 8 ai 

ab 


(A. 104) 


A. 9.6. 6 j -Symbol with Angular Momentum \ 

In Eqs. (A.105)-(A.109), s = a + b + c. 


a b c Uf-iy 

\c-\b+\ J 1 j 


(s-2b)(s-2c+l) 1 1/2 


(2b+l)(2b + 2)2c(2c+l)] 


(A. 105) 


a b c 
\ c — \ b— \ 


(-1) S 


(s+ l)(s — 2a) 
\_2b(2b+ l)2c(2c+ 1) J 


1/2 


(A. 106) 
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A.9.7. 6 j -Symbol with Angular Momentum 1 


fab c 1 
\lc-lfc-l J 


= (-!)' 


s(s+ l)(s — 2a— l)(s — 2a) 

(2b - l)2b(2b + l)(2c — l)2c(2c + 1) 


fa b cl 
\ lc-lfej 


= (-ir 


2(s+ l)(s — 2a) (s — 2b)(s — 2c+ 1) 
2b(2b + l)(2b + 2) (2c - 1 )2c(2c + 1 ) 


1/2 


(A. 107) 


(A. 108) 


fab c 1 

\ 1 c— 1 £>+ 1 J 


= (-ir 


(s — 2b) (s — 2b — l)(s — 2c + l)(s — 2c + 2) 
(2b + 1 ) (2b + 2) (2b + 3) (2c - 1 )2c(2c + 1 ) J 


1/2 


(A. 109) 


f abc 1 2 [a(a+ 1) — b(b+ 1) — c(c+ 1)] 

\ 1 c /^ / ( [2b(2b+l)(2b + 2)2c(2c+ l )( 2c + 2)] 1 /2 


(A. 110) 


A. 9.8. 6j-Symbol with Two Pairs of Equal Momenta 


a a c 
bbf 


— r_iy+b+c+f 


(2a — c)! (2b — c)! 

(2a + c+l)\(2b + c+l)\ 


1/2 


V c (a,f,b) (A.lll) 


where V c (a,f,b) is a polynomial of the degree c in the variable x = /(/+ 1) — 
a(a+ 1) — b(b+ 1). V c can be found by the recurrence relation 


2c + 1 

v c+ i = — — Viy c -c(2c+i)y e 

c+ 1 

2 


C + 

First polynomials: 


- [4 a(a + 1) + 1 - c 2 ] [4 b(b + 1) + 1 - c z ]V c - 1 


(A.112) 


Vo(a,f,b) = 1, Vi(a,f,b) = -2x, 

Vi (a,f,b) = 6x 2 + 6x—d>ab(a +!)(&+!) 


(A. 113) 
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Some particular values of /: 


V c (a,a — b,b) 


(2b)! (2a + c+ 1 )! 
(2a + l)\(2b — c)\ ’ 


(i a > fo) 


V c (a,b — a,b) 


(2a)\(2b + c+\)\ 
(2b+\)\ (2a-c)V 


(i a < b) 


V c (a,a + b,b) = (-l) c 


(2a ) ! (2b ) ! 

(2a — c ) ! (2b — c)! 


(A. 114) 


(A. 115) 


(A. 116) 


A. 9. 9. Formulas of Summation 

The formulas of summation, including the condition of unitarity, are given 
in Section A.ll. 


A.9.10. Tables 

f a b c ) 

We give 6 /-symbols < > in terms of simple fractions for all indices 

(def J 

up to 3 in Table A . 8 on pp. 226-228. The 67 -symbols are collected into the fol- 
lowing groups: 6 /-symbols with all integer indices, 6 /-symbols with three integer 
indices, and 6 /-symbols with two integer indices. 6 /-symbols with zeroes are not 
presented because they can be found easily from Eq. (A. 104). To reduce the 6 j- 
symbols with all indices not greater than 3 to those included in the tables, one may 
use the symmetry properties (A. 102) and (A. 103). 


A. 10. 9 j -Symbols 

A. 10.1. Recoupling Coefficients 


( (hh)jn(hh)hAjm \ (7173)713 (7274)7247 V ) 

! 7i 72 712 1 
73 74 734 > 

713 724 7 J 


8 jj > S mm ' 712713 724734 


(A.l 17) 
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( (jl 72)712 (7374) 7347' n | Ulj4)ju(j2j3)j23j'm' ) 

{ 71 72 712 1 

74 73 734 / (A. 11 8) 

714 723 7 J 

( (7173)713 (7274)7247'W | ( J 174)714 (7273 ) 723 7^”' ) 

! 7i 73 713 1 

74 72 724 > (A. 119) 

714 723 7 J 


A. 10.2. Triangle Rules 

a b c j 

c/ e / > vanishes if at least one of the following triangle 

g h j J 

rules is not satisfied: 

a + b + c = 0, d + e + f = 0, g + h+j = 0 
a + d + g = 0, b + e + h = 0, c + f+j = 0 fA.120) 

A rule to memorize the triangles is: three elements from either one line or one 
column. 

A. 1 0. 3. Symmetry Properties 

The value of the 97-symbol does not change under cyclic permutation of 
lines, cyclic permutation of columns, or transposing against both main diagonals. 
Under noncyclic permutations of lines and columns, the 97-symbol is multiplied 
by the phase factor (— l) 5 , where S is the sum of all nine elements of the 97- 
symbol . (The cyclic permutation consists of even numbers of permutations of 
adjacent lines or columns, while the noncyclic permutation consists of odd num- 
bers of such permutations.) An important property follows from the permutation 
symmetry: a 9 7-symbol with two equal lines or two equal columns is zero if the 
sum of the three remaining elements is odd: 

a 7> c | [ an c I 

ci h c / — 0 (g + h + j = 2k + 1 ) ; <(7(7/^=0 (c + / + j = 2k + 1 ) 

ghj j { g g j 

k = 0,1,... 


The 97-symbol 


(A. 121) 
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Table A.8. 6 /-Symbols 


a 

b 

c 

d 

e 

/ 

J a b c 1 

l^/J 

a 

6 

c 

d 

e 

/ 

j a b c 1 

1^/J 

1 

1 

1 

1 

1 

1 

1/2-3 

3 

3 

1 

2 

1 

2 

-1/73-5-7 

2 

1 

1 

1 

1 

1 

1/2-3 

3 

3 

1 

2 

2 

1 

-2V2/3VJA 

2 

1 

1 

2 

1 

1 

1/2-3-5 

3 

3 

1 

2 

2 

2 

1/7^777 

2 

2 

1 

1 

1 

1 

-l/2x/5 

3 

3 

1 

3 

2 

1 

-1/3-7 

2 

2 

1 

1 

1 

2 

1/2 - 3x/5 

3 

3 

1 

3 

3 

1 

11/2-2-3-7 

2 

2 

1 

2 

1 

1 

-1/2-5 

3 

3 

2 

1 

1 

2 

72/577 

2 

2 

1 

2 

2 

1 

1/2-3 

3 

3 

2 

1 

1 

3 

l/2v/2^7 

2 

2 

2 

1 

1 

1 

y/7/2-5y/3 

3 

3 

2 

2 

1 

2 

73/577 

2 

2 

2 

2 

1 

1 

77/2-573 

3 

3 

2 

2 

1 

3 

— 1/2x72 -5 -7 

2 

2 

2 

2 

2 

1 

-1/2-5 

3 

3 

2 

2 

2 

1 

27273/5-7 

2 

2 

2 

2 

2 

2 

— 3/2-5-7 

3 

3 

2 

2 

2 

2 

-73/5-772 

3 

2 

1 

1 

1 

2 

1/375 

3 

3 

2 

2 

2 

3 

-11/2-5-77273 

3 

2 

1 

1 

2 

1 

1/5 

3 

3 

2 

3 

1 

2 

2/5-7 

3 

2 

1 

2 

1 

2 

l/5\/A7 

3 

3 

2 

3 

2 

1 

^3/7v/2A 

3 

2 

1 

2 

2 

1 

1/3-5 

3 

3 

2 

3 

2 

2 

-1/2-5 

3 

2 

1 

3 

2 

1 

1/3-5 -7 

3 

3 

2 

3 

3 

1 

-3/2- 2- 7 

3 

2 

2 

1 

2 

1 

-72/573 

3 

3 

2 

3 

3 

2 

19/2-2 ■ 3-5-7 

3 

2 

2 

1 

2 

2 

0 

3 

3 

3 

2 

2 

1 

-V3/1V5 

3 

2 

2 

2 

2 

1 

-V2/5V7 

3 

3 

3 

2 

2 

2 

— x/3/2-7%/5 

3 

2 

2 

2 

2 

2 

2-2/5 -1 

3 

3 

3 

3 

2 

1 

-1/7^2 

3 

2 

2 

3 

2 

1 

-1/5-7 

3 

3 

3 

3 

2 

2 

2/7T3A 

3 

2 

2 

3 

2 

2 

1/2-7 

3 

3 

3 

3 

3 

1 

1/2-7 

3 

3 

1 

1 

1 

2 

-72/377 

3 

3 

3 

3 

3 

2 

1/2-3 -7 

3 

3 

1 

1 

1 

3 

1/2-37^7 

3 

3 

3 

3 

3 

3 

-1/2-7 


A. 10.4. 9 j-Symbol with Zero Element 



A case of a 9 /-symbol with two zero elements: 

| a b c | 

{ dOf \=8 df 8 bh 8 cf 8 gh (-l) a - b - c -±- (A. 123) 
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a b c d 


a b c d 


1/2 1/2 1/2 
3/2 1/2 1/2 
3/2 3/2 1/2 
3/2 3/2 3/2 
5/2 3/2 3/2 
5/2 5/2 3/2 
5/2 5/2 5/2 
1/2 3/2 1/2 
1/2 3/2 3/2 
3/2 3/2 1/2 
3/2 3/2 3/2 
3/2 5/2 1/2 
3/2 5/2 3/2 
3/2 5/2 5/2 
5/2 3/2 3/2 
5/2 5/2 3/2 
5/2 5/2 5/2 
1/2 1/2 3/2 
1/2 1/2 5/2 
3/2 1/2 3/2 
3/2 1/2 5/2 
3/2 3/2 1/2 
3/2 3/2 3/2 
3/2 3/2 5/2 
5/2 3/2 1/2 
5/2 3/2 3/2 
5/2 3/2 5/2 
5/2 5/2 1/2 
5/2 5/2 3/2 
5/2 5/2 5/2 
3/2 3/2 1/2 
3/2 3/2 3/2 
5/2 3/2 1/2 
5/2 3/2 3/2 
5/2 5/2 1/2 
5/2 5/2 3/2 
5/2 5/2 5/2 
1/2 1/2 5/2 
1/2 3/2 3/2 
1/2 3/2 5/2 
3/2 1/2 5/2 
3/2 3/2 3/2 
3/2 3/2 5/2 


-1/3 
-1/2-3 
v/5/2-3v/2 
-1/3V2A 
-1/2V2A 
V7/2-3V5 
1 /3y 5 • 7 
1/2V3 
— l/2i/2- 3 


-V2/5v/3 3 

-l/2%/5 3 

y/l/l-SVl 3 

— \/7/3 ■ 5\/2 3 

-1/2-5V2A 3 

1/2-5 3 

-2- 2\/2/3-5v/7 3 

-1/2V5 3 

-l/3\/5 3 

— 1/2/2A 3 

V7/2-3V5 3 

-3/2-5V2 3 

l/5%/2 3 

-1/2-3-5V2 3 

-1/2-5V3 3 

V7/2-5VT A 3 

-1/5^2 3 

V7/3-5 3 

— 11/2 - 3 - 5\/7 3 

l/5\/7 3 

%/7/2-5v/2 3 

0 3 

1/2-5 3 

-1/2vT7 3 

-•v/2/5%/3 3 

Ipy/TP, 3 

ip\ZP3 3 

l/3\/2 3 

1/2^5 3 

-l/3v/5 3 

l/3v/2^7 3 

1/2-5 3 

—2 ■ 2\/2/3 ■ 5\/7 


2 1 3/2 
2 1 3/2 
2 1 3/2 
2 1 5/2 
2 1 5/2 
2 1 5/2 
2 1 5/2 
2 1 5/2 
2 2 1/2 
2 2 1/2 
2 2 1/2 
2 2 3/2 
2 2 3/2 
2 2 3/2 
2 2 3/2 
2 2 5/2 
2 2 5/2 
2 2 5/2 

2 2 5/2 

3 1 1/2 
3 1 3/2 
3 1 3/2 
3 1 3/2 
3 1 5/2 
3 1 5/2 
3 1 5/2 
3 1 5/2 
3 1 5/2 
3 2 3/2 
3 2 3/2 
3 2 3/2 
3 2 5/2 
3 2 5/2 
3 2 5/2 
3 2 5/2 
3 2 5/2 
3 2 5/2 
3 3 3/2 
3 3 5/2 
3 3 5/2 
3 3 5/2 
3 3 5/2 


5/2 1/2 
5/2 3/2 
5/2 5/2 
3/2 3/2 
3/2 5/2 
5/2 1/2 
5/2 3/2 
5/2 5/2 
3/2 3/2 
5/2 3/2 
5/2 5/2 
3/2 3/2 
5/2 1/2 
5/2 3/2 
5/2 5/2 
3/2 3/2 
5/2 1/2 
5/2 3/2 
5/2 5/2 
1/2 5/2 
1/2 5/2 
3/2 3/2 
3/2 5/2 
3/2 3/2 
3/2 5/2 
5/2 1/2 
5/2 3/2 
5/2 5/2 
1/2 5/2 
3/2 3/2 
3/2 5/2 
1/2 5/2 
3/2 3/2 
3/2 5/2 
5/2 1/2 
5/2 3/2 
5/2 5/2 
3/2 3/2 
3/2 3/2 
5/2 1/2 
5/2 3/2 
5/2 5/2 


-V2/5v/3 
V3/5v/7 
l/2-5v^7 
-1/5V^7 
l/Sv/TA^ 
-2 -2 -2/3 -5 -7 
3\/3/5-7\/2 
-l/5%/2 
-l/5%/2 
1/5^2 
-l/5%/2 
-l/x/5^7 
1/5^7 
V2/5-1 
-3/5-7V2 


13/2-5 -7\/3 
-3 -3/2-5 ■ 7\/2 
-v/2/3v/7_ 
-V5/2-3\/7 
— l/v/5^7 
V7/2-2-3V5 


-v5a/ 3-7 
17/2-3 -7\/2A 
-V2/7V5 
x/3/2\/5 ■ 7 
V3/5V1 
x/3/2-2-5^7 


3\/3/5 ■ 7\/2 
-17/2-5 
1/7 

-11/2-2-5-7 
-1/2-3 - 5 - 7 
-V3/lV2^5 
-3\/3/2-7\/2^5 
-V5pV2^ 
l/2-lVIPP 
17/2-3-7v/2-3-5 
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Table A.8. (continued) 


a 

b 

c 

d 

« / 

J a b c 1 

[defj 


b 

c 

d 

e 

/ 

1 a b c 1 

\def\ 

1/2 

1/2 

1 

1/2 

1/2 1 

1/2-3 

3/2 

1/2 

2 

3/2 

1/2 

2 

1/2 - 2 - 5 

3/2 

1/2 

1 

1/2 

1/2 1 

-1/3 

3/2 

3/2 

2 

3/2 

1/2 

2 

— 1/2 - 5 

3/2 

1/2 

1 

3/2 

1/2 1 

— 1/2 - 2 - 3 

3/2 

3/2 

2 

3/2 

3/2 

2 

3/2- 2- 5 

3/2 

3/2 

1 

1/2 

1/2 1 

x/5/2-3\/2 

5/2 

1/2 

2 

3/2 

1/2 

2 

-1/5 

3/2 

3/2 

1 

3/2 

1/2 1 

1/2-3 

5/2 

1/2 

2 

5/2 

1/2 

2 

— 1/2 - 3 - 5 

3/2 

3/2 

1 

3/2 

3/2 1 

-11/2-2-3-5 

5/2 

3/2 

2 

1/2 

3/2 

2 

3/2-2-5 

5/2 

3/2 

1 

1/2 

3/2 1 

-1/2-2 

5/2 

3/2 

2 

3/2 

1/2 

2 

V7/2-5V2. 

5/2 

3/2 

1 

3/2 

3/2 1 

-1/2-5 

5/2 

3/2 

2 

3/2 

3/2 

2 

-1/2-5 

5/2 

3/2 

1 

5/2 

3/2 1 

— 1/2-2-3 -5 

5/2 

3/2 

2 

5/2 

1/2 

2 

1/3-5 

5/2 

5/2 

1 

3/2 

3/2 1 

x/V /2 - 5x/2 

5/2 

3/2 

2 

5/2 

3/2 

2 

-47/2-2- 3- 5- 7 

5/2 

5/2 

1 

5/2 

3/2 1 

1/3-5 

5/2 

5/2 

2 

3/2 

1/2 

2 

-V2/5\/3 

5/2 

5/2 

1 

5/2 

5/2 1 

-31/2-3-5-7 

5/2 

5/2 

2 

3/2 

3/2 

2 

-l/2-5V^7 

3/2 

1/2 

2 

1/2 

3/2 1 

l/2\/2^5 

5/2 

5/2 

2 

5/2 

1/2 

2 

-1/2-5 

3/2 

1/2 

2 

3/2 

1/2 1 

1/2-2 

5/2 

5/2 

2 

5/2 

3/2 

2 

2 -2/5 -7 

3/2 

3/2 

2 

3/2 

1/2 1 

-1/2V5 

5/2 

5/2 

2 

5/2 

5/2 

2 

— 1/2-2-3-5 

3/2 

3/2 

2 

3/2 

3/2 1 

-1/2-2- 5 

3/2 

3/2 

3 

3/2 

3/2 

2 

1/2-2-5 

5/2 

1/2 

2 

1/2 

3/2 1 

-1/^5 

5/2 

1/2 

3 

3/2 

3/2 

2 

1/2V2-5-7 

5/2 

1/2 

2 

1/2 

5/2 1 

\/7/2-3\/5 

5/2 

1/2 

3 

5/2 

1/2 

2 

1/2-3 

5/2 

1/2 

2 

3/2 

3/2 1 

-l/2v/2iT5 

5/2 

3/2 

3 

1/2 

5/2 

2 

-1/V3-5-7 

5/2 

3/2 

2 

1/2 

3/2 1 

V7/2-2s/)T5 

5/2 

3/2 

3 

3/2 

3/2 

2 

-V2/5V1 

5/2 

3/2 

2 

1/2 

5/2 1 

1/3a/5 

5/2 

3/2 

3 

3/2 

5/2 

2 

11/2-2-5V3 t 7 

5/2 

3/2 

2 

3/2 

3/2 1 

V7/2-5V3 

5/2 

3/2 

3 

5/2 

1/2 

2 

— 2\/2/3 v / 5 t 7 

5/2 

3/2 

2 

3/2 

5/2 1 

— 13/2 ■ 3 -5\/2"-7 

5/2 

3/2 

3 

5/2 

3/2 

2 

23/2-3-5-7 

5/2 

3/2 

2 

5/2 

3/2 1 

1/2-2-5 

5/2 

5/2 

3 

3/2 

3/2 

2 

3 -3/2- 5 -7 

5/2 

5/2 

2 

3/2 

3/2 1 

— V7/2-5\/3 

5/2 

5/2 

3 

5/2 

1/2 

2 

x/3/2v/5^7 

5/2 

5/2 

2 

5/2 

3/2 1 

-v/2/5v/7 

5/2 

5/2 

3 

5/2 

3/2 

2 

-V3/5-7V2 

5/2 

5/2 

2 

5/2 

5/2 1 

23/2-3-5-7 

5/2 

5/2 

3 

5/2 

5/2 

2 

-29/2-2- 3-5-7 

3/2 

3/2 

3 

3/2 

3/2 1 

3/2-2-5 

3/2 

3/2 

3 

3/2 

3/2 

3 

1/2- 2-5 -7 

5/2 

1/2 

3 

1/2 

5/2 1 

v/5/2-3\/7 

5/2 

1/2 

3 

5/2 

1/2 

3 

1/2- 3 - 7 

5/2 

1/2 

3 

3/2 

3/2 1 

l/2v/2^3 

5/2 

3/2 

3 

3/2 

3/2 

3 

-1/5-7 

5/2 

3/2 

3 

1/2 

5/2 1 

-V2/3V1 

5/2 

3/2 

3 

5/2 

1/2 

3 

-1/3-7 

5/2 

3/2 

3 

3/2 

3/2 1 

-V2/5V3 

5/2 

3/2 

3 

5/2 

3/2 

3 

71/2-2-2-3-5-7 

5/2 

3/2 

3 

3/2 

5/2 1 

1/2-3 - 5 v/2^7 

5/2 

5/2 

3 

3/2 

3/2 

3 

3 -3/2- 2- 5 ■ 7 

5/2 

3/2 

3 

5/2 

3/2 1 

— 1/2-5 

5/2 

5/2 

3 

5/2 

1/2 

3 

1/2-7 

5/2 

5/2 

3 

3/2 

3/2 1 

1/2-5 

5/2 

5/2 

3 

5/2 

3/2 

3 

-1/2-5 

5/2 

5/2 

3 

5/2 

3/2 1 

\/3/5x/7 

5/2 

5/2 

3 

5/2 

5/2 

3 

79/2-2-3 -3 -5 -7 

5/2 

5/2 

3 

5/2 

5/2 1 

— 11 /2 -3-5-7 
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A case of 9 /-symbols with three zero elements: 

! a b c | 

def\ = S ad 8 he 8 cf ! , 

0 0 0 J abc 

< dOf > = S[ H dtdSbfSbg Si,h (— l) 2b p- (A. 124) 

U*oj M 

A.10.5. Formulas of Summation 

The formulas of summation, including the condition of unitarity, are given 
in Section A.ll. 


A.ll. Sums of Products of the 3 n j -Symbols 

In this section we use the 3 y-symbol {abc} defined by 

1 if a + b + c is an integer and \a — b\ < c < a + b 


{abc} = 


0 otherwise 


A.11.1. One 3/i j-Symbol 


abX } = ( ab ) 2 

Y^(-l) 2a+x X 2 {aaX} = (a ) 2 
x 



abX 

abc 


(-1 ) 2c {abc} 


\) a + b + x X 2 


a bX 
b a c 


= abSco 


(A. 125) 

(A. 126) 

(A. 127) 

(A. 128) 
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{ a b e I 

c d f > = (£)~ 2 {afce}{/w//}<5 foc 

efx) 


{ a b e I 

cd/ U («r 2 VM {ac/}5 arf 


A. 11.2. Two 3n j -Symbols 



a b X 
c d p 


c d X 
a b q 


(P) 2 {adp}{bcp}8 pq 



( afX 
52 X 2 < d q e 
{ P c b 


a fX\ 2 Jabs Weds'! 

e b s J \cd^j\e/< 7 j 


#+/?+£+£/ -t-e+ _/+/?+*7+Xj£-2 



^ e a d J ijbc) 


( a b X | f a Z? X | 

52 W < cc/y cc/y i = {ef)~ 2 S eg 8 fh {ace}{bdh}{gfj} 
XY \efj\{ghj\ 


(A. 129) 

(A. 130) 

(A. 131) 

(A. 132) 

(A. 133) 

(A. 134) 


(A. 135) 



Appendix 


£(x?z) 2 

XYZ 


(XYZ ) 
\ a b c J 


(i abc ) 2 


IP XYZf 

XYZ 



{ XYZ 
abc 
def 


{abc}{def} 
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(A. 137) 


(A. 138) 


(A. 139) 


A. 11.3. Three 3nj- Symbols 


^ j yi ■ b-rc-h dh (' + f -Yp-\~(J-Yr-\-X f X 

x l cdp 


pqr}\pqr 

e ad J \fbc 


c d X 

efq 


efX 

bar 


(A. 140) 


xr ( _ U 2x i >i\ abx \\ cdx \\ e f x \ 
x \cd p)\e f q)\ab r] 



(A. 141) 


Y(XY) 2 l abX X [ cdX \[ ab l\ = [ abc l\ 

\c d p ] \ab Y ] \c dY ] \c d p J 


(A. 142) 


£(-l)*"+"(*ff \l b / p }{ a / b r x }{ a b d c q r \ = (P)-%,{adp}{bcp} 


XY 


(A. 143) 


I(-l f+Y+^-°-<(xY) 2 

XY 


a b p 
c d X 
qY g 


c d X 
P 8 s 


b dY 

qs t 



(A. 144) 
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K W l° b /x\\ CJX \{ bdr \ 

xr 1 Yg I Up s J isqt \ 


= (-1 )^(§)- z SAdgs} 


a b p 
s c q 

(A. 145) 



}{*»;} = ( - im " 2s " {M/> 


e J g 
h a c 


(A. 146) 


a b s ) fcc/s) ( e f s 
c d p J \e f q j \g h r 


(A. 147) 


a b p 

Y,(X?Z ) 2 l cdX 

XYZ q Y Z 


' pxz ' i f^yz'i , i \i e ?! \ ab P 


dec 


J \ d e b J 


= (-i y e d 2 


e c q 


(A. 148) 


K-i) 

XYZ 


X+Y-e-h 



a b X 
gZY 


(A. 149) 


XYZ 



pXZ 
c f d 


(A. 150) 


{ a b p j \ c dX\ ( bdY) 

cdx\\efz\\efz\ 
qY z J [ g h p J [ j k q J 


(Ji) ~8 h k{dfh} 



(A. 151) 
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A. 1 1.4. Four 3nj -Symbols 



= (-lf(c + e)\ abc \\ ae f\ 
\gpq)\dpq) 



ft 


{ a b X 
cdY 
pq r 


XY r\(abX\(cdY\ 
j h g)\hg e)\j g f) 



^ ^ ^x+y+z+fl+*+c+rf+«+/+p^^)2 


xrz 

\XFZj tpZFjtpXZjtpFXj 


(P) 2 


a b c 
de f 


K XFZ ) 2 

ZFZ 


XFZ 
d e f 
a b c 


XY Z) ( X ad'] ( Y b e) 
f c g]\V gc)\d' fg) 


= (-1 ) 2{b+d \bd) 2 d bh id (ld '{abc}{def}{bdg } 


{ a b X 
c d Y 

e'f'g 


a b X 

fZd 


c d Y 
Z e a 


= (<?/) 2 8 ee i Sff {ace}{bdf}{egf} 


e f g 

XYZ 


(A. 152) 


(A. 153) 


(A. 154) 


(A. 155) 


(A. 156) 


(A. 157) 
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E(-l ) Z (XYZ ) 2 

XYZ 



= (— 1) 2c+b ~ d+ s + j (c) ~ 2 8 cc i{abc} | 



adX\ (XY g 

kZ l M hkZ 


(A. 158) 


K-i) 

XYZ 


2 Y-Z 


(XYZ) 2 


= (-l) 



—b+c—h+k( ^\—2 


(A. 159) 


E(-i) 

XYZ 


Y—a—b—c—f—h— 


p+q (XYZ) 


= (-l ) 2; '(/) 



(A. 160) 


K^Z) 





(A. 161) 


A. 11.5. Rearrangement of Angular Momenta during Summation 

Sometimes a summation may be completed after angular momenta are ex- 
changed between different 3/;/-symbols. Numerous corresponding formulas can 
follow from the symmetry properties of the 3 n /-symbols of a higher order. Some 
useful expressions are presented below. Note that when handling sums, sometimes 
it is necessary to take a step back and even to increase a number of summation in- 
dices to achieve further progress (i.e., to use equations of Section A1 1 from right 
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to left): 

^(aa,b[3\cy)(d S,ee\cy) 
r 

= (-1 ) a + b + e + d —Yt 2 (tx 1 ee\aa)(tx,b^\d8){ ahC \ (A. 162) 
ad n [d et ) 



V (— l\a+b+ c +d+e+f+g+ h +p+q+r+s-Xj{2 \XlbX^(cdX^(efX 

x \cd p )\e f q )\gh r 


_ y~ i ^_2^2y+a+fc+g+/y2 



b f Y \{ aeY \ 

qpc)\qpd\ 


ghx | 

b a s J 

(A. 164) 


= (-l) 


xr 


&+/+tf+C+/7— 5— /l— f— / 



(A. 165) 
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Index 


Absorption 

photon absorption, 45, 133 
Aligned state (system, target), 10, 49, 50, 64, 81, 
84, 92, 113, 121, 125, 127, 128 
Alignment, 60, 92, 110, 123, 140, 165, 166, 173 
of autoionizing state, 173 
of negative-ion resonance, 183 
of residual ion, 92, 123, 181 
Alignment parameter, 60, 157, 159, 166, 174, 
183 

Alignment transfer, 130, 184 
Amplitude, see Decay amplitude. Dipole 

amplitude, Excitation amplitude, 
Ionization amplitude, Reduced 
amplitude, Scattering amplitude, 
Transition amplitude 
Angular correlation 

between emitted radiation and scattered 
electron, 57 

between photoelectrons and Auger 
electrons, 168 

between two electrons (particles), 42, 126, 
175, 176, 178-180 

Angular correlation function, 96, 126, 128, 129, 
141_144, 146, 179, 180 
in cascade, 126 
Angular distribution 

of Auger electrons, 89, 164, 165 
of decay products, 107, 156 
of ejected electrons, 98, 99, 102, 108 
of fluorescence, 89, 97, 148, 149 
of photoelectrons, 77, 78, 80-84, 181 
of photons, 115-117, 135, 149 
of scattered electrons, 55, 71, 74, 98, 99 
Anisotropy coefficient (parameter) 
for Auger electrons, 111 


Anisotropy coefficient (parameter), (continued) 
for autoionization electrons, 109-1 11, 174 
for ejected electrons, 102 
for emitted electrons, 102 
for photoelectrons, 80-84, 89, 181, 182 
for photons, 117, 135, 146, 149, 156 
generalized, 80, 102 
intrinsic, 109, 156 

Anisotropy of angular distribution, see 
Anisotropy coefficient 

Asymmetry 

forward-backward, 102 
left-right, 74 
spin up-spin down, 74 
Asymmetry parameter (coefficient), 74 
Atomic units, 4 

Auger decay (Auger process), 126, 164 
Auger electron yield, 168 
Autoionization (Autoionizing states), 50, 133, 
170, 171, 173 
Axial vector, 88, 114 

Bom approximation 

distorted- wave (DWBA), 171, 183 
plane-wave (PWBA), 63-68, 145, 146, 171, 
183 

Cascade, 126, 130, 131, 148, 149, 180 
recurrence relations, 130 
Channel coupling, 171, 182 
Channel spin, 51, 53, 183 
Circular components of a vector, 17, 19, 47 
Clebsch-Gordan coefficients, 8, 22, 62, 202, 215 
tables, 218-220 
Coherent excitation, 193 
Coincidences (Coincidence measurements), 58 
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Index 


Coincidences (Coincidence measurements), 
(continued) 

(y,2e),42 
(e,2e),42, 175-179 
electron-photon (e,e'y), 140, 146, 153, 
154, 180, 184 
particle-photon, 160, 169 
spin-resolved, 177 
Collision time, 164, 193 
Complete experiment (Perfect experiment), 85, 
146, 174, 177 
Compound system, 45 
Continuum states, 19, 172 
Coordinate system (reference frame), 9, 20, 189 
atomic frame, 78, 100 
collision frame, 72, 143 
detector frame, 37, 40, 61, 134 
laboratory frame, 37, 78, 87, 97, 99, 113, 
116, 119, 134, 138 
natural frame, 143, 175 
photon frame, 25, 27, 47, 48, 1 16, 1 19, 134 
reaction frame, 87 
rotation of, 9, 27, 37 
Coplanar geometry, 143 
Coulomb interaction, 203 
Coupling schemes (see also LS-coupling), 13, 
52, 96, 143, 212, 213 
Cross section, 3, 10 

double differential, 97, 142, 169, 176 
triple differential, 179-180 

Decay amplitude, 107 
phase relation, 1 85 
Decay channel, 110, 185 
Decay width, 172, 179, 190, 195 
Degree of polarization, 19, 22, 136, 137, 161, 
163 

Density matrix 
definition, 2 

eigenstates and eigenvalues, 5, 6 
hermiticity, 2, 5, 11 
normalization, 2, 3, 20 
number of independent parameters, 3,11 
of a subsystem, 7, 14 
properties, 2-7 
time evolution, 4, 188 
Density operator, 1-6, 15, 16, 19, 51, 152 
Depolarization, 177 
Depolarization factor, 191, 192, 194 
Detector, 3 1 


Detector, (continued) 

frame, see Coordinate system 
ideal, 32 

of electrons, 36, 39 
of photons, 40 
polarization-insensitive, 117 
polarization-sensitive, 117 
spin-insensitive, 104 
spin-sensitive, 61 
Dichroism 

circular, 50, 85, 93, 96, 163-165 
circular pumping, 189 
linear, 85, 86, 163 
magnetic, 86 

Dipole amplitude, 46, 65, 80, 161 
Dipole approximation, 46, 47, 49, 77, 78, 92, 
116, 119, 134, 165 
Dipole excitation, 147 
Dipole magnetic moment, 1 8 
Dipole operator, 47, 116, 191 
Dipole radiation (photon), 25, 27, 47 
Dipole selection rules, 82 
Dipole transition, 25, 49 
Direct ionization, 164, 170 
Double statistical tensors, 13, 190, 193 

Efficiency matrix (operator), 31-34, 152 
of spin, 33, 59 

Efficiency tensors, 31, 33, 134 
for the system A + y, 40, 42 
for the system A + e, 36-39 
for the system A 2+ + e + e, 94 
for the system e + e, 42-43 
Electron 

cloud, 145, 183 
ejected, 98, 99, 105, 108, 112 
emission, 121, 122 
scattered, 57, 66, 98, 99, 105 
Euler angles, 9, 38, 1 16, 120, 200, 206 
Evolution operator, 4 
Exchange scattering, 177 
Excitation 

amplitude (singlet, triplet), 174, 175 

electron-impact, 55 

ion-impact, 60 

mechanism, 174 

threshold, 68 

time, 193 
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Fano parameterization, 171 
Feshbach approach, 182 
Fine structure, 195, 196 
Fluorescence radiation, 97, 119, 126, 148, 160, 
180, 190 
yield, 160 

Helicity, 21 

representation, 46 
High-energy limit, 67, 70, 71, 174 
Hyperfine interaction, 191-195 

Incoherent 

contribution, 105, 109, 116 
mixture, 6 

Inversion, 27, 29, 169 
Ionization 

amplitude, 97, 178 
direct, 97, 103 
electron-impact, 97 
Irreducible tensor, 9, 15, 209 
operator, 15, 16, 200, 211 
product, 209 

Isotropic state (system, target), 8-9, 28, 102 

Laser optical pumping, 78, 102, 187 
Laser-excited atom (state, target), 151, 188 
Legendre polynomials, 198, 202, 208 
associated, 128, 198-200 
Liouville equation, 4 
Long-wave approximation, 46, 49 
LS-coupling, 67, 145, 149, 195, 196, 212 

Magic angle, 199 
Magnetic dipole moment, 1 8 
Magnetic sublevels, 130, 141, 188 
Mixed state, 1, 2, 6, 17, 61 
Momentum transfer, 63, 150 
Multipole moments ( see also Statistical tensors), 
9 

Negative-ion resonances, 182 
Normalization condition 

for density matrix, 2, 3, 18 
for efficiency matrix, 33 
for efficiency tensor, 33 
for statistical tensor, 10 
Nuclear spin, 154, 191, 192 


Orientation, 49, 53, 54, 82, 92, 1 17 
Oriented atom (state, system, target), 10, 49, 50, 
53,54, 82, 83, 92, 113, 114, 125, 
127, 166 

Parity, 27 

conservation, 64, 88, 96, 101, 105, 110, 

114, 164, 169, 180 

Particle impact, 97, 155, 156, 166, 193 
Pauli matrices, 18, 72, 197, 198 
Percival-Seaton hypothesis, 154, 175 
Perfect experiment, see Complete experiment 
Phase difference, 54, 175, 176 
Photoionization, 77, 81, 89, 159, 162, 163, 165, 
166 

direct, 77 
double, 94, 169 
Plane wave, 19, 202 
Polarization 

dynamic, 114, 166-168 
of decay products, 107 
of electrons, see Spin-polarization 
of photons, see Polarization of photons 
of spin- ^ particles, 18, 19 
transfer, 114, 166, 168 
Polarization of photons, 21-24, 49, 118, 158 
principal axis of polarization, 161 
transfer 

polarization ellipse, 24, 136 
Polarized atom (state, system, target), 10, 77, 

79-81, 85, 92, 97, 99, 103, 113, 135, 
139, 174, 187 
vector-polarized, 10, 185 
Polarized light (photon, photon beam) 

circularly, 22, 83, 84, 92, 93, 96, 188, 189 
elliptically, 24 

linearly, 22, 83, 84, 92, 136, 188, 189 
Prediagonalization, 171 
Profile index, 180, 182 
Pure state, 1, 2, 6, 11, 17, 19 

Quantization axis, 53, 58, 187 

Quantum beats, 191 

Quantum electrodynamics, 47, 134 
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Radiation parameters, 20 
of electron, 21 
of photons, 26 
of spinless particle, 20 
Radiative cascade, see Cascade 
Radiative decay, 115 
Raman scattering, 133 

red and violet components, 133, 134 
Rate equations, 1 87 
Reduced amplitude, 12, 108, 141 
multipole, 64, 68, 148 
Reduced matrix elements, 16, 209, 212 
Reference frame, see Coordinate system 
Representation {see also Coupling scheme, 
Helicity) 

of the total angular momentum, 60, 104 
spin projections, 56, 60 
Resolution time, 194 
Resonance fluorescence, 133 
Resonance profile, 178, 180, 181 
Resonance scattering of photons, 133 
Resonance width, 183 
Rotation matrices, see Wigner Z)-functions 

S-operator, 5 

Scattering amplitude, 70, 213-215 
non- spin- flip, 73-75 
spin-flip, 73-75 

Scattering plane, 58, 63, 76, 1 1 1, 143, 176 
reflection in, 58, 63 
Shore parameterization, 180, 181 
Spherical Bessel function, 64, 203 
Spherical harmonics, 20, 62, 166, 197, 198, 200, 
203, 204, 208 
bipolar, 43, 96, 128, 203 
solid, 16, 205 
tables, 205 
tables, 204 

Spin density matrix, 8, 56, 187, 188 
definition, 7 

number of independent parameters, 8, 1 1 
of free electron, 20, 21 
of photon, 21 
ofspin-j particle, 18, 19 
of spinless particle, 19, 20 
of two angular momenta, 13 
Spin polarization, 17 
degree of, 19 
integral, 114 


Spin polarization, (continued) 

of ejected electrons, 112, 113, 165, 166 
of photoelectrons, 86, 88, 89, 181 
of scattered electrons, 71-76, 99 
Spin-orbit interaction, 21, 191 
Spin-tensor operators, 15-18 
State multipoles (see also Statistical tensors), 9 
Statistical operator, 1 
Statistical tensors 
definition, 8 
differential, 57, 93, 103 
integral, 57, 66, 67, 69, 103 
normalization, 10, 20, 47, 49, 62 
number of independent parameters, 11, 
28-31 

of a subsystem, 14, 35, 36 
of compound system, 50-54 
of four angular momenta, 15 
of free electron, 20, 21 
of photoion, 89 
of photon, 21, 25-27 
of spin- j particle, 18, 19 
of spinless particle, 19, 20 
of three angular momenta, 15 
of two angular momenta, 12 
partial, 130 
projection, 9, 54 
properties, 10-13 
rank, 9, 50, 54, 58, 105, 111, 178 
reduced, 10, 11, 59, 65, 80, 82, 109, 153, 
184 

integral, 66, 70 

time evolution, 11, 190, 191, 193 
transformations 

under inversion, 27 
under reflection in plane, 27 
under rotation, 9, 27 

Stokes parameters, 22, 24, 26, 78, 79, 96, 1 19, 
120, 137, 144, 147, 162, 163, 177 
definition, 22 
Subsystem, 7, 12, 52, 55 

independent subsystems, 7 
Summation formulas, 216, 224, 229 
Superelastic scattering, 151 
Symbols (definitions, properties and tables) 

3 y-symbol, 229 
3 yra-symbol, 216 
3 n y-symbol, 229-234 
6 y-symbol, 221-223, 226-229 
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Symbols (definitions, properties and tables), 
(continued) 

9 y-symbol, 224, 225 
Symmetry 

axial, 28, 58, 66, 70, 138 
broken. 111, 135 
plane, 28, 29, 63,65, 111, 157 
Symmetry transformations, 27 
inversion, 27, 110 
reflection in plane, 27, 28, 58, 63 
rotation, 27, 28 

T -operator, 5 

Tensors of orientation (see also Statistical 
tensors), 9 

Threshold approximation, 68, 69 
Time reversion, 152 
Transfer mechanism, 54, 1 84 
Transition amplitude, 5, 12, 56, 63, 141, 151 
Transition cascade, see Cascade 


Transition operator, 5, 46, 51, 55, 56, 62, 73, 77, 
134, 151, 171, 179 

Triangle rule (inequality), 49, 94, 155, 214, 221, 
224 

Two-step mechanism (process), 57, 134, 170, 
174, 183, 194 

Two-step model (approximation, approach), 89, 
155, 156, 164 

Unpolarized atom (state, system, target), 48, 71, 
81-83,87,91,96, 110, 113, 125, 
134, 156 

Unpolarized light (photon, photon beam), 26, 88, 
92, 136 

Wigner D-functions, 9, 206 
tables, 210 

Wigner-Eckart theorem, 12, 16, 18, 47, 52, 64, 
108, 188, 209 

X-rays, 130 



